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A New System of variational Inclusions with 
(H, ?7)-accretive Operators in Banach Spaces 

Chaofeng Shi, Shilling Zhang* 

Department of Mathematics, Xianyang Normal University, Xianyang, Shaanxi, 712000, P.R.China 

Abstract In this paper, we introduce and study a new system of variational in- 
clusions involving (H, r/)-accretive operators, we prove the existence and uniqueness 
of solutions for this new system of variational inclusions. We also construct a new 
algorithm for approximating the solution of this system and discuss the convergence 
of the sequence of iterates generated by the algorithm. 

Key 'words (H, ^-accretive operator, Resolvent operator technique, System of vari- 
ational inclusion, Iterative algorithm 

l.INTRODUCTION 

Variational inclusions are important generalization of classical variational inequalities and 
thus, have wide applications to many field including, for example, mechanics, physics, opti- 
mization and control, nonlinear programming, economics, and engineering sciences. For these 
reasons, variational inclusions have been intensively studied in recent years. For details, we refer 
the reader to [1-12] and the reference therein. 

Recently, some interesting and important problems related to variational inequalities and 
complementarity problems have been considered by many authors. Ansari and Yao [1] studied a 
system of variational inequalities using a fixed point theorem. Huang and Fang [9] introduced a 
system of order complement urity problems and established some existence results for there using 
fixed-point theory. Kassay and Kolumban [10] introduced a system of variational inequalities 
and proved an existence theorem using Fan's lemma. Kassay, Kolumban and Pales [11] intro- 
duced and studied Minty and stampacchia variational inequality systems using the Kakutani- 
Fan-Glicksberg fixed-point theorem. In [12], Verma introduced and studied some systems of 
variational inequalities and developed some iterative algorithms for approximating the solutions 



*E-mail: shichf@163.com, This research is supported by the natural foundation of Shaanxi province 
of China(Grant. No.: 2006A14)and the natural foundation of Shaanxi educational department of 
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of these systems of variational inequalities. Very recently, Fang and Huang [4] introduced a 
system of variational inclusions and developed a Mann iterative algorithm to approximate the 
unique solution of the system. 

On the other hand, monotonicity technique were extended and applied in recent years be- 
cause of there importance in theory of variational inequalities, complementarity problems, and 
variational inclusions. In [8], Huang and Fang introduced a class of generalized monotone op- 
erators, maximal r/-monotone operators, and defined an associated resolvent operator. Using 
resolvent operator methods, they developed some iterative algorithms to approximate the solu- 
tion of a class of general variational inclusions involving maximal r/-monotone operators. Huang 
and Fang's method extended the resolvent operator method associated with an jy-subdifferential 
operator due to Ding and Luo [2] . In [3] , Fang and Huang introduced another class of general- 
ized monotone operators, .ff-monotone operators, and defined an associated resolvent operator. 
They also established the Lipschitz continuity of the resolvent operator and studied a class of 
variational inclusions in Hilbert spaces using the resolvent operator. In recent paper [5], Fang 
and Huang further introduced a new class of generalized monotone operators, (H, ?7)-monotone 
operators, which provide a unifying framework for classes of maximal monotone operators, max- 
imal r/-monotone operators, and i^-monotone operators. They also studied a class of variational 
inclusions using the resolvent operator associated with an (H, r/)-monotone operator. In [6], Fang 
and Huang generalize the resolvent operator technique by introducing a new class of i7-accretive 
operators in Banach spaces. They extend the concept of resolvent operators. 

Motivated and inspired by above works, in this paper, we introduce and study a new system 
of variational inclusions involving (H, r/)-accretive operators in Banach spaces. Using the re- 
solvent operator method associated with (H, r/)-accretive operators, we prove the existence and 
uniqueness of solutions for this new system of variational inclusions. We also construct a new 
algorithm for approximating the solution of the system of variational inclusions and discuss the 
convergence of iterative sequence generated by the algorithm. The present results improve and 
extend many known results in the literature. 

2. PRELIMINARIES 

Let X be a real Banach space endowed with a norm || • || and dual space X* , (■,■) be the 
dual pair between X and X*, and 2 denote the family of all nonempty subsets of X. The 
generalized dual mapping J q : X —> 2 X * is defined by 

J q (x) = {/* G X* : (x,D = Hxfand ||/*|| = H*" 1 }^* G X, 

where q > 1 is a constant. In particular, Ji is the usual normalized dual mapping. It is 
known that, in general, J q (x) = ||x||' 3_2 J2(x), for all i /0, and J q is single-valued if X* is 
strictly convex. In the sequel, unless otherwise specified, we always suppose that X is a real 
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Banach space such that J q is single-valued. The modulus of smoothness of X is the function 

px '■ [0, oo) — ► [0, oo) defined by 

px(t) = sup{-(||x + y\\ + \\x - y\\) - 1; ||x|| < 1, ||y|| < t}. 



if there exists a constant c > 0, such that 



A Banach space X is called uniformly smooth if lim p ^ - = 0, X is called g-uniformly smooth 



px(t) < ct q , q>l. 

Note that J q is single- valued if X is uniformly smooth. The following theorem gives characteristic 
inequalities in g-uniformly smooth Banach spaces. 

Theorem X[6] 
Let X be a real uniformly smooth Banach space. Then, X is g-uniformly smooth if and only if 
there exists a constant c q > 0, such that for all x, y G X, 

\\x + y\\ q < \\x\\ q + q<y, J q {x) > +c q \\y\\ q , 

Definition 2.1 Let T, A : X — > X be two single-valued operators. The operator T is said 
to be 

(i) accretive if 

{Tx - Ty,J q {x - y)) > 0,Vx,y e X; 

(ii) strictly accretive if 

(Tx - Ty,J q {x - y)) > 0,Vx,y e X, 

and the equality holds if and only if x = y; 
(iii) strongly accretive if 

(Tx-Ty,J q (x-y)} > r\\x - y\\ q ,\/x,y G X; 

(iv) strongly accretive with respect to H if there exists some constant 7 > 0, such that 

(T x - T y , J q (H(x) - H(y))) > j\\x - y\\ q ,Vx,ye X; 

(v) Lipschitz continuous if there exists some constant s > 0, such that 

11^ -T y \\ < s\\x -y\\,Vx,y G X 

Remark 2.1 If T and H are Lipschitz continuous with constants r and s, respectively, and 
T is strongly accretive with respect to H with a constant 7, then 7 < rs q ^ 1 . 

Example 2.1 Let X = (— 00, +00), Tx = —x and Hx = —2x, for all x G X. Then, T is 
strongly accretive with respect to H, but T is not strongly accretive. 
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Example 2.1 Show that the strong accretivity of T with respect to 77 is a generalization of 
the strong accretivity of T. 

Definition 2.2 A single- valued operator 77 : X x X — ► X is said to be 
(i) accretive if 

{J q (u — v),rj(u,v)) > 0,\/u,v £ X; 

(2) strictly accretive if 

(Jq(u — v),r](u,v)) > 0,\/u,v £ X 

and equality holds if and only if u = v; 

(3)strongly accretive if there exists a constant 5 > 0, such that 

(J q (u — v),rj(u, v)) > 6\\u — v\\ q , \/u,v € X; 

Definition 2.3 Let rj : X x X — > X and 77 : X — ► X be two single-valued operators and 
let M : X — ► 2 be a multivalued operator. M is said to be: 
(l)accretive if 

(Jq(x — y),u — v) > 0, Vw, v £ X,x £ Mu, y £ Mv; 

(2)r/-accretive if 

(J q (x — y),r](u, v)) > 0, Vn, v £ X, x £ Mu, y £ Mv; 

(3) strictly 77-acretive if M is r/-accretive and equality holds if and only if u = v; 

(4) strongly 77- accretive if there exists some constant r > 0, such that 

(J q (x - y),rj(u,v)) > r\\u - v\\ 2 , \/u,v £ X,x £ M u ,y £ M v ; 

(5) m-accretive if M is accretive and (/ + \M){X) = X, for all A > 0, where / denotes the 
identity operator on X; 

(6) (m, ?7)-accretive if M is ry-accretive and (7 + \M){X) = X, for all A > 0; 

(7) 77-accretive if M is accretive and (77 + XM){X) = X, for all A > 0; 

(8) (77, r/)-accretive if M is ?7-accretive and (77 + XM)(X) = X, for all A > 0. 

Remark 2.1 If X = 77, a Hilbert space, then we can obtain the corresponding definition of 
maximal 77-monotone operators, 77-monotone operators, and (77, ^-monotone operators, which 
were first introduced in Huang and Fang[8], Fang and Huang[3], respectively, obviously, the class 
of (77, ^-accretive operators provides a unifying framework for classes of M-accretive operators, 
(771,77)— accretive operators and 77— accretive operators. 

For our results, we need the following lemmas. 

Lemma 2.1 Let r|:lxl-»lbea single- valued operator, 77 : X — ► X be strictly 
77-accretive operator and M : X —> 2 X be an (77, ?7)-acretive operator. Then, the operator 
(77 + AM) -1 is single- valued, where A > is a constant. 
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Proof. Let u G X,x,y £ (H + AM) _1 (u). It follows that -H(x) + u £ \M(x) and 
—H{y) + u £ \M(y). Since M is (H, ^-accretive, 

( V (x,y),J q (H(x)-H(y)))>0 

The strict accretiveness of H implies that x = y. Thus, (H + AM) -1 is simple- valued. The 
proof is complete. 

Based on Lemma 2.1, we can define the resolvent operator RjJ\ associated with H and M 
as follows. 

Definition 2.4 Let ij:lxl->lbea single- valued operator, iJ : X — ► X be a strictly 
77— accretive operator and M : X — ► 2 be an (iJ, ?7)-accretive operator. The resolvent operator 
-R^A : X — ► X is defined by 

R^ x (u) = (H + \My\u),Vu e X 

Lemma 2.2 Let ?j:lxl-tlbea single-valued Lipschitz continous operator with 
constant r, H : X —> X be a strongly ^-accretive operator with constant r and M : X — ► 2 
be an (i7, ^-accretive operator. Then, the resolvent operator R^\ '■ X — > X is Lipschitz 
continuous with constant T q ^ 1 /r, that is, 



I^CaW - ^m'a^)!! ^ ~^HI U ~ v\\,yu,v € x, 



Proof. Let u, v be any given points in X. It follows that 

R%Vu) = (H + \M)-\u) 



and 



This implies that 



and 



Since M is 77-accretive, 



R^Vv) = (H + \M)- 1 ( 



\{u-H{Rl i l{u)))£M{R H hi l{ U )) 



If,, _ H(P H ' Jl ^.v\\ c -\rm lL 'i , 



v-H(R^ x (v)))£M(R^ x (v)). 



( V (R^ x (u),R^ x (v)),J q ({(u-H(R^ x (u))) 
-\(v-H(R%l(v)))))>0. 

The inequality above implies that 

T ^\\ u - v \\ . WR^u) - R^ivW 1 

> \\u-v\\\\J q (ri(R^ x (u),R^ x (v))\\ 

> {J q (u-v),rj(R^ x (u),R^ x (v))) 
>(J q (H(R^ x (u))-H(R^(v))), 
V (R^(u),R^(v))} 
>r\\R%Vu)-R%l(vW. 
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Hence, 

r g-i 

W R M V \( U ) - R M V \( V )W ^ -^-||«-«||,V«,U G X 

3. A NEW SYSTEM OF VARIATIONAL INCLUSIONS 

In this section, we shall introduce a new system of variational inclusions involuing (H, rj)- 
accretive operators in Banach spaces. In what follows, unless otherwise specified, we always 
assume that X\ and X 2 are two real Banach spaces, A C X\ and B C X2 are two nonempty, 
closed and convex sets. Let 

F:X 1 xX 2 ^X 1 ,G:X 1 xX 2 -+X 2 , 

Hi : X\ — ► Xi, H 2 : X 2 — ► X 2 , and 77 : X x X — ► X be five operators. Moreover, let M : X\ — ► 
2" 5 *- 1 be an (i?i , ?7)-accretive operator and iV : X2 — ► 2"^ be an (H 2 ,r])-accietive operator. The 
system of variational inclusions is formulated as follows. 
Find (a, b) G X\ X X 2 , such that 

OeF(a,b)+M(a), 
OG G(o,6) + iV(6). 

Some examples of problem (3.1) include the following. 

(I) If X\ = Tii, and X 2 = TC 2 two Hilbert spaces, then, problem (3.1) reduces to the following 
problem. Find (a, b) £ A x B, such that 

OeF(a,b)+M(a), 
OeG(a,b) + N(b). 

(II) If Xi = TCi and X 2 = H 2 , two Hilbert spaces, M(x) = d<p(x) and N(y) = d$(y), for 

all x G 7ii and y G 7^2, where ip : Tii — * R U {+00} and $ : H2 -^KU {+00} are two proper, 

convex, lower semicontinuous functionals, and dip and d& denote the subdifferential operators of 

(p and $, respectively, then problem (3.1) reduces to the following problem: find (a, b) G A x B, 

such that 

(F(a,b),x-a) + ip(x) - <p(a) > 0,Vx G Hi, 

(G(a, b),y -b) + $(y) - $(6) > 0, Vy G H 2 , 

which is called a system of nonlinear variational inequalities. 

(III) If Xi = X 2 = Hi, a Hilbert space, A = B,F(x,y) = pT(y) + x — y, and G(x,y) = 
'jT(x) + y — x, for all x, y G TC, where T : A —> 7i is a nonlinear mapping, and p > and 7 > 
are two constants, then problem (3.3) reduces to the following system of variational inequalities: 
find (a, b) G A x A, such that 

(pT(b) + a-b,x-a)>0,Vx€A, , N 

(3.5) 
<7T(o) + 6 - a, x - 6) > 0, Vx G A, 

which is the system of nonlinear variational inequalities considered by verma [12] . 
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4.EXISTENCE AND UNIQUENESS 

In this section, we will prove existence and uniqueness for solutions of problem (3.1). For 
our main results, we have the following characterization of solutions of problem (3.1). 

Lemma 4.1 Let rj : X x X be a single- valued operator, H\ : X\ — ► X\ and Hi : X2 — ► X2 
be two strictly ^-accretive operators, M : Xi — ► X\ be (i7i,ry)-accretive, and X : X2 — ► X2 be 
(i?2, ??)— accretive. Then, for any given (a, 6) £ X\ x X2, (a, 6) is a solution of problem (3.1) if 
and only if (a, b) satisfies 

a = R^ p [H 1 (a)-pF(a,b)}, 
b = R*%[H 2 (b)-\G(a,b)], 

where A > and p > are two constants. 

Proof. The fact directly follows from Definition 2.4. 

Theorem 4.1 let 77 : X x X — ► X be a Lipschitz continuous operator with constant <r. 
Let Hi : X\ — ► Xi be a strongly 77-accretive, Lipschitz continuous operator with constant 71, n, 
and i?2 : X2 — > X2 be a strongly 77-accretive, Lipschitz continous operator with constants 72 
and T2- Let M : Xi — ► 2 * be (.Hi, 77)- accretive and iV : X2 — ► 2 2 be (-H2, ry)-accretive. Let 
i 7 : X\ x X2 — ► X\ be an operator, such that, for any given (a, b) £ Xi x X2, i ? (-, 6) is strongly 
accretive with respect to H\ and Lipschitz continuous with constants r\ and si, respectively, 
and F(a, •) is Lipscaitz continuous with a constant 0, let Xi x X2 — ► X2 be an operator, such 
that, for any given (x,y) £ Xi x X2,G?(x, ■) is strongly accretive with a constant £. Let there 
exist constants p > and A > 0, such that 



720- 9 * Y r i ~ QP r i + Cg^Si + 7icr 9 X A£ < 7172, 
71 a« -1 ^rf - ^Ar 2 + c q ffls\ + ~f 2 (T q ~ 1 p0 < 7i72, 

Then, problem (3.1) admits a unique solutions. 

Proof. For any given A > and p > 0, define T p : Xi x X 2 — ► Xi and 5a : Xi x X 2 — ► X 2 

by 

T p (u,v) = <;;pi(«) - P F(u,v)] (4.2) 

and 

S' A («,t;) = ^[ir 2 (i;)-AG(« jU )] ) 

for all (u, v) £ Xi x X2. 

For any (ui,vi), (1X2,^2) £ Xi x X2, it follows from (4.2) and Lemma 2.2 that 

\\T p (ui,vi) -Tp(u2,v 2 )\\ 
< ^\\Hi(ui) - Hi(u 2 ) - p(F(ui,vi) - F(U2, v 2 ))\\ 
<^\\Hi(ui)-Hi(u2)-p(F(ui,vi)-F( U 2,vi))\\ 

+ ^\\F(U2,VI)-F(U2,V2)\\ 
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and 

\\S\(ui,vi) - S\(u 2 ,v 2 ) 



< ^\\H 2 ( Vl ) - H 2 (v 2 ) - A(G(«i,«i) - G(u 2 ,v 2 ))\\ 

< ^\\H 2 ( Vl ) - H 2 (v 2 ) - A(G(«i,«i) - G(«i,t^))|| 
+ ^\\G(u 1 ,v 2 )-G(u 2 ,v 2 )\\ 

By assumptions and Theorem X we have 

||ffi(wi) - ffi(«2) - pGFXui.vi) - F(«2,t;i))||« < ||(#i(«i) - fTi(u2)||9 
-qp{F{u 1 ,v 1 ) - F(u 2 ,vi), J q (Hi(ui) - Hi(u 2 ))) 
+fflc q \\F{u 1 ,v 1 ) - F{va,v{)p 

< ( r l - <?P r l + CgP 9 Si)||U! - «2|| 9 



- irv T i ~ 9PH + c 9 p«s? || Wi - lt 2 1 

+— ^-llvi-^H, 

\\S\(ui,Vi) - S x {u 2 ,v 2 )\\ 



< vv r 2 - qXr2 + c i Xq 4H - v 2 \\ 

+ ^\\ Ul -u 2 \\. 
Now, (4.9) implies that 

\\T p (ui,vi) -T p (u 2 ,v 2 )\\ + \\S\(ui,vi) - S\(u 2 ,v 2 ) 

< (^^/rf-qpn+c^sl + ^M)||m -n 2 || 
H^fi - ?Ar 2 + c q \isl + ^)K - i*|| 

< fc(||lti -U 2 || + ||l>l — f 2 1 1 ) , 

where 



fc = max{^ ^ - gpn + c q( fls\ + ^, 

Define || • ||i on X\ x X 2 by 

|| (it, u) ||i = ||n|| + ||t;||,V(it,u) G Xi x X 2 . 



(4.4) 



(4.5) 



(4.6) 



and 

\\H 2 ( Vl ) - H 2 (v 2 ) - X(G( Ul , Vl ) - G( Ul ,v 2 ))\\i 

<(T^-qXr2 + c q X^l)\\v 1 -V2\\ q . 

Furthermore, 

||F(u2,t;i)-F(«2,U2)|| <e||ui-V2||. (4.7) 

and 

||G(ui,U2) - G(u 2 ,v 2 )\\ < e||«i -u 2 ||. (4.8) 

It follows from (4.3)— (4.8) that 

\\T p {ui,vi) -T p (u 2 ,v 2 )\\ 



(4.9) 



(4.10) 
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It is easy to see that {X\ x X 2 , \\ ■ ||i) is a Banach space. For any given A > and p > 0, define 
Qx, P :X 1 xX 2 ^X 1 xX 2 by 

Q\, p (u,v) = (T p (u,v),Sx(u,v)),V(u,v) elix X 2 . 

By (4.1), we know that < k < 1. It follows from (4.10) that 

||Qa, p (wi, vi) - Qx,p(u 2 ,v 2 )\\i < k\\(ui,vi) - (u 2 ,V 2 )\\l. 

This proves that Q\ )P '■ X\ x X 2 —► X\ x X 2 is a contraction operator. Hence, there exists a 
unique (a, 5) G Xi x X 2 , such that 

Q\, P {a,b) = (a, 6), 

that is, 

a = ^[ffi(o)-pF(o,6)] J 
& = i^[tf 2 (6)-AG(a,&)]. 

By Lemma 4.1, (a, 6) is the unique solution of problem (3.1). 

Remark 4.1 From Theorem 4.1 we can get the existence and uniqueness of solutions for 
problem (3.1) — (3.5). 

Remark 4.2 From Definition 2.1 we know that 

t\ < s\t{ , r 2 < S 2 T2 
Remark 4.3 If X is 2-uniformly smooth and there exists p = A > 0, such that 

I _ ri7^g--7^72g I 



, y / (n72 cr -7i72g) 2 ~(7^i 2 o- 2 -7i72)( c 2 s h2-T?g 2 ") 
< CT ( C 2^7 2 2 -7! 2 « 2 ) 

(aVf - 7i)(c 2 si72 - 7iC 2 ) < (ri72^ - 7i0 2 >7if 2 < c 2«i7 2 2 



and 



_ r-27 2 o--7 2 7i6> 
^ a( C2 s 2 7l 2 -7 2 2 e 2 ) 



V(r 2 7 1 2 CT -7 2 2 7ie) 2 -(7Ma 2 -7 2 2 7 1 2 )(e 2 s 2 7 2 -7 2 2 e 2 ) 
^ "" " a(c 2 s 2 7 2 -7 2 2 e 2 ) ' 

(a 2 r| - 72 2 )(c 2S2 7i 2 " 7i 2 ^ 2 ) < (7171* " 7 2 2 ^) 2 , 7 2 2 ^ 2 < c^hi 2 , 



then condition (4.1) is satisfied. We note that all Hilbert spaces and L p (oi l p ) spaces (2 < p < 00) 
are 2-uniformly smooth. 

5.ITERATIVE ALGORITHM AND CONVERGENCE 

In this section, we will construct the Mann iterative algorithm for approximating the unique 
solution of problem (3.1) and discuss the convergence analysis of the algorithm. 
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Lemma 5.1 [7] Let {c n } and {k n } be two real sequences of nonnegative numbers that 
satisfy the following conditions. 

(i) < k n < l,n = 0, 1,2, ■ ■ ■ and limsup k n < 1. 

n 

(ii) c n+ i < k n c n , n = 0, 1, 2, • • • 
Then, c n converges to as n — > oo. 

Algorithm 5.1 Let r],Hi,H 2 ,M,N,F and G be the same as in Theorem 4.1. For any 
given (ao,bo) £ X\ x X 2 , define the Mann iterative sequence {(a n ,b n )} by 

a n+1 = a n a n + (1 - a n )Rj^^[Hi{a n ) - pF(a n ,b n )],n = 0,1,2,- ■■ 

H (5.1) 

b n+ i = a n b n + (1 - a n )R N 2 ^[H 2 {b n ) - XG(a n ,b n )],n = 0,1,2, ■■■ 



(5.3) 



where 

< a n < 1 and limsupa n < 1. (5-2) 

n 

Theorem 5.1 Let r],Hi,H2,M,N,F, and G be as in Theorem 4.1. Assume that all the 
conditions of Theorem 4.1 hold. Then, (a n ,b n ) generated by algorithm 5.1 converges strongly 
to the unique solution (a, b) of problem (3.1) and there exists d £ [0, 1), such that 

IK - a|| + \\b n - b\\ < d m (\\a - a\\ + ||fe - &||), for all n > 0. 

Proof. By Theorem 4.1, problem (3.1) admits a unique solution, (a, 0). It follows from 

lemma 4.1 that 

a = a n a + (1 - a n )R A j' p [Hi(a) - pF(a, b)}, 

b = a n b + (1 - a n )R^[H 2 (b) - XG(a, b)} 
By (5.1) and (5.3), 

IKt+i - a\\ < a n \\a n - a\\ + (1 - a n ) 

WR^H^an) - P F(a n ,b n )} - RZ^[Hi(a) - pF(a,b)}\\ 

< a n \\a n - a\\ + (1 - a„)^j- 

||#i(a„) - i?i (a) - p(F(a n ,b n ) - F(a,b))\\ 

< a n \\a n -a|| + (1 -a„)^- (5.4) 
||#i(a„) - fli(a) - p(F(a n ,b n ) - F(a,b n ))\\ 

+(1 - a n )^||F(a, b n ) - F(a,m 

< a n ||a„ -a|| + (1 -a^^^^r? - qpn +c q p c 's g 1 
\\a n ~ a\\ + (1 - a n ) aq ^ \\b n - b\\ 



and 



ll^n+i - H < ot n \\b n - b\\ + (1 - a n ) 

ll<^[^2(6„) - AG(a„,6 n )] - R"% v [H 2 (b) - XG(a,b)}\ 

<a n \\b n -b\\ + {l-a n )^- 
rf - q\r 2 + c q Xisl\\b n - b\\ + (1 - a„)^||a„ - a||. 
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It follows from (5.4) and (5.5) that 

||a n+ i - a|| + ||&n+i - b\\ < a„(||a n - a|| + ||6 n - 6||) 
+(1 - a n )k(\\a n - a\\ + ||6 n - b\\) 
= (k+(l- k)a n )(\\a n - a|| + ||6 n - 6||) 
where < k < 1 is defined by 



k - max{^- f/rf - qpn + c q p q s\ 



+^^^1-^ + ^4 + ^}. 



72 ' 72 V H 71 

Let c n = \\a n — a\\ + \\b n — b\\ and k n = k + (1 — k)a n . Then (5.6) can be rewritten as 

c n+i S k n c n , n = U, 1, z, ■ ■ ■ 
By (5.2), we know that limsup/c n < 1, it follows from lemma 5.1 that < k n < d < 1 and that 

n 

\\Q"n — a|| + ||6 n — b\\ < d n (||a n — a|| + ||6 ra — 6||), for all n > 0. 
Therefore, (a n ,b n ) converges geometrically to the unique solution (a, b) of problem (3.1). 
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1 Introduction 

In recent years, variational inequalities have been extended and generalized in different directions, 
using novel and innovative techniques, both for their own sake and for the applications. Useful and 
important generalizations of variational inequalities are set- valued variational inclusions, which have 
been studied by several authors. 

Recently, Chidume, Zegeye and Kazmi [1] studied the following class of set-valued variational 
inclusion problems in a Banach space E. For a given m-accretive mapping A : D(A) C E — ► 2 E , a 
nonlinear mapping N(-, •) : E x E — ► E, two set-valued mappings T,F : E — > CB(E) (here CB(E) 
denotes the family of all nonempty closed and bounded subsets of E) and a single-valued mapping 
g : H — > H, find q E E,w E T(q),v E F(q) such that 

f€N(w,v) + XA(g(q)), (1.1) 

where / E E is a given point and A > 0. 

For a suitable choice of the mappings T,F,N,g,A and / E E , a number of known and new 
variational inequalities, variational inclusions, and related optimization problems can be obtained 
from (1.1). 

Inspired and motivated by the works of [1-3], in this paper, we introduce and study a class of 
more general set- valued variational inclusions in Banach spaces. By using the inequality of Liu [6], 
the existence theorem and approximate theorem of solutions of the set- valued variational inclusions 
in smooth Banach spaces are established and suggested. The results presented in this paper gener- 
alize, improve and unify the corresponding results of Chidume, Zcgeyc and Kazmi [1], Huang and 
Fang [2, 3], Huang [4], Fang and Huang [5], Liu and Kang [7]. 



"This work was supported by the Natural Science Foundation of Xianyang Normal University 
1 E-mail: shichf@163.com, This research is supported by the natural foundation of Shaanxi province of China(Grant. 
No.: 2006A14)and the natural foundation of Shaanxi educational department of China(Grant. No.:07JK421) 



20 SHI, ZHANG : SET-VALUED VARIATIONAL INCLUSIONS 

2 Preliminaries 

Let E be a real Banach space, E* be the topological dual space of E, (■,■) be the dual pair 
between E and E* , D(T) denotes the domain of T, and J : E — > 2 B is the normalized duality 
mapping defined by 

J(x) = K G iT : (:r,x*) HM| 2 H|xl 2 } 

for all x £ E. 

Definition 2.1 Let A : D(A) C -E — > 2 E be a set-valued mapping, : [0, oo) — » [0, oo) a strictly 
increasing function with (f)(0) = 0. The mapping A is said to be 

(1) accretive if, for any x, y £ -D(A-), there exists j(a; — y) £ J(x — y) such that 

(u-v,j(x-y)) > 
for all u £ Ax and v £ Ay; 

(2) (^-strongly accretive if, for any x, y £ D(A), there exists j(x — y) £ J(x — y) such that 

(u - v,j(x - y)) > <f>(\\x - y\\)\\x - y\\ 
for all u £ Ax and v £ Ay; 

(3) 0-expansive if, for any x, y £ D(A), there exists j(x — y) £ J(x — y) such that 

\\u-v\\ > (p(\\x-y\\) 
for all u £ Ax and v £ Ay; 

(4) 0-strongly pscudocontractive if, for any x,y £ D(A), there exists j(x — y)£ J(x — y) such that 

(u - v,j(x - y)) < \\x - y\\ 2 - <j>(\\x - y\\)\\x - y\\ 
for all u £ Ax and v £ Ay; 

(5) m-accretive, if A is accretive and (I + pA)D(A) = E for all p > 0, where / is the identity 
mapping. 

Definition 2.2 Let T, F : E — > 2 E be two set-valued mappings, N(-, •) : E — > E a nonlinear 
mapping, and <f> : [0, oo] — > [0,oo] a strictly increasing function with 0(0) = 0. 

(1) The mapping x -^ N(x, y) is said to be ^-strongly accretive with respect to the mapping T if, 
for any X\,X2 £ E, there exists j(x\ — x-z) £ J(xi — X2) such that 

(N(ui,y) - N(u 2 ,y),j(x 1 - x 2 )) > </>(||o;i -.t 2 ||)||.ti - x 2 \\ 

for all u\ £ Txi, u 2 £ Tx 2 . 

(2) The mapping y — > N(x, y) is said to be accretive with respect to the mapping F if, for any 
J/ij2/2 £ E, there exists j(yi — y 2 ) £ J(yi — y 2 ) such that 

(N(x, Vl ) - N(x,v 2 ),j{ yi - y 2 )) >Q 

for all v\ £ Fyi,v 2 £ Fy 2 . 

Definition 2.3 Let T : E — > CB(E) be a set-valued mapping and H(-, •) a Hausdorff metric in 
CB(E), T is said to be £-Lipschitz continuous, if for any x,y £ E, 

H{Tx,Ty)<£,\\x-y\\ 
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where £ > is a constant. 

Definition 2.4 The set-valued mapping T : E — > CB(E) is said to be uniformly continuous, if 
for any given e > 0, there exists a, S > , such that for any given x,y G E, when ||x — y\\ < S , we 
have 

H(Tx, Ty) < e, 

where H is a Hausdorff metric in CB(E). 

We also need the following lemmas. 

Lemma 2.1 [10] Let £ is a real Banach space and J : E — > 2 s is the normalized duality 
mapping, then for any given x, y G 2?, 

||» + l/|| 2 <N| 2 + 2<y,j(a; + |/)) 

for all j(x + y) G J(x + y). 

Lemma 2.2 [8] Let X and Y be two Banach spaces, T : X — ► 2 r a lower semicontinuous 
nonempty closed convex valued function. Then T admits a continuous selection, i.e., there exists a 
continuous selection mapping H : X — > Y , such that h(x) € Tx, for all ifl. 

Lemma 2.3 [9] Let E 1 be a complete metric space, T : E — > CB(E) a set-valued mapping. Then 
for any given £ > and x, j/ G £", M G Tx, there exists w G Ty such that 

d(u,v) < (l + s)H(Tx,Ty). 

3 Iterative Algorithms 

Using Lemma 2.3, we suggest the following algorithms for generalized set-valued variational 
inclusion(l.l). 

Algorithm 3.1 For any given xo Gfi,«o€ Txq,zq G Fxq, compute the sequences {x„}, {y n }, 
{z n }, {w n } and {v n } by iterative schemes such as 

x„+i G a„x„ + b n (f + y n - N(w n , v n ) - XW(g(y n ))) + c„e n , 
y n G a' n x„ + b' n (f + x n - N(u n ,z n ) - XW(g(x n ))) + d n f n , 
u„ G Tx„, \\u n -u n+ i\\ < (1+ T ^ I )H(Tx n ,Tx n+ i), 

Zn e Fs n , ||^n - 2 n+l|| < (1 + ^ T )if(Fx n , Fx n+ i), (3.1) 

w n G Ty„, ||io n - ttVfiH < (1 + ^ I )H(Ty n ,Ty n+1 ), 
v n G Fy n ,\\v n -v n +i\\ < (1 + ^ T )i?(Fy„,Fy„+i), 
n = 0,l,2,---, 

where {e„} and {/ n } are any bounded sequences in E, and {a„}, {6 n }, {c„}, {a^}, {6^}, {c' n } are 
constants such that a n + b n + c n = a' n + b' n + c' n = 1. 

The sequence {x„} generated by Algorithm 3.1 is called the Ishikawa iterative sequence with 
errors. 

In Algorithm 3.1, if b' n = c' n = 0, for all n > 0, then y n = x n . Take z n — v n and w n — u n for all 
n > 0. Then we obtain the following algorithm. 

Algorithm 3.2 For any given xo G E, uq G Txo,zo G Fxo, compute the sequences {x n },{w n } 
and {v n } by the iterative schemes such as 

x n +i G a n x„ + b n (f + x n - N(w n , v n ) - \W(g(x n ))) + c n e„, 

W n G Tx n , \\w n - Wn+lW < (1 + ^ I )H(Tx n , Tx n+ i), 

v n eFxn,\\v n -v n+1 \\<(l + ^)H(Fx n ,Fxn+i), 
n = 0,l,2,---. 

The sequence {x„} generated by Algorithm 3.2 is called the Mann iterative sequence with errors. 
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4 An Existence Result 

Lemma 4.1 Let £ be a real Banach space and T : E — > CC(E) a lower semicontinuous and 
^-strongly psuedocontractive mapping, where CC{E) denotes the family of all closed and convex 
subsets of E. Then T admits a continuous and 0-strongly psuedocontractive selection. 

Proof : By Lemma 2.2, T admits a continuous selection such that h(x) E T(x) for all x E E. 
Now we prove that h : E — ► E is 0-strongly pseudocontractive. In fact, since T : E ^ CC(E) is 
^-strongly psuedocontractive, for any x,y € E and u G Tx, i> € Ty, there exists j(a; — y) E J (a; — y) 
such that 

{u-v,j(x-y)) < \\x-y\\ 2 - </>(\\x - y\\)\\x - y\\. 

Especially, letting u = h(x) E Tx, v = h(y) G Ty, we know that 

(h(x) - h(y),j(x - y)) < \\x - y\\ 2 - (p(\\x - y||)||a; - y\\, 

which implies that h : E —> E is continuous and 0-strongly psuedocontractive. This completes the 
proof. 

Theorem 4.1 Let Ebea, real smooth Banach space, T,F : E -» CB(E) and A : D(A) C E ^ 2 E 
be three set-valued mappings, g : E — > -D(A) be a single-valued mapping, and JV(-, ■) : E x E ^ E 
be a single-valued continuous mapping satisfying the following conditions: 

(1) A o g : E — ► CC(E) is accretive and lower semicontinuous ; 

(2) T : E —> CB(E) is ^i— Lipschitz continuous; 

(3) F : £ — > CB{E) is £— Lipschitz continuous; 

(4) the mapping x — > N{x 1 y) with respect to the mapping T is 0-strongly accretive , where 
4> : [0, oo] — > [0, oo] is a strictly increasing function with 0(0) = ; 

(5) the mapping y — > N(x, y) is accretive with respect to the mapping F\ 

(6) N{Tx,Fx) G CC(E)yx G S. 

Then for any given / € E and A > 0, there exist q € E, w € Tq and w G Fq, which is a solution of 
set- valued variational inclusion (1.1). 

Proof. For any given / G E, let Sx = f — N(Tx, Fx) ~ XA o g{x) + x. Since E is a smooth 
Banach space, J : E — > 2 E is single-valued. From the conditions (1), (4) and (5), we know that 

(u-v,j(x-y)) < \\x - y\\ 2 - <p(\\x - y\\)\\x - y\\, Vu E Sx,v E Sy. 

This implies that S is 0-strongly psuedocontractive. Since N{-, •) is continuous, T and F are M- 
Lipschitz continuous, and XA o g is lower semicontinuous, it follows that S is lower semicontinuous 
and (/>-strongly psuedocontractive. By condition (6), the operator S : E — > CC(E) satisfies the 
conditions of Lemma 4.1 and so there exists a continuous 0-strongly psuedocontractive mapping 
h : E — > E such that 

h(x) E Sx = f - N(Tx, Fx) - XA(g(x)) + x. 

From Lemma 2.2 in Liu and Kang [7], h have a unique fixed point q, i.e., 

q = h(q) E S(q) = f- N(Tq, Fq) - XA(g(q)) + q. 

This implies that / G N(Tq,Fq) + XA(g(q)). Therefore, there exists w E Tq,v E Fq such that 
/ G N(w, v) + XAg(q). This completes the proof. 

Remark 4.1 Theorem 4.1 generalizes Theorem 3.1 in Chidume, Zegeye and Kazmi [1] in the 
following sense: Theorem 4.1 requires the operator Aog is accretive whereas Theorem 3.1 of Chidume, 
Zegeye and Kazmi [1] requires that A o g is to- accretive. 

Remark 4.2 The proof method in Theorem 4.1 is quite different from one in Theorem 3.1 in 
Chidume, Zegeye and Kazmi [1]. 
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5 Convergence of Algorithms 

Lemma 5.1 [8] Let {«„}, {/?„}, {7n} be three nonnegative real sequences satisfying the following 
inequality 

a n+ l < (1 - Ul n )a n + P n + J n , (5.1) 

for all n G N, where {uj n } C [0, 1], T.lo„ = oo, f3 n = o(u> n ) and T,"/ n < oo. Then linin^oo a n = 0. 

Theorem 5.1 Let E,T,F,A,g be the same as in Theorem 4.1, {a n } , {b n } , {c n } , {a' n } , {b' n } and 
{c' n } be real sequences in [0, 1] satisfying the following conditions: 

(i) a n + b„ + c n = a' n + b' n + d n = 1, b n + c n G (0, l),n > 0; 

(ii) lim„^oo 6„ = lim„^ (X) &'„ = lim^oc c' n = lim^oo h ^ Cn = 0; 
(iii) S6„ = +oo. 

If R(I - N(T(-),F(-))) and R(A o g) arc both bounded, N{T{-),F{-)) and A o ff are both uniformly 
continuous, then the sequences {x n }, {w n } and {«„} generated by Algorithm 3.1 strongly converge 
to the solution q,w,v of set- valued variational inclusion (1.1). 

Proof. By the proof of Theorem 4.1, for any x, y G E, x G Sx, y G Sy, there exist w G Tx, v G Fx 
and w G Ty, z G -Fy such that 

x = x- {N{w, v) + XA(g(x))) + f, 

y = y-(N(u,z) + XA(g(y))) + f 

and 

(iV(w, v) + XA(g(x)) - N(u, z) - XA(g(y)),j(x - y)) 

= (x-x- (y-y),j(x-y)) > 4>(\\x - y\\)\\x - y\\ > A(x - y)\\x - y\\, 
where A(x, y) — i-m — u, f}\ nr for all x, y G E. This implies that 

(x-z- A(a;,y)x- (y - y - A(x,y)y),j(x - y)) > 

for all i,)/££,i£ Sx, y G Sy. From Lemma 2.1, we know that 

\\x-y\\ < \\x - y + r((x - x) -A(x,y)x- (y - y - A{x,y)y))\\ (5.2) 

for all x,y G E and x G Sx, y G /Sy, where r > is a constant. Since i?(7 — N(T(-), F(-))) and 
i?(yl o g) are both bounded, letting d n = b n + c n , d' n = b' n + c' n and 

D = max{sup{||w - q\\ : w G / + x - N(Tx,Fx) - XA(g(x)),x G E}, 

sup||e„ - g||,sup||/„ -g||,||xo - q\\} < oo, 

n>0 n>0 

by induction, we can prove that max{||x„ — q\\, \\y n — q\\} < D. It follows from (3.1) and (3.2) that 
there exist p n G Sy n and r n G Sx n such that 

Xji-\-\ \L Ct n )X n -r O n Pn -r C n € n 

= (1 - d n )x n + d n p n + c„(e„ - p n ), (5.3) 

and 

Vn = (1 - <4) x ™ + b' n r n + c' n f n , (5.4) 

for all n > 1. From (5.3), we know that 

(I — a n )x n = x n +\ — d n p n — c n (e n —p n ), (5-5) 
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for all n > 1. By Lemma 2.3, there exists p' n G Sx n+ \ such that 

\\Pn-Pn\\ < (l+-)H(Sx n+1 ,Sy n ). (5.6) 

n 

Therefore, from (5.5), we know that 

(1 - d n )x n = [1 - (1 - A(x n+1 ,q))d n ]x n+1 + d n (l - A(x n+1 ,q))x n+1 

-d n p' n + d n (p' n - p n ) - c n (e„ - p n )- (5.7) 

Notice 

(1 - d n )q = [1 - (1 - A{x n+ i,q))d n ]q + d n (l - A(x n+1 ,q))q - d n q. (5.8) 

Combining (5.2), (5.7) and (5.8), we know that 

(1 -d n )\\x n -q\\ > [1- (1- A(x n+ i,q))d n ]\\x n+ i -q 

1 - (1 - A{x n+ i,q))d n 
-p'n - (! - M x n+i, q))q + q\ II -d n \\p' n -p n \\ -c n \\e n -p n \\ 

> [1 - (1 - A(x n+1 ,q))d n ]\\x n+ i - q\\ - d n \\p' n - p n \\ - 2Dc ni 
which implies 

\\x n+l -q\\ < -r- 5 yrj-\\Xn-q\\ 

1 - (1 - A(x n+ i,q))d n 

&n II / || ZUCn 

+ l-(l-A(x n+1 ,q))dJ Pn ~ Pn]l + l-(l-A(x n+1 ,q))d n 

< (l-A(x n +i,q)d n )\\x n -q\\ + Md n \\p' n -p n \\ + 2DMc n , (5.9) 

where M is a constant. From (5. 3), (5. 4) and the boundcdncss of {x n }, {y n }, {e n } and {p n }, we 
know that 

\\x n +i -y n \\ = 11(1 -d n )(x„ - y n ) + d„(p n -y„) +c„(e„ - p n )\\ 

< (1 - d n )\\(x n - y n )\\ +d n \\p n -y n \\ + c n \\e n -p n \\ — ► 0. 

From the uniformly continuity of S, we know that H(Sy n ,Sx n +i) — -> as n — > oo. Furthermore, 
from (5.6), we know that 

Ibn-KIHo. (5.io) 

Let inf{^4(o; n +i, q) : n > 0} = r. We assert that r = 0. Suppose that r > 0. Then (5.9) yields that 
||a;n+i-g|| < (l-rd Tl )||a:„-«||+Md n ||p„-j/ n ||+2DMc n) Vn > 0. (5.11) 

Taking a„ = \\x n — q\\, u> n = rd n , /3„ = Md„||p„ — p' n \\ and 7„ = in (5.1), it follows from the 
conditions (i)-(iii) and (5.10) that 

T,UJ n — oo, n = o(w n )j S 7„ < OO. 

Now (5.11) and Lemma 5.1 ensure that ||x n — q\\ —> 0, which means that r — 0. This is a contradiction. 
Therefore, r = and there exists {||x ni +i — g||} such that 

\\x ni +i -q\\-*0 (i -> oo). 

Since {p n } and {e„} are both bounded, from d n . + i — ► 0,6 ni +i — ► 0,c„. + i — > and x rl . + i — ► g, we 
know that 

Xrn+2 = (1 - d ni+ i)x ni+ i + & n , + lPn; + l + c n%+1 e nz+1 — ► q- 

By induction, we can prove that x ni +j — ► </ for all j > 0, which implies a;„ — ► g. Also, we know that 
y n — > g. The rest proof is same as the proof of Huang [4]. This completes the proof. 

Remark 5.1 Theorem 6.1 generalizes Theorem 3.2 in Chidume, Zegeye and Kazmi [1] in the 
following sense: 



SHI, ZHANG : SET-VALUED VARIATIONAL INCLUSIONS 25 

1. Theorem 5.1 requires the operator Ao g is accretive whereas Theorem 3.2 in Chidume, Zegeye 
and Kazmi [1] requires A o g is m-accretive. 

2. The Mann iterative scheme in Chidume, Zegeye and Kazmi [1] is replaced by a new Mann 
iterative scheme with errors. 

Remark 5.2 The proof method in Theorem 5.1 is quite different from one in Theorem 3.2 in 
Chidume, Zegeye and Kazmi [1]. 

References 

[i 

[2 



C. E. Chidume, H. Zegeye and K. R. Kazmi, Existence and convergence theorems for a class of 
multivalued variational inclusions in Banach spaces, Nonlinear Analysis, 59 (2004), 649-656. 



Y.P. Fang and N.J. Huang, A new system of variational inclusions with (H , ^-monotone oper- 
ators in Hilbcrt spaces, Computers and Mathematics with Applications, 49 (2005), 365-374. 

[3] Y.P. Fang and N.J. Huang, .ff-monotone operator and resolvent operator technique for varia- 
tional inclusions, Appl. Math. Comput., 145(2003), 795-803. 

[4] N.J. Huang, Generalized nonlinear variational inclusions with noncompact valued mappings, 
Appl. Math. Lett., 9:3 (1996), 25-29. 

[5] N.J. Huang and Y.P. Fang, Fixed point theorems and a new system of muctivalued generalized 
order complementarity problems, Positivity, 7(2003), 257-265. 

[6] L.S. Liu, Ishikawa and Mann iterative processes with errors for nonlinear atrongly accretive 
mappings in Banach spaces, J. Math. Anal. Appl., 194(1995), 114-125. 

[7] Z.Q. Liu and S. M. Kang, Convergence theorems for cj> -strongly accretive and 0-hemicontractive 
operators, J. Math. Anal. Appl., 253(2001), 35-49. 

[8] E. Michael, Continuous solutions I, Ann. Math., 63(1956), 361-382. 

[9] S.B. Nadler, Multivalued contraction mappings, Pacific J. Math., 30 (1969), 175-488. 

[10] W.V. Petryshyn, A characterization of strictly comvexity of Banach spaces and other uses of 
duality mappings, J. Func. Anal, 6 (1970), 282-291. 



JOURNAL OF CONCRETE AND APPLICABLE MATHEMATICS, VOL.7, NO.1, 26-35, 2009, COPYRIGHT 2009 EUDOXUS 

PRESS, LLC 



Solving two-point boundary value problems by modified 
Adomian decomposition method * 

Yahya Qaid Hasan ', Liu Ming Zhu 

Department of Mathematics, Harbin Institute of Technology 
Harbin, 150001, P.R.China 



Abstract 
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solving two-point linear and nonlinear boundary value problems of the form 

y" =9{x) + f(x,y,y'), 
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1 Introduction 

In this paper, we study two-point boundary value problems of the form 

y" =g(x) + f(x,y,y), (1) 

subject to the boundary conditions 

y(0) = A,y(c) = B. 

Where / is continuous on the set D = {(x,y,y )\x G [0, c] one [c, 0],y, y G M} 
and g(x) is given function. 

Two-point boundary value problems occur in applied mathematics, theoretical 
physics, engineering, control and optimization theory. Several numerical methods for 
solving two-point boundary value problems were studied in [3, 5, 6, 8, 9]. The Adomian 
decomposition method (ADM) has been studied by many scientists [1,2,11] for solv- 
ing differential and integral problems in many scientific applications. It decomposes 
the solution into the series which converges rapidly. 

In this work, anew modified of the ADM is proposed to overcome difficulties oc- 
curred in the standard ADM for solving two-point boundary value problems, namely, 
the modified ADM (MADM). Main idea of the MADM is to create a canonical form 
containing all boundary conditions so that the zeroth component is explicitly de- 
termined without additional calculations and all other components are also easily 
determined. 

This paper is organized as follows: in sections 2, the proposed method is ana- 
lyzed. Several numerical illustrations are demonstrated in section 3. 

2 The method 

We propose the new differential operator, as below 

L = x- 1 -?-a?-^x- 1 , (2) 

ax ax 



28 HASAN, ZHU : BOUNDARY VALUE PROBLEMS AND ADOMIAN METHOD 

so, the problem(l) can be written as, 

Ly = g(x) + f(x,y,y'). (3) 

The inverse operator L^ 1 is therefore considered a two-fold integrals operator, as 
below, 

/X l>X 

x' 2 / x(.)dxdx. (4) 

By operating L~ l on problem(3), we have 

y(x) = A+ ' x + L- l g(x) + L^f(x, y, y), (5) 

c 

where 

y(c) = B,y(0) = A. 

The Adomian decomposition method introduce the solution y(x) and the nonlinear 
function f(x,y,y ) by infinite series 

oo 

y( x ) = ^2vn(x), (6) 

n=0 

and 

oo 

f(x,y,v') = Y l A n , (7) 

n=0 

where the components y n (x) of the solution y(x) will be determined recurrently. Spe- 
cific algorithms were seen in [12] to formulate Adomian polynomials. The following 
algorithm: 

A = F(u), 

A 1 = F'(uo)ui, 
A 2 = F'(u )u 2 + -F"(u )uj, 
A 3 = F' (u )u 3 + F" (u ) Ul u 2 + yF'" (uo)ul, (8) 
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can be used to construct Adomian polynomials, when F(u) is a nonlinear function. 
By substituting(6)and(7) into (5), 

oo ( p> _ A) °° 

J2 Vn = A + ~^^ X + L ~ X 9( X ) + L' 1 E A - ( 9 ) 

n=0 n=0 

Through using Adomian decomposition method, the components y n (x) can be de- 
termined as 

y = A + -X + L- l g(x), 



which gives 



c 
y n+ i = L _1 A>,n > 0, 



y = A + ± '-x + L l g{x) 

c 

Vl = L~ l A , 



(10) 



y 2 = L 1 A 1 , 

Vs = L-'A 3 , (n; 



From (8) and (11), we can determine the components y n {x), and hence the series 
solution of y(x) in (6) can be immediately obtained. For numerical purposes, the 
n-term approximant 

71-1 
71=0 

can be used to approximate the exact solution. The approach presented above can 
be validated by testing it on a variety of several linear and nonlinear initial value 
problems. 
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3 Numerical examples 

In this part we present four examples. The first and the second examples are consid- 
ered to illustrate the method for linear two-point boundary value problems. While 
in third and fourth examples we solve a nonlinear two-point boundary value problem. 

Example 1. Let us consider the following linear problem [4, 7] : 

y" = y - e {x - X) - 1, < X < 1, (13) 

y(0) = 0,y(l) = 0. 

The exact solution is y(x) — x(l — e^ -1 - 1 ). 
In an operator form, Eq.(13) becomes 

Ly = y - e**" 1 ) - 1. (14) 

Applying L~ x on both sides of (14) we find 

y = L-i(_ e (*-i)_i) + L-y, 

Using Adomian decomposition for y(x) as given in(6)we obtain 

f>w4 + f-;-ir- e *~ 1+irl f>»- 

n=0 n=0 

The components y n (x) can be recursively determined by using the relation 

*jJU Jb *i-> t— ,1 



JJn 



-1 = L l y' n , n>0. 



This in turn given 



1J ry* ry> /y»"J 

KjJU JU tXj 1 

yo e 2 e 2 

1 x _ 1 5x x 3x 2 x 2 x 3 

If rp ^\ r P T* nn"-) it™*-' ry>^ 

, f . i I JU \JJU JU JU JU JU 

y e Vie 24 4e 4 6e 24 : 
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In Fig. 1 we have plotted ^2 i=0 Ui{x), which is almost equal to the exact solution 
y(x) = x(l — e^ -1 )). 

Example 2. Let us consider the following linear equation [9]: 

y = y + cos(x), < x < 1, (15) 

Subject to the boundary conditions 

y(0) = l,j/(l) = 1. 

The exact solution is y(x) = c\e x + C2&~ x — cos(x)/2,where 

_ -3 cosh(l)+3 sinh(l)+cos(l)+2 _ 3 cosh(l)+3 sinh(l)-cos(l)-2 

Cl ~~ 4sinh(l) '° 2 — 4sinh(l) 

In an operator form, Eq.(15) becomes 

Ly = y + cos(x). (16) 

Applying L~ x on both sides of(16) we find 

y = 1 + L _1 (cos(a;)) + L~ l y, 
Using Adomian decomposition for y(x) as given in(6)we obtain 

oo oo 

y y n (x) = 2 — x + x cos(l) — cos(x) + L _1 2. yn- 

n=0 n=0 

The components y n (x) can be recursively determined by using the relation 

3/0 = 2 — x + xcos(l) — cos(x), 
y n+1 = L~ l y n , n > 0. 
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This in turn given 

yo = 2 — x + x cos(l) — cos(a;) 



yi = -1 + - + x 2 - — — -x cos(l) + -x 3 cos(l) + cos(x), 

91 7^ t^ ^^ r^ t^ ADIt 7t3 

Vo = 1 1 1 1 cos( 1 ) cos( 1 ) , 

y 360 2 36 12 120 360 V ; 36 V ; ' 

, 9649a; x 2 217a; 3 x 4 x 5 x 6 x 7 3593a; 

y 3 = -H 1 1 1 cos(l 

yA 15120 2 2160 24 360 360 5040 3024 v ' 

497 T 3 7 r 5 T 7 

+ W C ° S(1) - 720 C ° S(1) + 5040 C ° S(1) + COS(2;) ' 



This means that the solution in a series form is given by 

y [x) = 2/0+2/1+2/2+2/3+- = l-0.889108a;+x 2 -0.14755a; 3 +0.0416667a; 4 -0.00769486a; E 

+0.00277778a; 6 - 0.0000912099a; 7 + ... 
Note that the Taylor series of the exact solution with order 7 is as below 

y(x) = 1 - 0.888758a; + x 2 - 0.148126a; 3 + 0.0416667a; 4 - 0.00740632a; 5 

+0.00277778a; 6 - 0.000176341a; 7 + ... 

Example 3. Let us consider the following nonlinear problem: 

y " = y 2 + 2 - x\ - 2 < x < 0, (17) 

Subject to the boundary conditions 

2/(0) = 0,2/(-2)=4. 
The solution is y(x) = x 2 . 
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In an operator form, Eq.(17) becomes 

Ly = y 2 + 2 - x 4 . 
Applying L^ 1 on both sides of(18) we find 

y = -2x + L~ l {2 - x A ) + L~ l y 2 
proceeding as before we obtain 



16a; n x 

y ° 15 30 



y n+1 = L 1 A n , n>0. 
By using A reliable modification in [10] we get 

Vo = x 2 , 
y 1 = -^-^ + L- 1 A = - ] ^--^ + x J x~ 2 J x(x 4 )dxdx = 0, (19) 

Un+2 = 0,n > 0. 
In view of (19), the solution is given by 

y(x) = x 2 . 

Example 4. Consider the following nonlinear problem[8]: 

y " = y 2 + 2tt 2 cos(27tx) - sin 4 (7rx), < x < 1, (20) 

with the boundary conditions 

j/(0) = 0,y(l) = 0. 

The exact solution is y(x) = sin 2 (7ra;). 
In an operator form, Eq.(20) becomes 

Ly = y 2 + 2n 2 cos(27ra;) - sin 4 (7rx). (21) 
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Applying L~ x on both sides of (21) we find 

y = L _1 (27T 2 cos(27nr) - sin 4 (vra)) + L~V , 

proceeding as before we obtain 

1 15 3a; 2 cos(27ra; cos(27r:r cos(47r:r 3x 

Vo ~ 2 + 128vr 2 ~ 16~ 2 8tt 2 + 128tt 2 + 16' 

y n+1 = L~ l A n , n>0. 

In Fig. 2 we have plotted Ysi=oVi( x )i which is almost equal to the exact solution 
y{x) = sin 2 (7nr). 
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Abstract 

Equipped with a new topology, necessary conditions for convergence of sequences of 
ultradifferentiable functions of rapid descents are obtained .The Cauchy and Poison 
integrals of a certain space of tempered ultradistributions are shown to be well-defined. 
Boundedness theorem is , then, verified. 

Keywords: Cauchy and Poison integrals, ultradifferentiable function, Roumieu type 
tempered ultradistribution, Beurling type tempered ultradistribution. 

1. Introduction 

Let C be an open convex cone, with vertex , in R" , such that C does not contain any 
entire straight line. Let C denote a compact subcone of C and, T c = R" +iC is the 
corresponding tubular radial domain of C. Then, the Cauchy kernel corresponding to the 
tube r is defined by [cf. [2, 4]] 

K(z-t)= jexp(i(z-t,Jj))dfj, (1.1) 

c* 

where, z eT c ,teR n , and C* ={te R" :)t,y( > 0,for ally e c} is the dual of C . 
The a]s and b's , wherever they appear, i,j = 0,1,2,..., are to be considered as sequences 
of positive real numbers on which the constraints imposed are [cf.[9,p.66]] 
(i) a?<a i _ 1 a M j = l,2,...; 
b)<b jA b j+l ,j = \,2,...; 

(ii) S,S X >0and T,T X > 1 are constants such that 
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a, < ST' mina t a- t ,i,k = 0,1,2,... ; 

0<k<i 

b- <S l T l J mina k a j _ k ,j,k = 0,1,2,...; 

1 0<k<j J 

(iii) There are constants S, T such that 

k=i+i a k a ,+\ 

k=j+l b k b j+\ 

Let the sequence [b J satisfy (i), (ii) and (iii) and, that b./ljb-j is almost 
increasing. Then the associated function of w ) is defined by [1, p.31] 

b*{p) = sup lo^ j\/bj)p< j <~ . (1.2) 

i 

For our main results we define on \h\ and [a J the respective associated functions b(.) 
and a (.) where 

b (p) = swp\og(p J /bj) 

(1.3) 



and 



a{p) = sup\og(p' /a t ) 



feW„ 



At times, (ii) and (iii) are replaced by the weaker conditions 
(ii)' a M <ST i a i ,i = 0,1,2,... ; 

b J+l <S l T/b J ,j = 0,1,2,... ; 

(iii)' £^<°° , 

M a , 

and 

respectively. 

Functions possessing a property that, they and their partial derivatives decrease to zero, 

as \x\ — > oo , faster than every power of 7/|x| , are said to be of rapid descent or rapidly 
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decreasing functions. The ultradifferentiable functions are defined to be the set of all 
infinitely smooth functions (C°° -functions) whose derivatives satisfy certain growth 
conditions as the order of the derivatives increase. 

We denote by Sj HR") the set of all infinitely smooth complex valued functions 0(x), 
on R" ,such that for certain positive constants A , B and E, depending on <j> , the relation 



x a <f>W{x)<EA w &\^ (1.4) 

remains true for arbitrary a, fie N„ (N U {0}) . 

Elements satisfying ( 1 .4) are , indeed , ultradifferentiable functions of rapid descents in 
the sense of Roumieu and therefore are called ultradifferentiable functions of Roumieu 
type. 

The dual space SfiyyR") of the function space Si" AR")is called the space of 

tempered ultradistributions of Roumieu type(see p] , [6] and p] ). 

However, it will be interesting to know that such ultradistribution space we define in this 
article and the ultradistributions we introduce in [9] as well as the spaces of 
ultradistributions constructed by Carmichael,R.D., Pathack ,R.S. and Pilipovic, S. in [4] 
generalize the Schwartz space S' of tempered distributions [lOj. That is, S' a St'x. This 

,due to its construction, can not be applied for the ultradistributions appear in [3] , [7] 
and [8] which are duals of a Zemanian space Z of Fourier transforms of test functions of 
bounded support . 



Norms on S,! can be defined by 



ZaM= sup 



a,/fe 



K A 



*f\x\ 



B m a,h, 



\a\ \P\ 

taking into account that conditions on <p , A and B are already mentioned in ( 1 .4) . 



2. Convergence in the Space sK } 
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Let (/) e SJ" \\R n ) ■ On SJ" '! , we define a norm by virtue of the equation 



VaA ( I , ) = su P 

a,J3 



0^'(x) expa'[\x\/Aj\ 



BTh, 



where A , B are constants dependent on (/> and a \\x\l A} have significance of (1.3). 

With this topology, we prove certain theorem justifying convergence of sequences as 

follows 

Theorem 2.1. Let a =b = l. Then, a necessary condition for a sequence 

(0 V ) e St i x\R n ) to converges to zero, as V— > °°, is that 

7a, b (^)"»0 as v^°° . 
Proof. Let <j) e s\*Hr') . The relation (1.4) implies that 



Therefore, 



\x a e[ p) {x)\ 



: a d[ p \x) 



<oo , a,j3eN" . 



a\"\b\\m, 



-^0 



(1.5) 



uniformly in x as |or| + \0\ — > °° . 
We have, 



x 



<*dfi) 



e ( /\4 



< 



.|a|+lzj(/ff) 



<Tto 



A *> a |a|°|/?| A ° a \a\ D \P\ \ X \ 



Since l/(A' a 'a, .) and l/\B' hg\ ) are both bounded, we have 



' a 6^{x) 



< 



A^R^n h k 



(1.6) 



for all |x|>£>1 and some constant e . 

Let \x\ — » oo , right hand side of (1.6) converges to zero in a, fie. N„ . This together with 

(1.5) implies that for some x e R n , a ,/3 e Ng we have 



40 
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<¥f ] (x) 



a,Z: A^B^ah 



*oJ.M 



€"Vo) 



xeR" 



"\ w 



By virtue of (1.3) and (1.7) we obtain 



,<* J.M 



WM 



a o\f>\Po\ n u 



a °^B W a, h, 



< sup 



&f>( x )expa'(\x\/A) 



B m h, 



(1.7) 



(1.8) 



\<*o\ \Po\ xeR „ 

Combining (1.7) and (1.8) then yields 

Hence as v -» °° , £, AB {6 V ) —» , whenever TJ AB ((^ ) — > . 

Conversely, due to analysis which is alike to that in the first part, we have 



(1.9) 



x 



*JJ>) 



e\4 



^0 



"■ ° U \a\°\p\ 

uniformly in x e R" , /? e N£ , as \x\ -4 °° , similarly, 



(1.10) 



x 



a dP) 



e ] (4 



-40 



a] B^a b 

\<A \P\ 



uniformly in a,j3e N%, as \x\ — > °° , 
and, 



(l.H) 



A 



c'^ixli 



al B lfil a h 
\<A \P\ 



-40 



(1.12) 



uniformly in ae N„, x e R" , as \0\ -4 °° . 

Owing to (1.10), (1.11), (1.12) and (1.3) we find a^fteN^ and x, e /?" such that 



sup 1 

/teAT " 



|0^x)expa(U|/A| 



5" 



* 
\ 



x ?e ( f\xA i.v 



WW 



Hence, T] AB {6 V ) < £ AiB ( v) ■ Allowing v— > oo , completes the proof of the above theorem. 
In view of Theorem 2.1, following theorem is true. 
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Theorem 2.2. Let a —b —l. For every f e Sj HR"), there is a constant d >0 such 

that 

(/?) (x)exp d\x\/A\ 

xeR" ' ' 



[f,0)<dsup 
for all 0eSW(R n ) . 



3. Cauchy Integral of Tempered Ultradistributions 
of Roumieu Type 

We mainly devote this section to theorems justifying the definition of the Cauchy and 

Poison integrals of tempered ultradistributions in a particular ultradistribution space and 

,further, we verify a related restricted theorem for the boundedness of kernels as 

follows. 

Theorem 3.1. .Let the sequence (a ; ) satisfy (i) and (hi)' and , zeT c but fixed . Then, 

K(z-t)eS{tf(R") , 

as a function of tit e Q cz R n \ . 

Proof. Let S^be the surface area of the unit sphere in R n ,a= a y = S\y\ , S= SyC ) > 

and y(= ImzjeC be a certain compact subcone of C . For a fixed z e T c and n-tuple 
jB of non-negative integers satisfying 

\DfK{z-t)\<S n {2xa)- n -Wr(n + \/3\) , (3.1) 

Lemma 1 in [2] ,then, implies that 

K{z-t)eC°° , 
as a function of t e R n . 

Set a -ii ldltfl-12 

v3el a \a\\iS\ ~ , ' | U |>|"I _i ' Z '-" • 

U \a\-l "\P\-\ 



42 
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Without lose of generality, we may assume \0\ >\cc\ . By virtue of [1, Lemma 4.1] and 
condition (iii)', we have 

lAl/Vn^O, (3.2) 

as \cc\,\0\ — > °° . Further 



V a MI/?| ^0,as \a\,\0\ 



— ^ °° . 



(3.3) 



The fact that UuJau vanishes after |«r| -step and, properties of Gamma functions, 

T(n + \J3\) =(n + \J3\ - \)(n + \j3\ - 2)...nT{n) , yields that 



a Q b Q r(n + |/?|) 



MM, 



= T(n) 



na Q b Q 



' U a \a\°\p\ 

Employing (3.2) and (3.3) in (3.4) then yields 
a Q b Q T(n + |/?|) 



my 



(n + \)a l b l 

y a 'La 2 h 



l u 2 J 



(n + \j3\\ 



(3.4) 



r m ^ l a la M 



->o, 



(3.5) 



«\\P\ 
as \oc\,\0\ — > °° . Therefore, 

r(n + \0l)<R^l\\^, 

for some constant R >0 . 

With the aid of (3.5) and (3.1) we have 

\tf al \D t K(z~t)\<\tt l S n (T- n ^r(n + \0\) 

^ n\J a \ o (r\ \-n-\P\ \cA\B\ T \B\ , 

<R\t\ S n {2x<T) m f m L Pl a la[ b w . 

Setting E = \tf^S n R)/{2x<j) n , A=y andS = Ly/{2x<j) the above inequality i 
interpreted to mean 

\tf a )DfK(z-t)\<EA^%^. 
This completes the proof of the theorem. 

Now, let U e S )"' \ (i2), Q cz R" , and z be an arbitrary but fixed in T c . Then, with the aid 
of the above theorem, we may define the Cauchy integral of U to be the map 



is 
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C{U;z) = (U t ,K{z-t)),tea. (3.6) 

Theorem 3.2. Let U e S ,'■, yR n ),I2 c: R" . Let the sequence [bj j satisfy conditions (i) and 

(ii) and, (a,) satisfy (i). For an arbitrary compact subcone C of C and some 
t = t[C J > , we /zave ?/ze existence of constants R and p such that the inequality 

\C{U;x)\<pexp(b*(R/\y\)+a(\t\/A)) (3.7) 

holds true. 

Proof. Upon employing Theorem 2.1, (3.1) then yields 
p(U;x)\ = \{U„K(z-t))\ 

\DfK(z-t)expa'(\t\/A)\ 

<r\ \ ^ ' Ml// 

_ D sup 



/feiV " B \\ 

ten < p < 



<D 



dS d r(d + \j3\)exva(\t\/A) 



where, d is the dimension and D is certain positive constant. 

Let p = \0\ + d , q = d and the sequence \h. J satisfy (ii) . We have 

for some constant S x >0 . 

i.e (l/b w )<(s?b d )/b p . 

Hence, setting p = (DS d B d b d )/{pb ) and, employing the fact that l/B W = B d (l/B p ) 
implies 

|C(f/;Z)| < D((s d B d b d r{p)S?b d expa(\t\/A))/(2xSB\y\) P b p ) 

= D((s d B d b d )/(pb Q )i(s[plb Q )/(2xBS\y\) P b p ) expa (|*|/a) 

< p exp sup log((s i /(2^S«5| y\) P plb Q )/b p ) expa ^|/a). (3.8) 

The notations a, 8 have the usual meaning in Theorem 3.1. Setting R = Sj2n:dB and 
considering (1.2), relation (3.8) produces (3.7) . 
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This completes the proof of the theorem. 

4. Poison Integral of Tempered Ultradistributions 
of Roumieu Type 

Let C be an open, convex cone and z e T c be arbitrary but fixed, the Poison kernel 
related to a tubular radial domain T c is defined by 

fifed- g( *;fP . (4.D 

K{2iy) 
where K(z;t) stands for the Cauchy kernel corresponding to the tube T c . 
Lemma 4.1. Under the assumption that the sequence (a-) satisfies (i) and (hi)', the 
Poison kernel 

Q{z;t)e S{${Q), 

as a function of t e i2(c R n ), where z e T c , but fixed. 

Proof, of the above Lemma is similar to the proof considered in Theorem 3.1 .The 
detailed analysis is thus avoided . 

As a consequence of Lemma 4.1, the generalized Poison integral of tempered 
ultradistribution U e Sti(£l) can be defined as 

P{U;z) = (U„Q{z;t)) , (4.2) 

zeT c . 

It is apparent from definitions that Theorems 3.2 and 3.1 can similarly be verified for 

the Poison integral . 

Remark. Denoting by SfruR") the set of all complex valued infinitely differentiable 

functions (f)(x) such that (1.4) holds for some constant E and arbitrary constants A and B, 
the elements of Sr\\R n ) are ultradifferentiable functions of rapid descent of Beurling 
type and therefore ,the corresponding dual, st'uR"), consists of tempered ultra- 
distributions of Beurling type . 
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It is apparent from definitions that st i }{R n )ci st i l\R n ) and ,thus, continuous 
linear functionals on St'uR") are, indeed , continuous linear functionals on SfrlyR") . 
i.e 

To consider the Beurling type ultradistributions , (3.5) and (4.2) can be confirmed 
similarly. 
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INVERSE OF SOME CLASSES OF PERMUTATION BINOMIALS 



AMELA MURATOVIC-RIBIC 



Abstract. In this paper we will find inverse polynomials of some special 
classes of permutation binomials. Both considered polynomials and their in- 
verses are easy to calculate and have only a few nonzero coefficients what 
makes them suitable for applications. 



In this paper We consider three known classes of permutation binomials and 
find their inverses. Inverses of two considered classes are actually new classes of 
permutation polynomials (PP). 

Let p be a prime, let n be a positive integer, let q = p n and let ¥ q denote the 

Galois field of order q. Let f(X) = YllZn a iX l G F (/ be a PP then its inverse (see 



is f- 1 {X)=YZZb i X i where 



(i) h = J2 



to!*i!...t,_ 2 



a n a, ... a 



'8-2 



|"0"1 • ■ - u q-2 l 



and sum is over all integers tj > 0, < j < q—2 such that to+ti+- ■ ■+t q -2 = q—l—j 

and t 1 +2t 2 -\ \-{q- 2)t q _ 2 = (q - 2) mod (q - 1). 

It is known that there are permutation polynomials of the form 

(2) f{X)=X 3= ¥ A +aX 

where d\(q — 1) and a € F g (see [1, Theorem 4.3]). 

Proposition 1. The inverse of the permutation polynomial (5) is of the form 

d-l 

r i (x) = j2 b ^ XJ3 

s=0 

where 

is = s— hi, S - 0, 1, . . . , d - 1, 



9~ ' ~ 3s \ ( q --L-j 3 +d-ud-s) 



and its coefficients are given by 

q-l + d—s-j s 

_ d / 

• )s ^-~t \q — 1 — j s + d — ud — s 

Proof. An application of the formula (1) to polynomial (5) gives 

(3) ^ = Y,{ q -\- j )^ 

where < t < q — 1— j and 

(4) t + {q - 1 - J - t) 9 ~] +d = (q- 2)(modg - 1). 
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Last equation is equivalent to 

t+(q-l-3-t) q ~\ +d = u(q - 1) - 1 
where u is a positive integer. Solve it for t to get 

t = (q — 1 + d — ud — j) — d -. 

9-1 

As q — 1 + d — du — j is an integer, the fraction rf^^y has to be an integer too. 
Therefore 

d' = s s€ Z, 

q- i 



which gives 



But < j < q — 2 implies that 



>-4 i + 1 - 



j s = s — hi s = 0, l,...,d- 1. 

a 

Condition 0<£<<7 — 1 — j s implies that 

< q — 1 + d — ud — j s — s < q — 1 — j s 
Therefore u satisfies 

-, . ^.q-i + d-s-js 

1 < u < 



d 

which gives 

b y ( q-^-3s \ a ( q -i-j s +d-u d -s) n 

Js *-^ \q— 1— Js + d — ud— si 



Specially (see [2, Theorem 7.11 and Remark 7.12]) consider the case d — 2. Then 
(5) f(X)=X^+aX 

is a PP if q is odd and a — (c 2 + l)(c 2 - 1) _1 for c <G F* such that c 2 ^ 1. 
Proposition 2. T/ie inverse of the PP (2) is of the form 

/ _1 (X) = fe^X^ + biX 
where its coefficients are given by 



((1 + a) 2 +(l-a) i ^)2- 1 , i/ 2=i zs ewen 
((1 + a) 2 ^ -(l-a) 2 ^)2- 1 , if 2=1 ls rfd 



and 

6 1 -((l + a)«- 2 -(l-a)«- 2 )2- 1 . 
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INVERSES OF PERMUTATION BINOMIALS 



Proof. An application of the formula (1) to polynomial (2) gives 



(6) bj = J2 I - . " I " 



q- i -j \ ../ 
t 



where < t < q — 1— j and 
(7) t + (q - 1 ■ 

Last equation is equivalent to 



(7) t + (q - 1 - j - *)^±_ = (q - 2)(mod g - 1). 



t+(q-l-j-t) g ^ 1 =u(q-l)-l 
where u is a positive integer. Solve it for t to get 

t={q+l-2u-j)-2 J — -. 

As q + 1 — 1u — j is an integer, the fraction 2^5i nas to be an integer too. Also 
< j < q — 2 implies that 

.9+1 . r 

For j = 1, t = q—2u and the condition 0<i<g— 1— j implies that 1 < u < CL ^ L 
which gives 

9-1 

fo i = E f " " 2 2 J a "~ 2 " = «* + a ^ 2 - o- - «)"- 2 )2- 1 . 



u=\ 



q — 2m 



For j = 2±i, i = 2±1 _ 2u- 1, and condition < i < q- 1 - j implies 1 < u < ^ 
and therefore 

_ L SV 2=3 X 2u _ r (( i + a) ^ +( i_ a) ^ )2 -i, if^iseven 

^"il'T-^ := \((l + a )^-(l-a)^)2-Mf^isodd. 

Example 1. Let q = 13, a = 2, ~ = 6 is even. For the polynomial /(A) = 
X 7 + 2A we have 

h = ((l + 2)- 1 -(l-2)- 1 )2- 1 -5, 

6 7 - ((l + 2)¥ + (l-2)T) 2 - 1 =4. 

and therefore / _1 (X) = 4X 7 + 5A. 



Example 2. Let g = 7, a = 4 then | = 3 is odd. For the polynomial f(X) 
A 4 + 4A we have 

h = ((l + 4)- 1 -(l-4)- 1 )2- 1 =4, 

6 4 = ((l + 4) 2 -(l-4) 2 )2- 1 = l 

and therefore / _1 (A) = X 4 + 4A. 

Consider now a class of PP (see [4, Theorem 1.]) 
(8) f(X) = X«(X v + l) 
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where 3\(q — 1), u and v are positive integers, (v, q — 1) = ^— , (u, ^— ) = 1, 
u^v(mod3), and 2^ 1 )/ 3 = 1 in ¥ q . Let u = z^, z = 1,2. 

Proposition 3. The inverse of the polynomial (8) is a permutation trinomial 

f-\X) = b J2 Xi + KX jl +b jo X^, 

where for cq being the least positive solution of the Diophantine equation ^— < 
uY = 1, 

9-1 1 

1 , = n — 1 .s — 

3 



q— 1 i ^ 

J. = g - 1 - ~ C ° ~ - a^~ for 5 = 0,1,2, 



/i = Co + Ms(mod2) and 

b j3 = M(q - 1 - j s ,3, (g - 1 - j s + M(g ~ 1 ~^ ) + 1 - y )(mod3)) (modp). 
Proof. An application of the formula (1) to PP (8) gives that 

(9) ^ = E{ q -]- J 
where < t < q — 1— j and 

ut + (u + v)(q -l-j-i) = (q- 2)(mod<? - 1) 
which is equivalent to 

(10) ut+{u + v){q-l-j-t) = -l + m{q-l), m>l,meZ 
Solve this equation for t to get 

(11) t=(g-l-j) + tt(g " 1 " i) ~ m(g ~ 1) + 1 . 

Let m = zk + h, h = 0, 1, then 

t=(q-l- ] )-3k+ Uiq - 1 - j) + 1 - 3h 

V z 

which implies 

u(q-l- j) + 1 3fe c z 

w z 

Condition g.c.d.(u, ^j— ) = 1 implies that Diophantine equation ^-c — u7 = 1 has 

solutions of the form c = Co + su and 1" = (g — 1 — j) = Yq + st> , where Co is the 

least positive integer that solves this equation, j/o correspond to Co and seZ. Now 

u(g - 1 - j) + 1 _ 3/l = c_3/i 
V z z z 

which implies that h = c + su(modz) = /i and 

2=i C -l 

j = q - 1 - -3— E Z. 

u 

On the other hand 

2=I C - 1 3 

1 < — < (q — 1) implies < Co + su < 3u H . 

U q — 1 

If <j — 1 > 3 then < s < 2 and thus the only non-zero coefficients of / _1 are for 

^3— Co — 1 o — l 
j s = q-l ^— s- for s = 0, 1, 2. 
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If q — 1 < 3 the inverse has at most three nonzero coefficients for every PP. Formula 
(11) and < t < q — 1 — j s imply that 



K - E 



Q ~ 1 - h 

t 



where sum runs over all i, < t < q — 1 — j s of the form 

t = ( q -i- ]s )-3k+ u{q - 1 - Js) + l -^ fc>o, kez. 

V z 

Therefore, (see [4, Lemma 4.]) 

u(q — 1 — j s ) + 1 3h^ 

z 



b j3 =M(q- 1 - j s ,3, (q-1- j s + " (g * - ja) + * - ^)(mod3))(modp).D 



Example 3. Let <? = 25, /(X) = X(X 8 + 1). Then u = 1, v = 8 and c = 1. 
Inverse has nonzero coefficients for indices jo — 17, ji = 9 and j'2 = 1. Coefficients 
are 

2 7 - 2 
& 17 = M(7,3,(7+l)(mod3)) = — — (mod5) = 2 

6 9 = M(15,3,(15 + 2)(mod3)) = 2 + 1 (mod5) = 3 

2 23 + 1 
6i = M(23,3,(23 + 3)(mod3)) = — ^— (mod5) = 3 

and thus f- l {X) = 2X 17 + 3 9 + 3X. 



Example 4. Let g = 25, u = 3, t> = 16 and f(X) = X 3 (X 16 + 1). 
jo = 19, j\ = 11 and j'2 = 3. Then 

&i 9 = Af (5,3,0) = 1, feu = M(13, 3, 2) = 2 -— — = 6 3 = M(21,3, 1) = 1 

19 



and thus / _1 (X) = /(X) = X 19 + X 



Remark 1. In ([4, Remark 1.]) it was shown that f(X) = X"(X"" + 1) permutes 
the F 9 if and only if g(X) = X U (X V + a), a 3 = 1 permutes F g . Inverse of the 
polynomial g(X) has the same form and coefficients are given by 

b 3s = a m M(q - 1 - j„3, ( q -l-j s + "(g~ * -.?») + * - ^)(mod3))(modp) 

where m — (q — 1 — j s + u ^ q ~ ~ 3s > + — )(mod3). 

Consider now a new class of (PP). Let 5|(g — 1), u and v are positive integers, 
(v,q- 1) = 2=i, (u, ^) = 1, v + 2u ^ v( mod 5), and 2^ 1 )/ 5 = 1 in ¥ q and 

( 1+ 2 ) ^ + ( 1 ~2 ) a °~ — 2(modp). These conditions arc sufficient and necessary 
for polynomial 

(12) f(X) = X U (X V + 1) 

to be a PP over field F g ,( see [4, Theorem 2]). Let v = ^^z where 1 < z < 4. 
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Proposition 4. The inverse of the polynomial (12) is a PP of the form 

f-'ix) = b u X{ + b h X*» + b n X» + b n X^ + b Jo X*, 

for Co being the least positive solution of the Diophantine equation ^j—c — uY = 1, 

^c - 1 q - 1 

j s = q-l~- «V for a = 0,1,2,3,4, 

u 5 

h = cq + su(modz) and 

u(q — 1 — j s ) + 1 5/i N 



'',, 



Jlffg - 1 - j s , 5, (g - 1 - j s + U[q Js) + - — )(mod5) N ) (modp). 

V v z / 



Proof. Proceeding in the same way as in the proof of Proposition 2. coefficients 
are given by 

(13) ^ = E( q -]- J 

where sum is over 

t=(q-l -j)-\ — f ,meZ,m> 1. 

5 

Diophantine equation c 2 ^ Yu = 1 has solutions in the form c = cq + su and 

Y = (q — 1 — j) = y + su where Co is the least positive such solution and s e Z. 
Let in = zk + h where < ft- < z and fc = 0, 1, 2, Now 

v z 

and £ can be integer if g-i — = cq + su E 7* and ft, = Co + su( mod z) . Therefore 

1 cq^-1 q-1 
u 5 

As < j s < q — 1 then s can take values s = 0, 1, 2, 3, 4. Coefficients of the inverse 
(see [4, Lemma 5. and formula (1)]) are given by 

u{q-l-j s ) + l 5ft, 



M( g -l- J - J ,5,( g -l- Jj+ U ^- i ; J - j + 1 -^)( m od5)).D 



Remark 2. In ([4, Remark 2.]) it was shown that /(-X") = X U (X V + 1) permutes 
the ¥ q if and only if g(X) = X U (X V + a), a 5 = 1 permutes ¥ q . Inverse of g(X) is 
having the same form as inverse of f{X) just its coefficients are given by 

b js = a m M(q - 1 - j s , 5, (q - 1 - j s + " (g ~ 1 ~ Js) + 1 - y )(mod5))( mod p) 

where m = (<? - 1 - j s + "(g-i-J-H 1 - ^)(mod5). 



Example 5. Let q = 81 and /(X) = X(X 16 + 1) so u = 1 and v = 16. 
Diophantine equation has the form 16X — y = 1 so cq = 1 and thus 

ja = 65, J! = 49, j 2 = 33, J3 = 17, j 4 = 1- 
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b 65 = M(15,5,1) = M(14,5,0) + M(14,5,1) = 


= 1 


6 49 = M(31,5,3)=M(30,5,2) + M(30,5,3) = 


= 2 


b 33 = M(47,5,0) = M(46,5,0) + M(46,5,4) = 


= 1 


b 17 = M(63,5,2) =M(62,5,1) + M(62,5,2) = 


= 2 


61 = M(79,5,4) = M(78,5,3) + M(78,5,4) = 


= 2 


polynomial is 




/ _1 (X) = X 65 + 2X 49 + X 33 + 2X 17 + 2X. 





Example 6. Let q = 81 and /(X) = X 3 (X 32 + 1), then u = 3, v = 32, z = 2 
and Co = 1. We have 

Jo = 75, ji = 59, j 2 = 42, j 3 = 27, j A = 11. 

Inverse polynomial is / _1 (X) = X 75 + 2X 59 + X 43 + 2X 27 + 2X 11 . 
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Abstract 

In this paper, the aim is to solve the functional differential equations in the 
following form using multiquadric approximation scheme, 

f u'{t) = f(t, u(t),u(a(t))), h<t< t f , ( 

\ u{t) = 4>{t), t<h, { > 

where / : [ii , tf] x R x R — ► R, a{t) is a continuous function on [ti,t/] and 
<p(t) £ C represents the initial point or the initial data. 

We present the property of multiquadric approximation scheme and its advan- 
tage of using the data points in arbitrary locations with arbitrary ordering. In 
the sequel, presented numerical solutions of some experiments, illustrates the 
high accuracy and the efficiency of the proposed method. 

Keywords: Multiquadric approximation scheme; Delay differential equations; Functional 

differential equations; Pantograph equations. 

2000 Mathematics Subject Classification: 65N; 65L10; 65N55. 

1. Introduction 

The multiquadric (MQ) approximation scheme is an useful method for the numerical 
solution of ordinary and partial differential equations (ODEs and PDEs). It is a grid- free 
spatial approximation scheme which converges exponentially for the spatial terms of ODEs 
and PDEs. 

The MQ approximation scheme was first introduced by Hardy [2] who successfully applied 
this method for approximating surface and bodies from field data. Hardy [3] has written a 
detailed review article summarizing its explosive growth in use since it was first introduced. 
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In 1972, Franke [4] published a detailed comparison of 29 different scattered data schemes 
against analytic problems. Of all the techniques tested, he concluded that MQ performed 
the best in accuracy, visual appeal, and ease of implementation, even against various finite 
element schemes. 

Functional differential equations are considered as a branch of delay differential equa- 
tions (DDEs). DDEs arise in many areas of mathematical modeling. For instance, popula- 
tion dynamics, infectious diseases, physiological and pharmaceutical kinetics and chemical 
kinetics, the navigational control of ships and aircraft and control problems. There are 
many books to the application of DDEs which we can point out to the books of Driver [5] , 
Gopalsamy [6], Halanay [7], Kolmanovskii and Myshkis [8], Kolmanovskii and Nosov [9] 
and Kuang [10]. Some modelers ignore the 'lag' effect and use an ODE model as a sub- 
stitute for a DDE model. Kuang ([10], p. 11) comments under the heading "Small Delay 
Can Have Large Effects", on the dangers that researchers risk if they ignore lags which 
they think are small; see also El'sgol'ts and Norkin ([11], p. 243 et seq.). Other modelers 
replace a scalar DDE by a system of ODE in an attempt to simulate phenomena more 
appropriately modeled by DDEs .There are inherit qualitative differences between DDEs 
and finite systems of ODEs that make such a strategy risky. The fact that many phenom- 
ena frequently modeled by ODEs can be bettered modeled by DDEs has not escaped the 
attention of the numerical analysis community. It is bettered to discuss about the DDEs 
independently and try not to enter issue of ODEs in the problem which it is a complete 
DDE problem. Many different methods have been presented for numerical solution of 
DDEs such that we can point out to the Radau IIA method ([12]), Runge-Kutta method 
and continuous Runge-Kutta method ([13] and [14]). 

In the following of these methods, we are interested to solve functional differential 
equations (FDEs)(l) of DDEs by the MQ approximation scheme, because this method of 
solution works excellently, particularly when the data are scattered. The organization of 
this paper is as follows: Section 2 is devoted to introduce the MQ approximation scheme 
and its preliminary concepts. In Section 3 we have applied the MQ approximation scheme 
to equation (1). In Section 4 we have presented some experiments and their numerical 
results which illustrate the efficiency and accuracy of the proposed method. 

2. MQ approximation scheme 

The basic MQ approximate schem assumes that any function can be expanded as a 
finite series of upper hyperboloids, 

N 

u(t) = Y^ ajh(t - tj), t e R d , (2) 

i=i 

where N is the total number of data centers under consideration, and 
h {t _ t .) = (( t _ t .f +R*)h, j = 1, 2, . . . , N. 

(t — tj) 2 is the square of Euclidean distance in R d and R 2 > is an input shape parameter. 
Note that, the basis function h is continuously differentiable, and is a type of spline 
approximation. 
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The expansion coefficients dj are found by solving a set of full linear equations, 

N 

u(U) = J2 ajh(U - tj), i = 1, 2, . . . , N. (3) 

i=i 

Zerroukut et al [15] found that a constant shape parameter (R 2 ) has achieved a better 
accuracy. Mai-Duy and Tran-Cong [16] have developed new methods based on radial basis 
function networks (RBFN) for the approximation of both functions and their first and 
higher derivatives. The so called direct RBFN (DRBFN) and indirect RBFN (IRBFN) 
methods where studied and it was found that the IRBFN methods yields consistently 
better results for both functions and derivatives. Recently, Aminataei and Mazarei [17] 
stated that, in the numerical solution of elliptic PDEs using direct and indirect RBFN 
methods, the IRBFN method is very accurate than other methods and the error is very 
small. They have shown that, especially, on one dimensional equations, IRBFN method 
is more accurate than DRBFN method. 

Micchelli [18] proved that MQ belongs to a class of conditionally positive definite 
RBFN. He showed that the equation (2) is always solvable for distinct points. Madych 
and Nelson [19] proved that the MQ interpolation always produces a minimal semi-norm 
error, and that the MQ interpolant and derivative estimates converge exponentially as the 
density of data centers increases. 

In contrast, the MQ interpolant is continuously differentiable over the entire domain of 
data centers, and the spatial derivative approximations were found to be excellent, most 
especially in very steep gradient regions where traditional methods fail. This excellent 
ability to approximate spatial derivatives is due in large part by a slight modification of 
the original MQ scheme by permitting the shape parameter to vary with the basis function. 

Instead of using the expansion in equation (2), we used from ([20] — [22]) the following: 

N 

u(t) = Y^ a M l - *?)> f G Rd ' ( 4 ) 

where 

h(t - tj) = ((t - tjf + R 2 ) 1 *, j = l,2,...,N, 



p2 #2 / ti rnax\(j } ^i) j = \ 2 N 



ram 

and 

E>2 ^ c\ 

rt min -* u ' 

Rmax an d R-min are two input parameters chosen so that the ratio 



RL 



Madych [23] proved that under circumstances very large values of a shape parameter 
are desirable. The adhoc formula in equation (4) is a way to have at least one very large 
value of a shape parameter without incurring the onset of severe ill-conditioning problems. 
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Spatial partial derivatives of any function are formed by differentiating the spatial basis 
functions. Consider a one dimensional problem. The first derivative is given by simple 
differentiation: 

u'(U) = J2 ajit r tj \ K = ((U - tif + R])K i = l,2,...,N. 

3=1 ^ 

3. Numerical solution of FDEs 

In this section, we are interested to solve equation (1), i.e. 

f u'{t) = f(t, u(t),u(a(t))), h<t< t f , . . 

\ u(t) = (t>(t), t<h, { ' 

by the MQ approximation scheme mentioned in section 2. The aforesaid equation is one of 
the main delay differential equations including following important pantograph equations: 

f u'(t) = au(t) + bu(rt), < t < t f , 

| u(0) = ui, 

where a,b G C and < r < 1. This equation is a very special delay differential equation 
that arise in quite different fields of pure and applied mathematics such as number theory, 
dynamical systems, probability, quantum mechanics and electro-dynamics. In particular 
it was used by Okendon and Taylor [1] to study how to electric current collected by the 
pantograph of an electric locomotive. 

For the solution of equation (5), it is sufficient to suppose that approximate solution 
is 

N 

u(t) = ^2ajh(t-tj), te[h,tf], 

3=1 

with 

AU) = Y, ai{M ~ t5 \ i = l,2,...,N. 

Now we use the N collocation points to gain a system of N equations with N unknowns. 
Then we must solve this system to distinct the unknown coefficients. 

By imposing the supplementary condition to the problem, we have following system for 
equation (5), 



££=i ^f 11 = f(U, EU aMU - tj),EjLi ajh(a(U) - tj)), i = 2, 3, . . . , N, 

YljLiajHh -tj) = u i- 



j = l h i:j M"i,^ J = l>«j'^n "J/.^pl-J'^TO "3))i " -)")■••>■") /g\ 



Here, the differential equation yields N — 1 equations and initial condition produce one 
equation. Thus the system has N equations with N unknowns. This system must be 
solved to extract the unknown coefficients. Hence, we have used the Gauss elimination 
method with total pivoting to solve such a system. 



58 
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Remark. It is noticeable that collocating points can be scattered. This is the main differ- 
ence between this method of solution and other methods. In next section, the numerical 
results demonstrate this issue, easily and the efficiency of MQ approximation scheme in 
this sense, is observable. 



4. Numerical experiments 

In this part, we present some experiments in- which their numerical solutions illustrate 
the high accuracy and efficiency of MQ approximation scheme. 
Problem 1. Consider following pantograph equation [14] (p. 167), 



«(0) 



u{\t) 
1. 



0, *e[0,l], 



The considered delay is a(t) = ^t or r = ^- The exact solution is u(t) 



ifc(fc-l) 



The MQ approximate solution is obtained with R r , 
the results are given in Table I. 



150, 1L, 



Eoo 2 +k 
k=0 fc! l 

99 and TV = 21, and 



Table I 



u 


MQ approximate solution 


Exact solution 


Error 





0.999999999978 


1 


2.2 x 10 _li 


.05 


1.050627608197 


1.050627608238 


4.12 x 10" 11 


.1 


1.102520898478 


1.102520898518 


4.09 x lO" 11 



15 


1.155695642676 


1.155695642708 


3.23 x 10" 


-n 


.2 


1.210167710898 


1.210167710940 


4.22 x 10" 


-ii 


25 


1.265953071919 


1.265953071922 


3.48 x 10" 


-12 


.3 


1.323067793204 


1.323067793243 


3.98 x 10' 


-11 



.35 


1.381528041658 


1.381528041681 


2.3 x lO" 11 


.4 


1.441350083511 


1.441350083507 


3.9 x 10 _li 


.45 


1.502550284794 


1.502550284799 


5.02 x 10~ i2 


.5 


1.565145111761 


1.565145111746 


1.4 x 10 _il 


.55 


1.629151130950 


1.629151130963 


1.34 x 10' 11 


.6 


1.694585009799 


1.694585009792 


6.31 x 10" 11 


.65 


1.761463516598 


1.761463516621 


2.34 x lO" 11 


.7 


1.829803521200 


1.829803521189 


1.09 x lO" 11 


.75 


1.899621994909 


1.899621994899 


9.81 x 10" 11 


.8 


1.970936011106 


1.970936011130 


2.49 x 10 _il 


.85 


2.043762745581 


2.043762745551 


2.95 x 10 _il 


.9 


2.118119476412 


2.118119476428 


1.61 x 10 _il 


.95 


2.194023584937 


2.194023584941 


4.59 x 10" i2 


1 


2.271492555499 


2.271492555501 


2.06 x 10~ 12 
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Problem 2. Consider the following FDE, 



u'(t) +u(t) 
u(t) = 0, 



u{rt) = t 2 + 2t 
t < 0. 



(rt) 2 , i€[0,2], 



Here, the delay a(t) = rt is considered and the exact solution is u(t) = t 2 . For r = 0.5 

with R m ax 

the efficiency and accuracy of MQ approximation scheme. 



f 950, Rmi n = 50.26 and N = 6, we have the following Table which illustrate 



Table II 



u 


MQ approximate 
solution 


Exact 
solution 


Error 














.4 


0.160000000 


0.160000000 





.8 


0.640000000 


0.640000000 





1.2 


1.440000000 


1.440000000 





1.6 


2.560000000 


2.560000000 





2 


4.000000000 


4.000000000 






For r = .25 with R ma x 
solution in Table III. 



2950, IL, 



150.26 and N = 6, we have MQ approximate 



Table III 



u 


MQ approximate 
solution 


Exact 
solution 


Error 














.4 


0.160000000 


0.160000000 





.8 


0.640000000 


0.640000000 





1.2 


1.440000000 


1.440000000 





1.6 


2.560000000 


2.560000000 





2 


3.999999999 


4.000000000 


1.0 x 10" 9 



In the following, we have presented an almost complicated experiment which its nu- 
merical results shows that, in spite of complexity of problem, in MQ method, data can be 
scattered. Therefore this method isn't depend on the selection of points. Here, also we 
observe the high efficiency and accuracy of this method, too. 



Problem 3. Consider the following FDE, 



f \Je l + sin(y/i) u'{t) + ^cos(t) u(a(t)) = \je l + sin(y/t) e* + ^cos(t) e a( $ , t e [0, 1], 
\ u(t) =t 2 + t+l, t<0, 

the exact solution is e*. 

By choosing R ma x = 50, R m in = -499, N = 15 and a(t) = \/t, we have the following Table 

for MQ approximate solution. 
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Table IV 



u 


MQ approximate 
solution 


Exact 
solution 


Error 







1.0000000000 


1 







.06 


1.0618365460 


1.0618365465 


5.45 x 10" 


-10 


.15 


1.1618342422 


1.1618342427 


5.28 x 10" 


-io 


.2 


1.2214027577 


1.2214027581 


4.6 x 10 _ 


io 


.28 


1.3231298118 


1.3231298123 


5.37 x 10" 


-10 


.34 


1.4049475901 


1.4049475905 


4.63 x 10" 


-10 


.41 


1.5068177847 


1.5068177851 


4.12 x 10" 


-10 


.47 


1.5999941928 


1.5999941932 


4.12 x 10" 


-10 


.55 


1.7332530174 


1.7332530178 


4.67 x 10" 


-10 


.64 


1.8964808790 


1.8964808793 


3.04 x 10" 


-10 


.69 


1.9937155328 


1.9937155332 


4.43 x 10" 


-10 


.76 


2.1382762201 


2.1382762204 


3.96 x 10" 


-10 


.85 


2.3396468515 


2.3396468519 


4.25 x 10" 


-10 


.91 


2.4843225330 


2.4843225333 


3.84 x 10" 


-10 


1 


2.7182818281 


2.7182818284 


3.59 x 10" 


-10 



And by choosing a(t) = t 2 , when R m ax,Rmin and N are as before, we also have the 
following Table for MQ approximate solution. 



Table V 



u 


MQ approximate 
solution 


Exact 
solution 


Error 







1.0000000000 


1 







.06 


1.0618365459 


1.0618365465 


6.45 x 10" 


-10 


.15 


1.1618342422 


1.1618342427 


5.28 x 10" 


-10 


.2 


1.2214027577 


1.2214027581 


4.6 x 10 _ 


10 


.28 


1.3231298119 


1.3231298123 


4.37 x 10" 


-10 


.34 


1.4049475901 


1.4049475905 


4.63 x 10" 


-10 


.41 


1.5068177847 


1.5068177851 


4.12 x 10" 


-10 


.47 


1.5999941929 


1.5999941932 


3.12 x 10' 


-10 


.55 


1.7332530175 


1.7332530178 


3.67 x 10" 


-10 


.64 


1.8964808788 


1.8964808793 


5.04 x 10' 


-10 


.69 


1.9937155330 


1.9937155332 


2.43 x 10' 


-10 


.76 


2.1382762203 


2.1382762204 


1.96 x 10" 


-10 


.85 


2.3396468517 


2.3396468519 


2.25 x 10" 


-10 



.91 

IT 



2.4843225331 

2.7182818283 



2.4843225333 

2.7182818284 



2.84 x 
1.59 x 



io- 10 
io- 10 



We have observed that, in this problem there is a little difference between the results of 
Tables IV and V in spite of different delays. This is an excellent advantage for application 
of MQ method, because delay differential equations are very sensitive to the delays and 
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their behaviors. In particular, when we apply a method which needs collocation points, if 
scattered data used, the round off error may occurs, soon. But this method (MQ method) 
isn't depend on collocating points in large scales. 

Problem 4. Consider the following non-linear FDE, 



u'(t) + u 2 (l) 

u(t) = e~\ 



0, te [0,1], 

t < 0. 



The exact solution is u(t) = e~*. For R ma x = 40,R m i n = 1.2 and N = 8, we have the 
following Table which illustrate the efficiency and accuracy of MQ approximation scheme 
for non-linear FDEs, too. 



Table VI 








u 


MQ approximate 
solution 


Exact 
solution 


Error 





1.00000000 


1 





1 

7 


0.86688225 


0.86687789 


4.35 x 10~ 6 


2 

7 


0.75148083 


0.75147729 


3.53 x 10~ 6 


3 

7 


0.65144157 


0.65143905 


2.87 x 10" 6 


4 
7 


0.56471978 


0.56471812 


1.66 x 10~ B 


5 

7 


0.48954264 


0.48954165 


9.87 x 10" 7 


6 

7 


0.42437329 


0.42437284 


4.53 x 10 -7 


1 


0.36787948 


0.36787944 


4.70 x 10~ 8 



5. Conclusion 

In this study, the MQ approximation scheme is proposed for solving functional differen- 
tial equations. This method of solution is easy to implement and yields desired accuracy 
only in few terms. As we have observed, the method works excellently for functional 
differential equations in spite of scattered data. The computations associated with the 
experiments discussed above, were performed by using Maple 10. 
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1. Introduction 



Here we include only a brief idea of fuzzy numbers. For details one my refer [6], [7]. 



Let D denote the set of all closed bounded intervals A= 



A, A 



on the real line R . For 



A, Be D define A<B if and only if A < B and A < B , &{A,B)= max- 



A-B 



A-B 



It is easy to see that defines a metric on D and (D,d) is complete metric space. Also < 
is a partial order in D. A fuzzy number is a fuzzy subset of real line R which is bounded , 
convex and normal. Let L(r) denote the set of all fuzzy numbers which are upper 
semicontinuous and have compact support. In other words, if X e L(r) then for 
any as [0,l], X a is compact , where 



xa Jt,X(t)>a if ore (0,1] 
\t,X(t)>0 if a = 

For each < a < 1 , the a -level set X" isa non-empty compact subset of R . The 
linear structure of L(r) induces addition X + Y and scalar multiplication AX, Ae R , in 
terms of a -level sets, by 



[X+Yf =[xf+ [Yf and [AX f = A[X f 
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for each < a < 1 . 

Define d : L{r)x L{r) -» R by d(Xj) = sup d^M"*). For X ,Y e l(i?) define 

0<a<l 

X < Y if and only if X" < Y ff for any ae [0,l] • It is know that L(r) is a complete metric 
space with the metric d[5]. 

A metric on L(r) is said to be translation invariant if d(X + Z, Y + Z) = d(X , Y ) for 
all X,Y,Zs L{R). 

A sequence X = (X k ) of fuzzy numbers is a function X from the set N of natural 
numbers into L(r). The fuzzy number X k denotes the value of the function at k& N [5]. 

By a lacunary sequence we mean an increasing integer sequence & = (A>) such that 
k Q = and h r = k r — k r - 1 -•■ oo as r — ». Throughout this paper the intervals determined by 

8 = {k r ) will be denoted by I r = {&,._£, A: r ] and the ratio — - will be abbreviated as q r . 

fe T-l 

The idea of statistical convergence of a sequence of real numbers was introduced by 
Fast [1]. Schoenberg [8] studied statistical convergence as a summability method and listed 
some of elemantary properties of statistical convergence. Both these authors noted that if 
bounded sequence is statistically convergent to / , then it is Cesaro summable to / . Lacunary 
statistical convergent sequences were introduced by Fridy and Orhan [2]. 

A sequence x = (x k ) is said to be statistically convergent to / if for every £ > , 

lim,,^ n~ l \{k<n: \x k - 1\ > £ I = 

where the vertical bars denote the cardinality of the set which they enclosed, in which case we 
write S -limx = /. 

For sequences of fuzzy numbers Nuray and Savas [3] and Nuray [4] have investigated 
statistically convergent and lacunary statistical convergent sequences of fuzzy numbers. 

In this paper we introduce and study strongly almost statistical convergence, lacunary 
strongly almost statistical convergence and lacunary strongly almost summable of sequences 
of fuzzy numbers. 

2. Lacunary Strongly Almost Convergence 

Definition LA sequence X = (X k ) of fuzzy numbers is said to be strong almost 
statistically convergent to fuzzy number X if for every £ > 



hm,,^ n l v\k<n: d(t km (X ), X ) > £•] = uniformly in m , 



where 



t (x)= ^ m + ^ m+1 + -~ + X m +k 



Ai " ' k + 1 
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In this case we write X k — > X n [Sj. The set of all strong almost statistically 
convergent sequences is denoted by S . 

Definition 2. Let 6 = (k r ) be a lacunary sequence and let X = (X k ) be a sequence of 
fuzzy numbers. A sequence X = (X k ) of fuzzy numbers is said to be lacunary strongly almost 
statistically convergent to fuzzy number X if for every £ > 

lim Moo h; 1 \]k G I r : d{t km {X ), X ) > e I = uniformly in m . 

In this case we write X k — > X \S g ). The set of all lacunary strong almost statistically 
convergent sequences is denoted by S . 

Definition 3. Let 6 = (k r ) be a lacunary sequence and let X = (X k ) be a sequence of 
fuzzy numbers. A sequence X = {X k ) of fuzzy numbers is said to be lacunary strong almost 
summable if there is a fuzzy number X such that 

lim r ^ h; 1 £ d{t km (x),X o ) = uniformly in m . 

kel r 

We shall use N to denote the set of all lacunary strong convergent sequences of 
fuzzy numbers. 

Theorem 4. N e is complete metric space with the metric 
S{X,Y)= su Pr h; 1 X d{t km {X ), t km {¥)) . 

kel r 

Proof. Let [X " ) be a Cauchy sequence in N e , where 
(x")=(x,")=(x; ! ,X 2 ",X",...)e N e for each ne N. Then 

S(x n ,X<)=su Pr h; l ^d(t km (x"lt km (x'))^0 asn,t^oo. 

kel r 

Hence for each k and m , as n, t — > o° , we have d[t km [X " ), t km [X ' )) — > . In particular 

lim„,_ d(t 0m (X - ), t 0m (X'))= lim,^ d(x " , X « ) = 

for each fixed m . Hence [X ") n is a Cauchy sequence in L(r). Since L(r) is complete, it is 
convergent 

lim_ XI = X k 
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say, for each & e N. Since (X " ) n is a Cauchy sequence, for each e > , there exists 
n = n (e) such that 

S(X",X')<£ , for all n,t>n . 
So, we have 

Knw v 1 Z rfL (* " 1 '*. U ' )) = V Z *('«* ( x " 1 '* ( x )) * f 



te/,. *e/ r 



for all m and n>n o . This implies that £(X " , X ) < £ , for all n>n o , that is 
X" — > X asn— >°°, where X = (X^ ) . Since 

h; 1 Z rffr ta (^)JJ< V Z d(t km (x""),x o )+ h; 1 Z d(t km (x "» ), f ta (X )) -> 



kel,. kel, kel. 



as r — > oo , uniformly in m . So, we obtain X =(X k )e N e . Therefore N s is complete metric 
space. This completes the proof. 

There is strong connection between N e and the class of sequences of fuzzy numbers 
w , which is defined by 



w = \X =(X k ): lim n n ' Z d(t km (X ), X o ) = 0, uniformly in m> . 
In special case = [2 r ), we have N e = w . 

Theorem 5. Let 6 = (k r ) be a lacunary sequence and let X = (X^ ) be a sequence of 
fuzzy numbers. Then 

(i) For limsuprq r < », we have N e c w> . 

(ii) For \\xainf r q r > 1, we have w c N g . 

(iii) N e = w if 1 < lirtimfj-qj. < limsup r .q r < oo. 

Proof, (i) If /imsujv^r < "N then there is a. K > such $r < £ for all r. Suppose that 
Xk-> X o(fit>). and for each w > 1 let N rm = \{k e / r : dfa, (X ), X ) > f } . By the 
definition, given f > 0, there is an r 9 G iV such that 

— < s r f&r all r > r a and m > 1. ( 1 ) 

Now let M = max{N rryi : i <r <r s ] and let n be any integer satisfying k T - ± <n < k T , 
then for each m > 1 , we have 
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n~ l \{k<n: d{t km {x),X )> e\ 
<±-\{k<k r : d(t km (x),X )>e} 



Jf , k r -k T 

a ' 



-ir> +fl ^r by(1) 

< - — r tf + sq r < - — r^, + fK 



so, the result follows immediately. 

(ii) Suppose that )im:'n/..fl r > 1 , then there exists a S > such that g,. > 1 + 3 for 



F > 0, for each m > 1 and sufficiently large r, we have 



sufficiently large r. Since h r -k r — k r ^ 1 , we have — > — ■ . If X k — > X o (w) , then for every 



^-\{k<k r : d(tJx),X o )> £ ] 

k r \ i 

>_L\\keI r : d(t km (x),X o )>e] 

k r-l ' ' 

>J-hAkzI r : d{t km {x),X )>e\ 

which yields that X^ ->X (iV~J. 

(iii) Follows from (i) and (ii). 

The following theorem gives the relation between lacunary almost statistical 
convergence and lacunary strongly almost convergence of sequences of fuzzy numbers. 

Theorem 5. Let 6 = (k r ) be a lacunary sequence and let X = (X k ) be a sequence of 
fuzzy numbers. Then 

(i) X k -» X (N S ) implies X k -» X,(sJ. 

(ii) Z=(ljem and X k -> X (s J imply X t ->X (tfJ. 

(iii) A^=S, if X=(xjem, 

where m = {x = (Z J : sup, _ d{t km {X ), X ) < oo}. 
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Proof. (i) If £ > and X k — > X [N e ) , we can write 

K 1 Z d{t km (x),x n )> h; 1 X *('*. (x),xj 

kel r kel r 

d(t km (x),X tl )>£ 

>eh; l \{kel r : d{t km {x\X )>e\. 

It follows that X k ->X (§ g ). 

(ii) Suppose that X = (X k ) e m and X k — > X (S^ ). Since X = (X k ) e m , there is a 

constant 5 > such that <i(? faf! (x), X ) < B for all k,m e /V . Therefore we have, for every 
£>0 

K 1 Z ^fob. (*)>*> v 1 I *(**■ (* U J + V Z *(**. (x U J 

*e/, te/ r *e/ r 

<5V|{^/ r : 4^ m (x),X )>£| + £- 

Taking the limit as e — > , the result follows. 
(iii) Follows from (i) and (ii). 
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NEWMARK METHOD APPLIED TO THE ELASTO-DYNAMIC 
PROBLEM WITH SLIP-RATE DEPENDENT FRICTION 

NOUIRI BRAHIM AND BENABDERRAHMANE BENYATTOU 



Abstract. Wc consider the dynamic evolution of an elastic body in unilateral 
frictional contact with a rigid foundation. Friction is modeled by the Coulomb 
law with a coefficient that depends on the slip rate, which is a non-monotone 
function. This problem is ill posed; the solution is non-unique and shocks. 
Wc use the Newmark method for time discretization of the problem. Wc have 
obtained an elliptic variational inequality at each time step. We prove by the 
minimization problem the existence of the solution. An upper bound for time 
step size, which is not a (Courant, Fricdrichs and Lewy) CFL condition, is 
deduced from the solution uniqueness criterion using the first eigenvalue of the 
eigenvalue problem. 



1. Introduction 

Duvaut and Lions [3] obtained the first existence and uniqueness results in the 
mathematical approach of the dynamic contact problems with friction in elasticity. 
They studied the special case of a prescribed normal pressure where the contact 
surface is known in advance. To obtain some existence results without this restric- 
tive assumption, Martins and Oden [12], [11], relaxed the non-penetrability of mass 
by considering the normal compliance model of contact with friction. 

Since the pure elastic problem with friction seems to be very irregular, they 
considered only the viscous case. As far as we know, there is no general existence 
result for dynamic elastic contact. 

All the above results involve a fixed friction coefficient fi. In the study of many 
frictional processes (stick-slip motions, earthquakes modeling, etc..) the friction 
coefficient has to be considered variable during the slip. Usually choice of such a 
variation is the friction law in which the friction coefficient is dependent on the slip 
rate ii T (t) i.e. \x = \x (|ti T (t)|). The simplest function of \x versus the slip rate is the 
discontinuous jump from a "static" value (for u T (t) = 0) down to a "dynamic" value 
(for ii T (t) 7^ 0). The same frictional instabilities can occur when the coefficient of 
friction /i is a smooth and decreasing function of the slip rate (see [14] and [22]). 
Ionescu and Paumicr [6] , [7] , studied this model of friction for the one-dimensional 
shearing problem of infinite elastic slab. They pointed out that the solution of the 
problem is not uniquely determined. However, since the problem is ill posed, a 
criterion to select the most appropriate solution with a physical interpretation is 
needed. Whatever is the selection rule to choose the solution, shocks will occur. 
A possible choice for this criterion is the so-called perfect delay convention: "the 
system only jumps when it has no other choice" (see [7] and [2]). 



Key words and phrases. Eigenvalue, Elastodynamic, Friction, Inquality variational, Newmark 
method, Optimization, Slip-rate. 
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Three technique can be used to transform this ill posed problem into a well 
posed one and to justify the choice of the perfect delay criterion are currently 
under investigation. In all three cases, another problem (which depends on a small 
parameter) is considered. This new problem is well posed and its unique solution 
converges to the solution of the initial (ill posed) problem chosen by the perfect 
delay convention. 

The first technique, due to Renard [19], [20], consists in adding a small mass 
concentrated on the friction surface. Using stability arguments, Renard has proved 
the convergence of the solution of a large class of loadings in the one-dimensional 
case. 

The second one uses a rate and state dependent friction law of Dictcrich and 
Ruina type (see [21], [18], [4] and [15]). Favreau and al. [5] have shown numerically 
that the limit solution, when the characteristic slip L — > is the one corresponding 
to the rate dependent model assuming the perfect delay convention. For both 
methods, there arc no existence or uniqueness results in two or three dimensional. 

The third technique uses a viscoelastic constitutive law with small viscosity (see 
[9]). An existence and uniqueness result is obtained in the general three-dimensional 
case. 

B. Nouiri and B. Benabdcrrahmane [13], they are presented a new technique, is 
based on the Newmark method for the time discretization of the dynamic evolution 
of an elastic body in unilateral frictional contact with a rigid foundation. An 
existence and uniqueness result is obtained in the one-dimensional case. 

In this paper, we have generalized the above technique [13] in two or three- 
dimensional case. We have obtained an elliptic variational inequality at each time 
step. We prove by the minimization problem the result of solution existence. An 
upper bound for time step size, which is not a (Courant, Friedrichs and Lewy) 
CFL condition, is deduced from the solution uniqueness criterion using the first 
eigenvalue of the eigenvalue problem. 

2. Problem statement 

We take the geometry of an elastic body rubbing on a rigid surface, represented 
by a bounded domain Q, C R™ (n = 2 or n = 3). The boundary Tof il is assumed 
to be Lipschitz is divided as follows: r = T4 U Tf U T c where T^, Tf and T c are 
three disjoint parts and {meas(T d) > 0). Tf is the surface on which the force F(x) 
is exercised and T c is the surface of contact with friction. To simplify the problem 
without losing in generality, we are going to suppose that the displacement field 
U(x) on r<j is equal to zero. We denote by r\ and r the unit outward normal vector 
on r^- and the tangent vector on T c respectively 

It is important to specify the condition modeling slip-rate dependent friction 
with to imposed normal constraint: 

(2.1) C-r,(w(*)) = ~ S 0nT c 

(2.2) \a T (u(t))\ < S>( u T {t) ) with 

(2.3) \a T (u(t))\ < 5/i(0) if u T (t) = on T c 
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(2.4) 



a T (u(t)) = Sfi( u T {t) ) 



u T {t) 



u T {t) 



if U T {t) t^O on T c 



Where u is the displacement field, a n and a T denote the normal constraint and 
the tangential constraint respectively, p the friction coefficient on T c , which is 
dependent of the slip rate u T (t) and 5* represents the normal load on T c . The 
condition (2.3) describes the stick phenomenon, while the condition (2.4) describes 
the slip phenomenon. 

The elasto-dynamic problem of contact with friction to imposed normal con- 
straint considered here consists of finding the displacement field u : ]0, T] x Vt — > R n 
such that: 



(2.5) 
(2.6) 
(2.7) 
(2.8) 
(2.9) 
(2.10) 



div o{u(t)) + r{t) = p ti{t) in ft 

a{u(t)) = Ae(u(t)) in ft 

u{t) = on T d 

a(u(t))T] = F{t) onTf 

u(t) verifying (2.1) - (2.4) 

u(0) = uq(x); u(0) — ui(x) in Q, 



Where r represents the density of volume forces (for example the weight) and uq, 
u\ are the initial data, div denotes the divergence operator of the tensor valued 
functions and a — {(Jij) stands for the stress tensor field. This latter is obtained 
from the displacement field by the constitutive law of linear elasticity defined by 
(2.6). A is the fourth order symmetric and elliptic tensor of linear elasticity and 
e(v) = 2 (Vu + V v) represents the linearized strain tensor field. 

To simplify the problem (2.5) — (2.10), we homogenize the movement equation 
(2.5), the boundary conditions (2.1), (2.8) and the initial condition (2.10). 

We denote by u ss the "stick solution": 

u ss :]0,T] x!l — >R n 

Satisfying the following auxiliary problem, which is corresponding to the stick 
condition (2.3): 



div a(u ss (t))+r(t) = pil ss (t) in O 
a(u ss (t)) =Ae{u ss (t)) in Q 
u ss (t) = on ^ 
(2.11) { a(u ss {t))ri = F(t) on T/ 

a v (u ss {t)) = -S onT c 
uf = on T c 
u ss (0) = u (x); ii ss (0) =ui{x) in fi 

We denote by — q(t) the tangential constraint on T c corresponding to the "stick 
solution" of the problem (2.11), i.e. q(t) = —a T (u ss (t)) and we pose u(t) = u(t) — 

u ss (t). 
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We deduce from the problems (2.5) — (2.10) and (2.11) the homogeneous dynamics 
problem with friction, which consists of finding the displacement field u : ]0,T] x 
0, — ► R™ such that: 

(2.12) div a (u (t) )= pil (t) in Q 

(2.13) o-(w(*)) =Ae(u(t)) in ft 

(2.14) u(t) = on T d 

(2.15) v(u(t))r] = on 17 

(2.16) ^(w(*)) = on T c 

(2.17) |cr T («(*)) - g(t)| < S/x(0) if tt T (t) = 0on I\, 

(2.18) a r («(t)) + ^(|w r (t)|)^4Sr = ?( f ) if «r(*) 7^ on T c 

(2.19) u(0) =u(0) =0in 

Where 

<r v (u) = (<j (u) 77) 77, cr T (u) =a(u)T]-a ri (u) 77 

Remark 1. In the passage from the problem (2.5) — (2.10) to the problem (2.12) — 
(2.19), we remark that the effects by the external force r, the parameters F,S and 
initial data uq, uilead to the effects of q(t) and S. 

It is easy to verify that the problem (2.11) is well posed, i.e. it admits a unique 
solution, and therefore the essential point in the following will be to study the 
problem (2.12) - (2.19). 

3. Hypothesis and variational formulation 

We suppose that the elastic tensor A is symmetrical and coercive, i.e. A = (A^^), 
satisfying the following conditions: 

(3.1) Aijkh € L°° (O) ;Aijkh — Ajikh — Aijhk a.e. in O 

(3.2) 3a > : AijkhTij ■ T k h > a TijTij a.e. in 0,Vtjj = r. jl <G R 

It is supposed that the friction coefficient /1, satisfy the following hypothesis: 

/i:r c xl + — ► R + 

(3.3) u — ► fi(x,u) is continuously diffcrcntiablc on [0, +oo[ a.e. on T c 

(3.4) x — ► n(x, u);x — > d u jj,(x,u) is measurable a.e. on R + 

(3.5) 3^ > 0,Va,6eM+ : \fj, (x,a) - fj, (x,b)\ <l^\a-b\ a.e. on T c 

(3.6) 3M > : \d u n{x,u)\ < M a.e. on T c 

We assume also that p, r , F , S and q have the following regularities: 

(3.7) p{x) > Po > 0; p(x) e L°° (Q) 
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(3.8) r(t,x)eL 2 (0,T;[L 2 (n)] n ) 

(3.9) F(t,x)€L 2 (0,T;[L 2 (T f )} 



(3.10) S(x) >0;5ei°°(r c ), qeC p 
We designate by C p the subspace following of [L p (r c )] rl : 

C p = {z £ [L p (r c )]™ /z(x) ■ f]{x) = a.e. x £ T c } , 1 < p < oo 
Let us denote by H = \L 2 {VL)\ the Hilbert space endowed with the inner product: 

(u, V ) = J P u. V dx, u, V £H 
a 
which generates an equivalent norm given by: 

\fi 

Let V be the closed subspace of V = [_ff 1 (fi)] given by: 

y = {weV,v = onL d } 

equipped with the usual norm ||-||. We denote by (•, •) the duality pairing between 
V^ and V Q . 

For p < 2 (n — 1) / (n — 2) one designates by 7 T : Vo — ► >C P the compact operator 
that associated to all displacements the tangent component of her trace on F c : 

7 T (v ) = v — (v ■ t) t 

Let us introduce now the bilinear form a(., .) and functional / and j given by the 
following formulas: 

' a : V x V — ► K, / : V — ► R and j : V x V — > R such as: 
a (u, v ) = Jq As(u)e(v)dx, u,v£Vo, 
(f(t),v)=} Tc q(t)-v T dx,veV , 

k j( u (t), v ) = Jrc-SWIM*)!) kr|da;, w,v e V^. 

By using (3.1), (3.2) and the Korn inequality, one deduces that the bilinear form 
a(-, •) is symmetric and coercive, i.e. 

(3.11) a (u, v) = a (v, u) , \/u,v£Va 

(3.12) 3a >0:a(v,v)>ao\\v\\ 2 v , Vv £ V 

With the above notations, the problem(2.12) — (2.19) leads to the following second 
order hyperbolic variational inequality: 

Find u : ]0, T] — > V , such that Vv £ V , Vi £ ]0, T] , we have: 
, (ti(i),w-u(t)) +o(u(t),v-u(*)) +j(u(t),v) - j(u(t),u(t)) > 
( - > - l,,) < (f(t),v-u{t)) 

u(0) = u(0) = 
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Remark 2. The main difficulty in the study of the above evolution variational 
inequality is the non-monotone dependence of n{) versus the slip-rate \u T (t)\. 

4. Elliptic problem at each time step 

We consider here the Newmark method, with parameters ft = j and 7 = g) f° r 
the time discretization of the variational problem (3.13). To this end, let At > 
be the time step, M the maximum number of steps, and T — M ■ At. We denote 
by u m ,u m and u m the discretization of the solution at time t — m ■ At, i.e. 
u m = u(m-At),u m = u(m-At) and il m = u(m-At) respectively, for all < m < M. 

The initial condition in (3.13) become: 

(4.1) u° = u = rj° = 

which is the starting of recursive problem. Suppose that we have established the 
solution up to t = m ■ At, i.e. we have u k ,u k , u k for all k < m. 

In the Newmark method, the numerical solution u m+1 ,u m+1 , u m+l of (3.13) at 
t = (m + 1) • At is obtained from: 



(4.2) u m+l = u m + At-u m + — (v m ' ' 



At 



At 2 

4 "'" 



(4.3) ii m+1 =ii m + — (u 



In terms of velocity, the above problem can be written as the following variational 
inequality: 

r Find u m+1 e V such that: 

(4.4) I (u m + 1 , v -u m+1 ) + ^fa(u m+1 ,v-u m+1 ) + 

{ +^£ [J (u m+1 ,v) -j (u m+1 ,u m+1 )] >G(v- u m+1 ) ,VveV Q 

where: 

G(v) = (f m+l ,v) + [vT + ^V, v^ ^a (V + ^-u™, v^j 
If u m+1 is obtained, then we can deduce u m+1 and ii, m+1 using: 

u m+l = ym + ^t ^ m + ^ m+1 ^ 

u m+1 = A (u m+1 - u m ) - u m 
At v ' 

An implicit scheme for the homogeneous problem (2.12) — (2.19) is used to solve 

the nonlinear problem, given by a variational inequality (4.4) at each time step. 

4.1. Existence of the solution. Let us introduce the energy functional $ : Vq — ► 

M. given by: 

i At 2 At r 

(4.5) <5>( v ) = -( v , v ) + — a {v,v) + — J S-*(x,\v T \)dT-G(v) 

where & : T c x R + — ► R + denotes the primitive of [x i.e. 

p 

(4.6) ®(x,p) = j n(x,()d(,\/( eR + ,a.e.x ET C 

o 
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The following result can be obtained using the same technique as in [8] . 

Theorem 1. Under hypothesis (3.3) — (3.7), (3.10). We have: 

1) If ' u = u m+1 £ Vo is a local minimum for $ i.e. there exists 6 > such that 

(4.7) $(«)<$(«)VtieV r , \\u-v\\ v <8. 

then u is a solution of (4.4). 

2) There exists at least a global minimum for <£>, i.e. there exists u g € Vo such 
that: 

®(u g ) < $(u) yv eV Q . 

Proof. 1) Let us suppose that (4.7) holds. If v € Vq and 6>o € ]0, 1[ such that 
^o ||w — f || y < 5 then for all 9 E]0,9o[we have: 

$(u) < $(u + 6>(v -u)) 

Bearing in mind that \j T (u + 8 (v — u))\ < \ r f T (u)\ — 6 (\"f T (u)\ — \"f T (v)\) we 
deduce that: 

v (u, v — u) H (w — u, v — w) + c/ a [u, v — u) H a (v — u, t> — u) + 

2 4 8 

At /■ 

— / S [*(*, |w r | + 0(|v T | - |u r |)) - tf (*, |u T |)] dF > #G(« - u) 

Dividing this last inequality by 6 and passing to the limit with 6^0 we deduce 
(4.4). 

2) We have: 

VveV :\*(v)\>C\\v\\ v , C>0 
Then 

Lim <f>(u) = oo 

|u|| — >+oo 

By using the WKeierstrass theorem, we deduce that <£> admits at least a global 
minimum. □ 

4.2. Uniqueness of the solution. Let us analyze here what are the conditions to 
be imposed on the parameters At , A, p and fi, such that the functional $ would be 
strongly coercive. We have to consider the following eigenvalue problem connected 

to (4.4) : 

Find A e R and v : ft — > R™, v ^ 0, such as: 

(4.8) divcr(w) — Xpv ; <r(v) = y4.e(v) in ft 

(4.9) v = on T d ; cr(w)r/ = on F// 

(4.10) cr^( w ) = 0; v T {v)=gv T on F c 

Where 

2 

tit C6R+ 

The variational formulation of (4.8) — (4.10) is: 

(4.11) t)€ Vo,D^O a (v, w) + A (v, w) = / gv T ■ w T aT , VraeVo 

•/r c 
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Theorem 2. Let il be bounded. We have: 

1) The eigenvalues and the eigenf unctions of the problem (4.11) consist of a 
sequence (\ 2 n ,f n ) neN with 

Ao > Ai > A2 > • • • , and Lim X n = —00 

n >+oo 

2) Let (3 > and let us denote by Ao(/3) the first eigenvalue of (4.11) in which g 
was replaced by jig. Then /3 — ► Aq(/3) is convex and the following inequality holds: 



(4.12) a(v,v) + X (fi){v,v)>fiJ gv z T dT , Vv e V 

3) If g > then (3 — ► Ao(/3) is an increasing function. 

Remark 3. In general, Xgis not negative, hence there exist at most a finite number 
of positive eigenvalues. 

Proof. 1) Let 7 be a positive constant, we rewrite (4.11) as follows : 

(4.13) b (v, w) = 6 (v, w) , \/v,w€Vq 
where: 



S = 7 — A and b (v, w) = a (v, w) + 7 (v, w) — / gv T ■ w T dT 
We are going to prove that the bilinear form &(•,•) is coercive. Wc have: 

Vv € Vo : b (v, v) = a (v, v) + 7 (v; v) — gv^aT 
And by using the interpolation inequality (see [17]), we obtain: 

v 2 T dx <C|H| ff ||t;|| v , C>0 

Therefore we have: 

b{v,v)>a \\v\\ 2 v + 1 \\v\\ H -aC\\v\\ H \\v\\ v 

Where: 

oc= —M 
At 

Posing 7 = a 4 ^ , we obtain: 

(4.14) b(v,v)>a \\v\\ 2 v 

The problem (4.13) admits a unique solution v G Vq. Then, it exists an increasing 
sequence of eigenvalues (5 n ). Moreover 5 n tends to +00. We denote by V n C Vo 
the finite dimension subspace of eigenfunctions associated to the eigenvalue 5 n . 

Finally, for A„ — 7 — 5 n we deduce the first part of the theorem 2. 

2) Let (3 > 0. We replace in (4.13) g by fig, we remark that So, as a function of 
fi, is the lower bound of a family of affinc functions: 



(4.15) So{(3) = Inf 



a(v,v) + ^ — (i / gv 2 dT 



«evb,||t>|| H =i L Jt 
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Hence it is a concave function. Since Ao(/3) = 7 — So(/3) we obtain that j5 — > 
Ao(/3) is convex. Moreover we have: 

(4.16) b(v;v)>5 (p)(v,v), W G V 

Which implies (4.12). 

3) Let $ x > /3 2 -We use (4.11) with g — fig, v = w = <p and (3 — [3 2 to get: 

(4.17) a (tp, ip) + A (/3 2 ) (<p, <p) = 2 [ gtfdT 
From (4.12) with v = <p and (3 = 1 to obtain: 

(4.18) a (p, p) + AoCSx) (y>, ¥>)>&/ 9vldT 

Substitution of (4.18) from (4.17) yields to: AoO^) > A (/3 2 ). Then the function 
/3 — ► Ao(/3) is strictly increasing. D 

We can now express the criteria of the uniqueness and the stability of the solution 
of the problem (4.4). 

Theorem 3. Let flbe bounded. We have: 

(i) V$ is a lipschitz functional, i.e. There exists a real constant 1$ > such 
that: 

(4.19) Vwi.wa G V& : ||V*(vi) - V$(w 2 )|| y , < ^$ ||«i - v 2 \\ v 
(n) If 

(4.20) ^A < 1, 

where \<yis given by the above theorem, then <& is a uniformly convex functional, i.e. 
there exists a > such that: 

(4.21) (\7 2 <5>{v)w,w)>a\\w\\ 2 v , \/v,weV , 

and (4.7) has a unique solution which is also the unique solution of (4.4), i.e. 

■ m+l 

u = u 

Remark 4. The above condition (4.20) on the time step At is not a (Courant, 
Friedrichs and Lewy) CFL condition. If the process is stable, i.e. Xq < 0, then 
there is no condition (in terms of convergence and stability) on the time step. If 
the process is unstable, i.e. Xq > 0, then (4.20) which is equivalent to: 

2 
At < At rr = 



Proof, (i) Let V\,V2,w <G Vo, we have: 

At 2 
|<V<&(vi)-V*(v2),ti;)| < |(vi — wa,u;)| + -^- |a(«i — t7 2 ,w)| + 

At f 

+ ~2~ / S ' ' ^( x, \ VlT ^ -V(x>\ v 2t\)\ \w T \dT 
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By using the continuity of the trace operator and (3.5), we obtain: 

T 



At 2 
|(V$ M - V$ (v 2 ),w}\ < IK - V*\\h Mh + -r- W A h~(n) IK ~^\\ v \\w\\ v + 



SAt 

At 2 



- f 

-ifi / ||U1 T | - |«2t|| \w T \dr 
Jr. 



Where: 



< IK - v 2 \\ H \\w\\ H + — \\A\\ Loo{n) ||ui - v 2 \\ v \\w\\ v + 
+ -^ — C \\v-i. -v 2 \\ v \\w\\ v 

<U\\VI -V2|| V |k|| v 

-^— C + Ma:r l, — ||.4|| LOO(n) 



2 [ ' 4 

Here ^?$ is a constant such that (4.19) holds, 
(ii) Let v,w € Vo, we have: 

,_ 2 ,. > (V$(v + 0u>),«;) -(V$(v),w) 
(V $(v)w,w) = Lira- '-?—+ —^ — - 

x ' e^o 6 

By a simple calculation one gets: 

At 2 At f 

(V 2 <f>(v)w,w) = (w,w) + — — a(w,w) + — / ,V (x,\v r \)\w T \ 2 dT 

We distinguish the two following cases: 

1) If /i is an increasing function, then: 

Vwe V : fjf (x,\v T \) >0 
We have: 

Ai 2 At 2 

(V 2 $(v)w,w) > \w\ H + — a \\w\\ v > a\\w\\ v , a = -^a 

And by consequence , the functional $ is uniformly convex, then $ admits a 
unique global minimum. 

2) If /i is a decreasing function, then: 

We V : fjf (x,\v T \) <0 

We have: 

At 2 At 2 f 

(4.22) (V 2 $(w)w,w) > (w,w) H a(w,w) / #u; 2 dr 

4 4 Jp c 

From (4.12), we obtain: 

At 2 , , , ,„, Ai 2 , , At 2 



(4.23) -— aKw)-A (/3)— («,,«,)<_£_ / fft^dT 

And by the use (4.22), (4.23) and (3.12), it comes: 



(4.24) <V 2 <^K w > > ^-W)^r ^ + ^ (^ 



4 | .2 . "1- / /-" — J- \ n i|2 

,„i ,. i MI H| y 
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By using (4.20) and The function /? — > Ao(/3) is increasing, then, it exists 8 > 1 
such that Ao(/3)^p < 1, therefore: 

8—1 ( At 2 

CV $>(v)w, w\ > a ||w||y when a — — = — Min < 1, a 

P L 

Since the functional $ is convex, problem (4.4) and (4.7) are equivalent. The 
uniqueness of u comes from the strict convexity of the functional $. □ 

Conclusion 1. In this paper, we present a new technique able to transform this 
ill posed problem into a well posed one. This technique is based on the Newmark 
method and the minimization problem. The solution of well posed problem chosen 
by the criterion using the first eigenvalue of the eigenvalue problem. This criterion 
is not a (Courant, Friedrichs and Lewy) CFL condition. 
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RELATIVE FREDHOLM ALTERNATIVE TO BOUNDARY 
VALUE PROBLEM FOR THE ELLIPTIC EQUATIONS 

BENABDERRAHMANE BENYATTOU AND NOUIRI BRAHIM 



Abstract. The aim of this study is to prove some regularity results by passing 
to the Fredholm alternative for the elliptic problem governed by the Laplace 
equations with contact without friction boundary conditions. This investiga- 
tion permits to cvalucte of the index of the Laplace operator. 



1. Introduction 



From the previous works [4] and [5], the Fredholm alternative for the Laplace 
equations and Maxwell equations, with the classical boundary conditions (Dirichlet, 
Neumann and mixed : Dirichlet- Neumann), has been studied using the fundamen- 
tal results of functional analysis [8], [10], [11] and others concerning the Sobolev 
spaces and their properties [12], [13] and [6]. Using some theoretical results con- 
cerning the elliptic problems in [6], [8], [10], [11], [12], [13], this paper presents the 
analysis of the Fredholm alternative question for the elliptic problem governed by 
the Laplace operator with contact without friction boundary conditions. This prob- 
lem is the limit of the elasticity problem when the sum of the elasticity coefficients, 
(A + /i) > 0, tends to zero. 

Let il is homogeneous, elastic and isotropic medium occupying a bounded domain 
in IR 2 , limited by straight polygonal boundary T which is supposed to be regular, 

N 

r = (J Tj, Ti n Tj = 0,Vi =/= j, where Tj =]Sj, Sj+i[, and Sj are the different 

i=i 
corners of Q. In this study r) J and t° represent the unit outward normal vector 
and the tangent vector on Tj , respectively. u>j represents the opening of the angle 
that makes Tj and Tj + i toward the interior of Q. 

Let / : £1 — > R 2 , the elliptic problem considered here consists of finding the 
displacement field u : £1 — ► M 2 satisfying: 



1 > \ (u.rf, (£(u)V) .r»') = (0,0) on T J7 j = 1, 



,J 



The boundary conditions used in this problem are called contact without friction 

(C.W.F). 
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We denote by S(tt) = (aij(u)) ,i,j — 1,2, where the elements (Jij{u) are given 
by Hook's law, in the case (A + /i) — + 0, using Lame coefficient fi > : 

o-ij(u) = (j, [2eij(u) - SijEkkiu)} , i, j = 1, 2 

where Sij is Kronecker symbol and £ij{u) = \(diXj + djXi) is the linearized tensor 
of linear elasticity, dj is used as the partial derivative of u with respect to Xj . 

Generally, the problem (P) hasn't sufficiently regular solution, hence we try to 
impose conditions on / G L 2 (fi) allowing variational solution included in the space 
V such as V = (v e H 1 (fi) 2 ; u.rf = 0, on vA is in H s+2 (fl) 2 n V (s > 0), where 

iJ s+2 (fi) denotes (s + 2) order Sobolev space. 

Studying of the (C.W.F) boundary conditions, it is proved (see[2]) that the 
problem (P) amount to the two problems of oblique derivatives boundary conditions 
without coupling: 

{Aufe + fk — in n 
a,jD x u k + bjDyUk = 0on I\,- j = 1, ..., J, k = 1, 2 
af + 6^0 

Then (see [2]) there is a constant C s such that 

(i-i) iMi s+2 <ai|A U || s 

is satisfied for all u € W s (fi) , where 



W, 



(fi) = iu e P 2 (fi) 2 n V; (S(u)y ) .r J = on I\,-, P x u + P y u G P S (fi)} 



2. Fredholm alternative 



Let 5ft s (fi) be the subspace of H s (fi) defined by 

9£ s (fi) = {/ € P s (fi) 2 ; / - Au, u e W s (fi)} 

Using the inequality (1.1), it can be seen that 3? s (fi) is a closed subspace of H s (fi) . 
Let N s (fi) be the orthogonal of 3? s (fi) in P~ s (fi) 2 , i.e. 

N s (fi) = {»£ P- S (fi) 2 , (v, /) = for all / G K s (fi)} 

According to a generalization of Green formula, it can be observed that the elements 
of N s (fi) are solutions to the homogeneous contact without friction problem: 

Aw = in fi 
(u.rf, (E(u)V) .ri) = (0,0) on L„ j = 1, ..., J 

2.1. Some results concerning the Green formula. Let P s (fi) = «e P~ s (fi) ; Aw € L 2 (fi) ^ 
be the subspace of H~ s (fi) equipped with norm 

Nk ( n) = H- s + l|AH| 

By using the techniques of Lions-Magenes [13] and P.Grisvard [5], we prove the 
following result: 

Lemma 1. D (fi) is dense in D s (fi) . 
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Lemma 2. We introduce the subspace X s (T), defined by 

X s (r) = {((S(u).fl) .77, -u.t) : ueW s (ft)} 

The application v i — ► (v-?7, (J^(v).r)) .r) on T, which is well-defined for all v G 
_D (ft) , prolongs by continuity in a continuous linear application: 

7 S : D s (ft) — > X s (r) such that 

(Au, w) - (u, Av) = (((S(u).r?) .r?, -u.t) , 7 S (v.r?, (S(v).t?) .t)) 

/or a// w, G W s (ft) and v G D (ft), where the notation (., .) represents the duality 
pairing between X s (T) and X s (T) . 

An analogous Lemma has been introduced by P. Grisvard [5] in the case of the 
Dirichlet problem. 

Proof. For all u G W s (ft) and v G D (ft) we have 

(1.2) (Ait, v) - (u, Aw) = / (T,(u).r]) .vda - / (Z(v).r)) .uda, 

r r 

for all ueW s (ft) . 

According to the boundary condition (u.i], (T,(u).r]) .r) — (0,0) in T, the Eq. 
(1.2) becomes 

(Au,v) — (u,Av) — / ((S(u) .77) .77) v .rjda — / ((£(u). 77) .t) u.rda, 
r r 

Or equivalcntly 



(1.3) (Au,t))- (ii,Au) = / (£(u). 77). 77, —u.t) (v. 77, (£(«)• 77) .r) dcr 

r 

It is clear that the left term of Eq. (1.3) is bilinear continuous, therefore we finish 
the proof by using the density of D (ft) in D s (ft) . □ 

Remark 1. From the Eq. (1.3) , the following expression is obtained 

(u, Av) =0, Vu G D (ft) , \fv e N s (ft) 

and consequently we have Av = 0el 2 (ft) what implies that v belongs to D s (ft) 
and gives a sense to 7 S (v. 77, {Y>(v).ri) .r) G X s (F) . 

Lemma 3. We have 

N s (ft) = [v G ff- s (ft) 2 , Au = 0; 7s (v.v, (£(t>)-»?) .r) - (0, 0)} 

where 7,, is a generalized of the trace map defined by duality (see Lemma 2). 

Proof. Thanks to Lemma 2, it is easy to verify that N s (ft) C [5ft s (ft)] . 
Reciprocally, let v be in pft s (ft)] then 

(v, Au) = 0, Vu G W s (ft) 

According to (1.3) , it can be written 

- (u, Av) = / ((S(m).j?) .77, -u.t) (v.r), (S(v).r?) .r) der 

r 
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Or equivalently 

(w, Av) = 0, Vw € W s (O) , VvelD (£2) 

what implies Aw = 0. 

Using the Lemma 2, we find 

(((£(ti).»7) .77, -u.r) , 7 S (v.??, (S(v).r/) .r)) Xs(r)xXj(r) . = 0, Vu e IT S (O) 

consequently, 

7 a (v-»/.(S(v).»7).T) =0 

n 

We have the necessary and sufficiencies conditions on / <G H s (il) 2 , in order to 
allow for u, solution of (P) to be in H s+2 (£2) n V. This condition is expressed as 
follows: 

(f,v) = 0, for all v e N S (Q) 

3. Laplace index 

3.1. Dimension of N s (O). In this subsection, we are interested in the study of 
N s (O). It is proved that N s (£2) is a finished dimension subspace, after having, we 
will determinate exactly his dimension. 

We start with comparative study between the trace operator 7 S which is defined 
in Lemma 2 and usual trace operators. 

Remark 2. For v E N s (£2) we have 
i) Av — 0, i.e. v is analytic in £2 \ S ; 
it) (v.if, (S(«)V) -^) = (0,0) on Tj, j = 1, ..., J. 

Expression ii) is signified that the function (v.rf , (ll(y).rf) .r-'J which is continuous 

_ 

on £2 \ S is null on Tj, j — 1, ..., J, where Lj indicates the interior of Tj what 
doesn't imply that 7 S (v. 77, (S(v).r?) .r) = 0. 

This Remark permits us to deduce a regularity result in the neighborhood of 
the regular parts boundary. This result can be obtained by using the reflection 
processes, compared to each segments of Tj, j = 1, ..., J, and the analyticity of 
harmonic distributions. 

These results permit us to introduce the space M s (£2) , defined by 



M. 



(£2) = {v e H- s (£2) 2 n C°° (£2\S) ■ Av = 0; (v.r?, (£(v).»?) .t) / r . = (0, 0)} 



An analogous space was constructed by P. Grisvard [5]. 

Consequently, it is clear that N s (£2) C M s (£2) and besides we have the following 
Theorem: 

Theorem 1. If lv is satisfied the following condition 

W ^fcT2 ; £ ' fceN ' W fc + 2 )' k = l,...,s 
then we obtain N s (£2) = M s (£2) . 
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We start giving some important results: 

We denote by H 2 (Tj) the subspace H m+ z (Tj) denned by the following con- 



ditions: 



I /("*)(*) I 



(t - Sj) (S j+1 - t) 



dt< +00 ,fc = 0,...,m-l 



Equipped with norm 



H m+J (r , = 11/11 
-"0,0 k 1 ^ 



m+J 



|/M(t)| 



(t - S,-) (S j+1 - t) 



-dt 



Where Tj — ]Sj, Sj + i[,j = 1, ..., J and m is an integer. 

771-1- — 

We recall that -D(Pj) is dense in H 2 (IT,-) for all integer to. Relatively to this 
space we have 

Proposition 1. The application 

«—>({/*},{»}) 

defined by 

/ fc (») =£>*«(», 0), x>0, fc = 0,...,s-l 
fl J -(l/) = /^«(0,y), y>0, fc = 0,...,a-l 

zs linear, continuous and surjective (and admits a continuous linear relevement) of 
H S (Q) in the subspace 

s-l s-l 

JJjT f - fc -5(K + ) x Hff s - J -5(R + ) 
fe=o i=o 

anci satisfying the following conditions 

fi J \o) = g?\o)J + k<s-2 



tU) 



I ft'W-gWt) 



(fc), 



2 dt 

1 



, for j + k = s — 1 



where r is a finished or infinite number. 

For the demonstration we invite the reading to consult P. Grisvard [5]. 
Lemma 4. For lo ^ -fcf^, £,k £ N, 1 < fc < s, we have 

J J 

x s (r) = n<t' (r,) x n<t f (r,) 

We are of course identified ((p, - !/ 1 ) <S X s (r) to ({Vj}-, , {V'j} ■_■, ) > where <£>j 
and ^j indicate the restriction of y and ip to Tj, j = 1, ..., J, respectively . 

Proof. Using the Proposition 1, we will determine the splice conditions between 
(Pjiipj) so that ((p, iji) — f {<Pj} _, , {">Pj} •_-, ) is element of X s (T) . These condi- 
tions are obviously related to each corner Sj. 
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Essentially, we limit to search for those that are relative to the corner Si, as 
amounting by the following affine change of variables : 

X = x — y cot u> 
Y = y 

to the particular case: Si — (0,0) and Wi = f or oji = ^f . This change conserves 
the spaces 

H s+2 (O) , V and H s (O) 
on the other hand it doesn't conserve the expression D x u + D y u which becomes 

D x u — cot loiD x u + D y u 

In the same way the considered change doesn't conserve the boundary conditions 
((S(u).ry) .77, —u.t) which become 
i) For y = 0,we have 

(1.4) -u.t = ui (x, 0) 

(£(«).„) W^W ^fj) f J V * V where 

cn (w) = /x [-D^w-i (x, 0) + cot ojiD x u2 (x, 0) — Dj,^ (x, 0)] 
a-12 (u) = (T2i (u) = m[A/ u i (x, 0) - cotwiDxWi (x, 0) + D x u 2 (x,0)] 

<722{u) = -(Jll(w) 

then 

(1.5) (S(u).ry) -r) = n [D x ui (x, 0) + cotuiiD x U2 (x, 0) — -D y w.2 (x, 0)] 
m) For x — 0, we have 

(1.6) — u.r = — [co&loiUi (0, y) + sina; 1 U2 (0,y)] and 



(1.7) (E(«).»y) .r? = » 



D x ui (0, j/) - cot u 1 D x u 2 (0, y) + cos 2uiD y u 2 (0, y) - 
sin2wiD y ui (0, y) 

In the following, we are interested only to the case < w < § . The case | < w < 4f 
is treated similarly to the previous one. 

We have u G W s (O) , i.e., u must verify the following boundary conditions 

(«.»?, (S(«).»y).T) = (0,0) onr 3 

which becomes, after the affine change of variables, as follows: 
i) For y = 0, 

u.rj = w,2 (x, 0) = 
(£(«). 77) .r = \i [D X U2 (x, 0) + DyUi (x,0) — cotwiD^ui (x, 0)] = 

or 

M 8 \ f u 2 (x,0)=0 

[ UyUi (x, 0) — cotwi-D x «i (x, 0) = 

fi) For x = 0, 

u.T] — sinwiui (0, y) + cos CU1U2 (0, y) = 



(IJ)1 1 (S(u).r ? ).r = J D x u 2 (0,y)-D y « 1 (0,j/)+cota;iD cc u 1 (0,y) = 



RELATIVE FREDHOLM ALTERNATIVE 

Thanks to (1.8) , (1.9) the expressions (1.4) , (1.5) and (1.6), (1.7) become, respec- 
tively: 
(1.10) 

Ul(x ' 0) fory-0 

/iD y (u 2 (x, 0) — tan Wi^i (x, 0)) = /i [D y u 2 (x, 0) — D x u\ (x, 0)] 

(1.11) ( ^T" 2 ( °' y) = n i Ul < ' V) , for x = 

Therefore, we must specify the splice conditions between (1.10) and (1.10), when w 
belongs to W s (Q) such that 

!! = i;xi; = {(i,n)el 2 , x > and y > 0} 

In the following, we are going to search the conditions that we must impose so that 
the vectors ({^}^ =1 , {^j}^ =1 ) belong to X s (T) . 
We pose 

-01 (x) = ui (x, 0) 

"02 (2/) =wi(0,y) 

¥?! (a;) = D^ (a;, 0) - D x u\ (x, 0) 

^2(2/) = D xu 2 (0,y) 

The functions <£>• and ipj, j — 1, 2, must satisfy the condition D x . + D y . € iJp (51) 
using the affine change of variables. 
We start by: ipj, j = 1,2. 
i) ip 1 : The condition D x ip 1 + D y tp 1 <E Hq (O) becomes 

D x ip 1 (x) + D y ip l (x) - cotuj 1 D x ip 1 (x) G Hq (Q) 

Using the definition of Hq (O) , it results 

D k y [(1 - cotwi) D x iP 1 (x) + D v iP 1 (x)} , k = 0, ..., 5 - 1 

Or 

(1.12) {l-cotuj l )D x D k u 1 (x,0) + D k+1 u 1 (x,0) 1 k = 0,...,s-l 
ii)ip 2 '■ According to the condition D x tp 2 + D y ip 2 € ^0 (P 1 ) > we obtain 

(1.13) (1 - cot wi)DJ+V (0,y) + i)„I^«i(0,y) ) j = 0,...,*-l 

Now pass to the case of tp , j = 1, 2. As in the previous cases, it is easy to verify 
the following cases: 
i) p x : 



(1.14) 



^+ 2 u 2 (x, 0) + (1 - cot wi) D x D k y +1 u 2 (x, 0) - 
-(cotcj 1 ) fc L)2£)fe Ml (x,0) =0, fc = 0,...,s-l 



11) <p 2 : 

(1.15) (1 - cot wi) Dl +2 u 2 (0, y) + D v D x +1 u 2 (0, y) = 0, j = 0, ..., s - 1 

Posing 

9j (y) = £>>! (0, y) ; ^ (y) = D> 2 (0, y) 
/ fe (x) = D^ui (x, 0) ; h k (x) = D k u 2 (x, 0) 
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the expressions (1.12) — (1.15) become 



(1.16) 

(1.17) 



/fe+i (x) - (cotwi - 1) f k (x) = 
- (cot wi - 1) g j+ i (y) + g'j (y) = 



k,j = 0,...,s- 1 



| h k+2 (x) + (1 - cotu 1 )h' k+1 (x) - (cotw 1 )' £ £>*+ 2 Ul (a;,0) =0 
| (l-cotwi)^ +2 (tf)+4+i(l/)=0 

By recurrence, we can see that Eq. (1.16) is equivalent to the following relation 



fk(x) = a k f^ k) (x) > k = 0,...,s 

9j(y) = (hY9i j) (y) = o, j = o,..., 8 



(1.18) 

Where a = (1 — cotwi) 

So that f/'i) ^2 belong to H^ 2 (K+) , it is necessary that 

(1.19) 



r s +? 



fi 3) (0) = fff (0) , j + k < s 



J/rW-sfW 



</; 



< +oo, j + k = s + 1 



(/3 l7 (y9 2 belong to iJ 2 (M.+) provided that the following condition (cot u>i) D^. +2 ui (x, 0) 
is verified, which is possible, because in the case y = 0, u± (x, 0) is arbitrarily cho- 
sen. As a consequence, the condition (1.19) is always verified by replacing f by h 
and g by £. 

According to (1.18), from Eq. (1.19) it results 

o™/ < ro >(0)=^ m) (0),fbrm<« 

such that / (0) = 5o (0) - Ui(0, 0) = 0. 

This identity is verified when a m — 1, for all to, to = 0, ...,s — 1. Accordingly, 
thanks to (1.18) , we see that it is the case when 

1-k 



Wl 7^ 



fc + 2 



£,fceN, £^ (fc + 2), fc = i,...,. 



Consequently, we deduce 



^ ) (0)=#(0) = 0, j = 0, ..,*-! 



<// 



< +00 



/ vi s) w f <+oo, ;4 s) w 


s+- 

what proves that tp 1 , ip 2 belong to H 2 (R+) . By the same techniques we demon- 
stratc that ip 1 ,(p 2 € H 2 (R+) . D 

3.2. Dimension of M s (SI). We introduce the following subspace 

M s (Si) = {v e H- s (Si) 2 n C°° (H\5) ; Aw = 0; (v.rj, (S(v).rj) .t) / Tj = (0,0)} 
and the functions: 

N(u) =Card|fceN*; fc< -(s + 2)} 

A (w) is the biggest number strictly inferior to — (s + 2) . We have 
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Theorem 2. Suppose Q is a simply connected, the dimension of M s (fl) is exactly 

J 

3 = 1 

We immediately get the following Lemma. 

Lemma 5. Suppose Q is a simply connected, A : W s (O) — > H s (Q,) is an operator 
with index. More precisely, A is injective (because dim (Ker A) = < oo) , has a 
closed image of codimension lower or equal to N < +oo in H s (Q) . 

In the particular case, where Q doesn't have any angle to of the following form 

-—-; £,keN, £^(k + 2), k = l,...,s 

k + 2 

the codimension of the image of A in H s (J7) is exactly equal to N. 

Before proving the Theorem 2, we need some Lemmas. 

For more of convenience, we suppose that we are in the case where Si (0, 0) , 
and where the segment Ti is carried on the axis O x ( with oj\ > ), the plan is 
supposed to orient in the usual direction. 
We set z = x + iy = r cxp(i#). 

Lemma 6. Let k <G N* satisfy k < — (s + 2) , there exist Uk € M s (Vt) such that, 
if we set Wk — Uk — Vk,we have 

w k e H 1 (nf ,^eL 2 (f>) 2 , 

r 
where 

v k = 4(-l) fe sin2w \Rez~ ak ,Imz~ ak ] , with a k = — - 1 

Proof. As for k < ^ (s + 2) , we have 

r s Vk = 4 (-l) fe r s sin 2uj [Re z~ afe , Im z"" fe ] e L? (fi) 2 

u 
We know, thanks to P. Grisvard [7], if u <G Hq (O) then — ei 2 (Q,), where r des- 
ignates the distance of u e fi to the set S = {Si,S2, ... 7 Sj}. As r s Vk € £ 2 (f2) , 
then u fc e #~ s (ft) 2 . 

It is obvious that this function is harmonic and null on the segments Fi and Fj, 
moreover it is regular the neighborhood of T\\Si. 

Let ((p k ,ip k ) be the trace of (vk-i], (£(«&). ??) .r) on r 1: it is clear that (ip k ,'ip k ) € 
H? (r) x ff~2 (p) therefore by applying the variational method we see that exists 
Wk €E H l (f2) harmonic and satisfying 

wk = (<Pk,Tpk) °nr 

Posing Ufe = wj, + Ufc, thanks to condition w^, = on Ti and Tj, we have w^ € 
H^ (ft) 2 , and consequently ^ei 2 (fi) 2 . □ 



Remark 3. (Consequences of Lemma 7 ); Taking into account the fact that 

1 [Rez- ak ,lmz- ak ] <£ L 2 (ft) 2 
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and that functions defined by 

[Rez- a ',Imz- a '], fceN*, k < — (s + 2) 

are linearly independent in M s (f2) ; we deduce that the functions Uk, such that 
k G N* and k < ^ (s + 2) , are linearly independent in M s ($7) . As we can repeat 
same construction for each corner, we deduce that 

dim {M s (O)) > TV 

o o 

Lemma 7. For ip <G D (]0, ro[) and ip € D (]0, w[) , i/r < 1 and r < d(0, 5 1 ) , i/ien 

/ belongs to Hq (Q), where 

f(r,0)= r -^-<P(r)Tp(e) 
And if £ > — (s + 2) , i/ien t/iere is a constant Ci such that 

\\f\\, < Q ||^|| ff . (]0 , w [) i max max rV J) (r) 

VJ ' L; I J— 0<r<r o 

The proof of this Lemma is obtained by using, as in P.Grisvard [5], the direct 
calculations. 

Let's come back to the proof of the Theorem 2: 

Proof. Let w e M s (Cl) , we study w in the neighborhood of the corner S\. Thanks 
to the regularity of w, we can develop the first and the second component of w , 
per report to 9, in series of cosine and sine respectively, as follows: 



w = (u,v) 



y^Mfc (r) cos a k 9, ^Wfe (r) sin a k Q 
fe>i fe>i 



where a k = 1 

LO 



As w is harmonic, u and v are also. Of Aw = 0, by passing in polar coordinates 
it can be written: 

" , u k 2 U k n 

u k + — - at -~ = 

" , V k 2 V k n 

By noticing that these differential equations are the same ones, we thus take only 
one of them, (for example: the one that depends on u). 

It is easy to verify that the solution of this equation is given by 

u k (r) = a k r a " + 6 fc r~ afc , a k = 1 

LO 

And like w e H- s (fi) 2 (u e H- s (Q)), we have 



/) = E u k (r)f(r,e)J(r,e)drde 



where J(r,6) — rsm(a k 9) denotes the Jacobian. 

By substituting of u k , f and J(r, 9) by these values, it results 

( u >f) = E// («* r ^ _1 +b k r-^ +l ) I r ^ f T<P(r)i>(e)) rsin ffl (^ - 1 ) ) drd9 
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(«./> 



E I aA; / — o — ^ ( r ) dr + b k I |i __ | y (r) dr 
fe>i 



o 



lnr| 

A'TT 



o 



|lnr| 



V> (0) sin ( ( — - I 



(£9 



Therefore 



(«, /> < Ci \\u\\_ s HV'llff.no^n \ max max rV J) (r) 



|lnr| 



is not 



by varying the functions <p and ip, in the case when the function 

integrated in the neighborhood of zero, it can be seen that the last inequality is not 

possible that if b k = 0. 

In the particular case, when £ = — (s + 1) , it is noted that b k = for k > 
f(s + 2). 

We have thus to prove that 



«M) = ]T 



fe>l 



a k r 



kn 



1 I + b k r-^ +1 cos 



fc"7T 



and consequently, for < r < ro we have 

'/ot 



v(r,(?) = 2 



afcr ■» * cos I — - 1 



E ^ r 



-*f+l 



cos 



fe>l x ' l<fc<^(s+2) 

This will permit to have the following expression 

U + ^ b k u k = 



few 



-10 



l<fc<^i(s+2) 



E 



A:7r 



a*,?- «- "cosl 1 ) () ^ E fefc f Re f z " +1 \ - u k 

fe>l l<fc<^(s+2) 

Thanks to Lemma 7, the second sum in the right-hand member of this equality is 
an element of H 1 (17) , and consequently, the series defined an element of H 1 1 17 ) , 
where 

n = {z e C : < Re z < r } n 17 
By the same techniques, we verify that 

V + E b 'k Vk = 



l<fc<^(s+2) 



= E fl fc 



/ fcTl 



fc/T 



w 



6 fe I Im ( z 



Vk 



* *- E 

fe>l '' 7 l<fc<^(s+2) 

is an element of H 1 1 17 J . 

By repeating the same processes in the neighborhood of each corner of 17, we see 
that is a vectorial subspace M s (17) of dimension N in M s (17) such that 

M s (17) C M^ (17) + tf 1 (17) 2 
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where M s (ft) is a subspace generated by the elements of the Lemma 7 corresponding 
to each corner, i.e.: 

Re I ) , Im 



M s (O) = (uk) , where Uk — 

According to the uniqueness of the solution of the variational problem, it results 
M s (ft)nff 1 (flf = {0} , what implies that M s (ft) C m' s (O) . This inclusion joined 
to the inequality dimM, (fi) > dimM s (Q) involves dimM s (Q) = dimM s (fl) = 

N. D 



Conclusion 1. Thanks to the inequality a priori (1.1) which is checked for all 
u £ H s+2 (CI) n V, it can be seen that the operator of Laplace, A : H s+2 (Cl) n V 
— ► H s (Cl) is infective and has closed image of finished codimension. Consequently 
A is an operator with index which is worth —2N. 
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Abstract. New integral inequality regarding double 
integrals is presented. 



1. Introduction 

The following open question was proposed in [2] 
Under what conditons does the inequality 

i i 

(1.1) \f a+p (x)dx>\x p f a (x)dx 



hold for a and /3 ? 

In [1], the authors gave an answer by establishing the following 
Theorem . If the function f satisfies 

(1.2) \f(t)dt>—-, Vjce[0,l], 

o 2 

then 

i i 

\f a+p (x)dx > jV f a (x)dx 



for every real a > 1 and f3 > 0. 

The aim of this paper is that to give a new theorem concerning a similar result but for a 
double integrals and over the domain [a, b] x [a, b] . 



2. New inequality 
We state and prove the following 
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Theorem 2.1. Let f(x,y) , g(x) , h(y) be continuous functions defined on [a,b] x [a,b], 
[a,b] respectively, f is nonnegative, g(a) = h(a) = 0, g'(x),h'(y) >1V x,y e[a,b]. 
Let a>\, J3,y>0. If 

b b b b 

(2.1) [ \ f(t,u)dtdu > \ \ g(t) g'(t)h(u)h'(u)dtdu V x,y e [a,b], 



= Hg\b)-g\x)){h\b)-h 2 (y)\ 



then 

(2.2) 



b b 



b b 



\\f a+ ^(x,y)dxy > \\f a (x,y)g f} (x)W(y)dxdy, 



provided one of the following holds : 
(i) g (x), h(y) >1 \/x,ye[a,b]- 

ay a(3 

(ii) g p+? (b)h p+y '(b) > 



(a + p + 1) (a + y + 1) 



P 



a + fi + y 

P+r 





/ 


+ 1 


r 




V 



(Hi) max 



g p (b) h r (b) 



h 



a+fl+l , 



< 



a + fi + y 

P + r , 

a + fi + y + l 



+ 1 



(b) g a+r+1 (b) (a + + l)(a + y + l)(b-a) 



Proof . By changing the order of the integration, we have 

b b b b 

\\\\f(t,u)g l3l (x)g '(x) h r ^(y)h'(y) dt du dx dy 



a a y x 



fb b 



= \\ \\f(t,u)g p -\x)g\x)dtdx 

a y\a x > 

b b fb t 

= \\ \f(t,u)dt\g f, -\x)g\x)dx 



h r (y)h'(y)dudy 



h r (y)h'(y)dudy 



a y \a 
b b f b 



4 V U I V 

= -j"j \f(t,u)g f, (t)dt 



a y \a 
b 



h r (y)h'(y)dudy 



b b 



4 u u u 

= -\g p (t)dt \\f(t,uW-\y)h\y)dudy 

• a 



a y 
b 



4 u V u 

= -\g f, (t)dt\f(t,u)du\h"\y)h'(y)dy 

i a a a 

-. b b 

= — \g p (t)dt\f(t,u)h Y (u)du 
By J J 
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b b 



-t u u 

= [[ f{t,u)g p {t)h r {u)dtdu. 

By J J 



Also, 



b b b b 



\\\\f{t,u)g (,l {x)g\x)h y \y)h\y)dtdudxdy 



a a y x 



U V V V 

= j| II f(t,u)dtdu g p ~ l {x) g'(x)h r ^(y)h'(y)dxdy 

a a\y x J 

-. b b 

>-\\{g\b)-g\x)){h\b)-h 2 (y))g fS -\x)g'{x)h^(y)h\y)dxdy 

a a 
-. b b 

= -\{g\b)-g\x))g l} - l {x)g'{x)dx\{h 2 {b)-h\y))h'- l {y)h'{y)dy 



4{ fi + 1 

g> + \b)h r+ \b) 



( ur+2 



r+2/7 s.A 



h r+£ (b) h r+l (b) 

y y + 2 



Therefore 



Now 



fiy{fi + 2){y + 2) 

b b 

\[f(t,u)g^t)h''(u)dtdu > g ' W"' 
JJ (0 + 2)(y + 



g» + \bW+\b) 

(fi + 2)(y + 2) 



l f a (x,y)+—g a (x)h a (y) > f(x,y)g a -\x)h a -\y). 



a 



a 



Multiplying the above inequality by a g p (x)h r (y) , we obtain 

f a (x,y)g^(x)h r (y) > af{x,y)g a+p -\x)h a+ "-\y)-{a-\)g a+ \x)h a+ "{y) 

>af(x,y)g a+ ' ) - 1 (x)h a+r - 1 (y)-(a-l)g a+/3 (x)g'(x)h a+} '(y)h'(y) 
Double integration get 

b b b b 

\\f a {x,y)g fS {xW{y)dxdy > a\\ f(x,y) g a+fS -\x)h a+ ^{y)dxdy 



b b 

-{a-\)\\g a+f, {x)g'{x)h a+y {y)h\y)dxdy 



g a+fS+ \b)h a+y+ \b) , 1N g a+p+ \b)h a+r+ \b) 
> a : (a-l)- 



(a + fi + 1) (a + y + 1) 
g a+p+ \b)h a+r+ \b) 
{a + fi + 1) (a + y + 1) 



(a + fi + 1) {a + y + 1) 
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We now deal with the three cases separately 



Case 1. We claim that P 



a + P + y 
p + l 



< a + /3 and y 



J 



a + fl + y 



<a + y. In fact 



a 



P<p + y^\ + <1 + 



a a + B + y ^a + B 

-<- — => /? 



P + y fi p + y p 



a + P + y 
P + Y 



a + p. 



Therefore, we have 



a 



f a (x,y)g p (xW(y) < " f a+ ^(x,y) + H \ r [g p (x)W (y)) P+r 



p + y 



.a+P+y 



a + P + y 



a + P + y 



(2.3) 



< » f *+fi+r Uy) + _1±1_ 



< 



a + P + y 

a 
a + P + y 



a + P + y 



a+p+y | (a+fl+y i 

1 ^Kx)g\x)h^^Ky)h\y) 



• g+/?+ ^— ^ ^y g a+f} {x)gXx)h^{y)h\y). 
a + P + y 



f a+ ^(x,y) + 



Double integrating both sides the above inequality from a to b gives 

b b b b 

- a f \f a+p+r {x,y)dxdy > \\f a {x,y)g f, {xW{y)dxdy 

a + 6+ r JJ J J 



> 



P + rii 

- a \\f a {x,y)g\xW{y)dxdy 

a + B + yii 



~ P+ / \\g a+P {x)g\x)h a ^{y)h'{y)dxdy 
a + B+y J J 



b b 



+ J \\{f a ^y)g p {xW{y)dxdy-g a+p {x)g\x)h a ^{y)h\y)dxdy) 
a + B + y J J 



> 



b b 

- a Uf a (x,y)g /3 (x)h r (y)dxdy 

a + B + y J J 



+ 



P + y JJ 

a + p ( g a+fS+l (b)h a+r+1 (b) g a+p+ \b)h a+r+ \b) ^ 



a + P + y\(a + P + l)(a + y + 1) (a + P + 1) (a + y + 1) 



b b 

— \\f a {x,y)g l3 (x)h r (y)dxdy. 

+ B+y J J 



a + p + y J a i 



Case 2. Since g(x)>0, g is increasing. Hence g(x) > g(a) = 0. It is not difficult to show 
that (ii) implies 
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p+ y 



p\ a+ P +r +1 r\'^ L U 



(b)h 



p+ y 



(b) 



P 



a+P+y] (a+P+y 



P + r 





/ 


+ 1 


r 




V 



P+y 



+ 1 



< 



g a+/1+l (b)h a+r+l (b) 

(a + /3 + 1) (a + y + 1) 



Therefore, from (2.3) we have 



- \\f a+p+y (x,y)dxdy> \\f a (x,y)gP(x)hHy)dxdy 

+ y J J a + B + y : J 



a + P + y J J 



p + y 

H x 

a + P + y 



b b 



b J a+ P +A 



a+P+y 



\\f a (x,y)g fi (x)W{y)dxdy-\\g y p+y \x)g\x)h y p+r \y)h\y)dxdy 

a a a a 

> - \\f a (x,y) g e(xW(y)dxy + P + / x 

a + + y J J a + B + 



B + y JJ ' 

i * a a 

c 



g a+l3+ \b)h a+r+ \b) 



P+y 

fi+r } (b)h { p+y ! (b) 



p\^L\+i Y [ a+p+r \+\ 



> 



a 



v 

b b 



P 



a + P + y 



+ 1 



a+p+yi 



(a + p + 1) (a + y + 1) 

u - 

P + y 

\\f a {x,y)g f! {xW(y)dxdy + P + Y x 
JJ a + B + 



y 



r a + p + y^ 

P+y 



+ 1 



■P + y 



( g a+ ^(b)h a+r+1 (b) g a+l3+ \b)h a+r+ \b) ^ 



(a + P + l)(a + y + l) (a + P + l)(a + y + 1) 



b b 

= - a \\f a (x,y)g p (x)h r (y)dxdy. 

a + P+y J J 



P + y JJ 

Case 3. We have, by (iii), 

f a (x,y)g /} (x)hHy)< 



" - a+P+y / \ . P a+p+y 



a + P + y 



f a+p+y (x,y) + 



a + P + y 



(x) 



+ Y - h a+ ^{y) 

a + P + y 

< f a+ ^(x,y)+ 1- 



a + P + y 



a + P + y 



a+B+y / \ t / \ 

g pr (x)g(x) 



a + P + y 



h a+ ^{y)h'{y), 



which implies 



SULAIMAN : INTEGRAL INEQUALITIES FOR DOUBLE INTEGRALS 



113 



- \\f a+fS+r (x,y)dxdy> \\f a (x,y)g l3 (xW(y)dxdy 

6 + y JJ a+ 6 + y J J 



a + j3 + ri 



ft 

+ ~ ff (f a (x,y)g' 3 {x)h r {y)dxdy-g a+p+r {x)g\x)dxdy) 

a + B + y JJ 



+ 



b b 

r - \\{f a (x,y)g' 3 {xW(y)dxdy-h a ^ +r {y)h\y)dxdy) 

a + B + y* J 

i f a a 

h b 

> \\r(x,y)g\xW{y)dxdy 

R 4- v J J 



+ 



P 



+ 



a + P + y 

r 



a + B + y i i 

i i a a 

( g a+ e +1 (b)h a+r+1 (b) 

(a + p + 1) (a + y + 1) a + p + y + l 



a+/3+y+l 



(b)(b-a) 



( g a+l3+l (b)h a+fS+ \b) h 



a + P + y 



a+/}+y+\ 



(b)(b-a) 



(a + P + l)(a + y + l) a + P + y + 1 



b b 



+ - 



P 



+ 



a + P + y 

r 



> f \r(x,y)g p (xW(y)dxdy 

a + P+y J J 

i * a a 

g a+l}+l {b)h a+r+ \b) g a+p+ \b)h a+r+ \b) ' 



(a + P + Y)(a + y + Y) (a + P + \)(a + y + \)j 
( g a+ P+\b)h a+r+l {b) g a+fS+ \b)h a+7+ \b) ^ 



a + P + y 



(a + P + l)(a + y + Y) (a + P + 1) (a + y + 1) 

b b 

= - a \\f a (x,y)g fS (xW(y)dxdy. 

a + P + y J J 



3. Applications 



Corollary 3.1. Suppose that the statement of Theorem 2.1 is satisfied. If 



(3.1) 

then 

(3.2) 

provided 



b b b b 

\\ f(t,u)dtdu > \\tudtdu \/ x,y e[0,b], 



b b 



b b 







\\f a+/ * r (x,y)dxdy > \\f a (x,y)x f> y"dxdy , 



(P + y) 2 (a + P + l)(a + y + l) 
{(P + y)(P + l) + ap){(P + y)(y + l) + ayY 



b a > 



Proof. Follows from Theorem 2.1, using (ii) and putting a = 0, g(z) = h(z) = z. 
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Corollary 3.2. Supose that the statement of Theorem 2.1 is satisfied . If 

b b b b 

(3.3) [[ f(t,u)dtdu > \ \(t -a)(u -a)dtdu \/ x,y e[a,b], 

y x y x 

then 

b b b b 

(3.4) \\f a+ ^(x,y)dxdy > \\ f a (x,y)(x-af (y -afdxdy , 

a a a a 

provided 

> (a + p + \)(a + y + \) 

(a + /3 + y + 1) 
Proof. Follows from Theorem 2.1, by putting g(z)=h(z)=z-a . 
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Abstract. Two new general theorems concerning necessary and sufficient 
conditions for the series / a X B to be summable m-\R,q I whenever V a 

^^^ fi ft I ft T 7 ± n | ^ ^^^ ft 

is summable $-\R,p n \ k , s>k>\, are presented . 

1. Introduction 

Let [<p n ) be a sequence of positive real numbers, let ^a„ be an infinite series with 
the sequence of partial sums [s n ) . Let (t n ) denote the n-th (C, 1 ) means of the seque- 
nce (na n ). The series ^a„ is said to be summable |C,l| , k > 1, if (see[l]) 

(1-1) t~\ 



-\t,,\ <°°. 



and it is said to be summable cp - \C,l\ , k > 1 , if (see [5]) 



,*-i 



Pr, L I* 



< 00 . 



(i.2) E^Vk 

If we are taking <p n = n, <p -|C,l| reduces to |C,l| A summability . 
Let (p n ) be a sequence of positive numbers such that 

P « = TLqP* -+ °° <*s n^co (p_ 1 = P_ { = 0) . 
The sequence-to-sequence transformation 

1 " 
(1-3) "„ = — Z^v^v 

r n ,.=o 

defines the sequence (u n ) of the Riesz mean or simply the (N, p n ) mean of the 
sequence \s n ) generated by the sequence of coefficients (p n ) (see[2]). The series 

Za is said to be summable \R,p\,,k>l if 

(i.4) x n "k- M «-ir <c °- 

In the special case when p n = 1 for all n, then ■/?,/*„ . summability is the same as 
|C,l| summability . The series /^a„ is summable <p — \R,p n \, k>l, if 
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CO 

Z^«"'k" M «-il <co - 

For (p n =n, <p-\R,p\ summability is the same as |-K,p„|. summability . 

In what follows we are assuming (q n ) is a sequence of positive numbers such that 

n 

2n=S^v^' 00 ' as n^ co, 02_! = 9-i=0) ■ 

v=0 

Concrning |C,l| summability, Mazhar [3] has proved the following 

Theorem 1.1. // 

(1.5) A m =o(V), ai m->oo, 

m 

(1.6) ^nlogn A 2 /M = 0(1), as m— >co, 
n=i 



(1.7) V^^ = 0(logm) as m — >■ oo , 

v=l v 

then the series /,a n X n is summable |C,l| , k>\. 



Ozarslan [4], on the other hand , generalized the previous result by giving the 
following 

Theorem 1.2. Let [<p n ) be a sequence of positive real numbers and the conditions 
(1.5)-(1.6) of Theorem (1.1) are satisfied . If 

(1.8) X iH*v I* ~ O(logm) as m->», 

v=l v 



r <pT " 

k 

V v J 



CO „t"l 

n =v n 
then the series 2L a n^n is summable (p — \C,\ , &>1. 

It should be mentioned that on taking (p n -n in Theorem (1.2), we get Theorem 
1.1. 



2. Lemmas 
The following Lemmas are needed for our aim 

Lemma 2.1. Let (j3 n ) be nonnegative, nondecreasing sequence of real numbers 
satisfying 

m 

(2.1) 2>/?«| A2 ^| <a) . 

n=\ 

Then conditions (1.5) and (3.1) implies 
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(2.2) 

(2.3) 

(2.4) 

(3.5) 



£/?„|A^| =0(1), 

x 

X |^||A/?„| = 0(1), 

n=\ 

n j3 n | AA, n | =0(1), as n^> cc, 
p\X 1 = 0(1), as n^ co. 



X X 



Proof. By virtue of (1.5), 

CO x 

£aM| =E^Ea|aa v 

/t=1 n=l v=n 

x CO 

«=1 v=n 

X v 

v=l n=\ 

= 0(i)f>/? v |A 2 i v | 

v=l 

= 0(1). 

m m x 

X V 

= ZKIZK| 

v=l n=l 

x 

= XlH|Ov + .-A) 



0(1)£|M V |/? V 



0(1). 



"AJA^J =*P, 



£a|a^ v | 

x 

<«/?„X|a|AA v || 

<n^„X|AX| 

V=« 

X 

= 0(1) j)v/? v |AU v 

n=v 

= 0(1). 
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Pn\K\ = A,Z4M 
v=n 

^„ZK| 

= 0(l)f> v |A^,| 
- O (1) , by the first part . 
Lemma 2.2. Let Q n — > co , as n — >• <x>, <p n « nonnegative such that and 



nondecreasing, let s>\. Then 

f V -1 

(PA, 

Proof. As £?„ — > co, then 



1 cc 

Liv-l n=v 



C ln 



2 2 , 



l 



' 1 ^ 



n=v \ \£n-\ J 






Since by the mean value theorem, 

Ql ~ QL = (Ql ) , for some n-\<v< 

= o(i)er'|AQ v | 

then we have 



T = 0(1)Z 



9„ 



n=v SJ n \J n -\ 



and hence 



( \ 
<PS, 



&.i 



o(i)S 






In 



o(D IX 



4„ 



2 2 s , 

V 



/7=V \_ 



2 2 






IS 



■ly 



3. Main Results 

Theorem 3.1. Lef (#> n ), ((/> n ), (/? n ) £>e sequences of positive real numbers such 
that (j8 n ) is nondecreasing satisfying (1.5 ) and (2.1 ) . Then sufficient conditions for 
the series ^a n A n j3 n to be summaqble </>-\R,q n \, whenever ^a n is sumable 
<b - \R, p„ I , , s > k > 1 , are 

' I * n \k 
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(3.1) 

(3.2) 
(3.3) 

(3.4) 
(3.5) 



m m s ~ x n s ( rn s ~ x n s ~ l \ 

V 1 <Pn Hn _ q <Pv Hv 

(< Pn \x n \J- k =o(X), 

<P n =0{(/> n ), 

^ = 0(1), P n =0{np n ), 

PnQn 



Proof. Let {t n ),(T n ) denote the \N,p n ) , \N,q n ) mean of the series 
^a n ,'^ j a n /i n j3 n respectively. By definition, we have 



c l„ 



ZQ ,a 1 B , X : = t -t , 
*--v-l v v"v ' n n n-\ 

^l,Mn-\ v=l 



(3.6) Y :=T -T 

Then via Abel's transformation, we have 
Y. 



P„ 



P P 

1 n l n-1 v=l 



5Xi< 



^ v„„ a-i 



00 I^f^A 

\£ n \£ n -\ v=l ^v-1 



«„ 



e„a., 



tintin-l v= 



' n-1 / v 

Z(e v -i*AA 



fcJv-1 



A 



vt. 



y V v=i 



Qn X -1 f/-> v 1 O , v-ltfv v 2 /? i v-l*Jv 



■^vU 



p„- 

XMJ V 



j P n -\ 



p v p v 



= Y nl +Y n2 +Y n3 +Y n4 +Y n5 . 



To prove the theorem, by Minkowski's inequality, it is sufficient to show that 

CO 

IXXr<^ r = 1,2,3,4,5. 

n=l 

Applying Holder's inequality, and using lemma 2.1, 



I>r%r = I>r 



2 2 



-to ,x /i A 



-1 v=l 



s n-1 /-)' 

WJv-1 I 



Z-j-1 gg V ^l |y I s M \ s as V gv 
?» ^— Z.-^rl z v| |A| A 2-^- 

11=1 M n M n -\ v=l y v V v=1 ^»-iy 

v-i i v n-v x£. n 2£-n-\ 

m 

= o<X)Y d ti- l \x v \'\x v \'fi 
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= o(i)£<- 1 |z v | s 

v=l 

=oa)±cpr\x v \ k (tp v \x v \) 

v=l 

m 

=o(dx^" i i^i 

v=l 

= 0(1). 



z*c%r=$>r 



?„ 



e„e„-i v=i p 



Z^*AA 



yy-'_2»_yij^i|x rur/? s Y- ?v 



v=l "v n=i' *£h>^h-1 

v=l Pv^v 

= oa)£^r 1 |^r 

v=l 

= O (1) , as in the previous case . 



v=l £j«- 



1 / 



£#%!' = i>r 



n=2 



4„ 



Z^^MA 



2„2„_i v=i p v 

s n-1 p-5 /-vt /^ n-1 



,_! c ^Cie; 



<y^; _ _ 

n=2 Q n Q n -\ v=l P v 



Vv=l 



Cie; 



Kfn 



= oa) y iv-L^v_ix \'\aa \p y ^-^ 

v=l P„ 11=1+1^^-1 

m P s (1 m m s ~ l n s 

= o(i) yi^v-ixi'iAA,!/?, T ^-^- 

v 7 — s I v I I v I r- v ^j n s n 

m P s n s ~ X 

= 0(l)Z<" 1J ^ L rKrKlA 

6 kg; -1 ' ' ' ' 

= 0(1)Z^ J_1 — wkia 

v=l P v 

= 0(i)J>v _1 W H A A-|A- 

v=l 

m-\ ( v A f m 

= o(i)EZfKf a(v|a^|/? v ) + o(1) z# _1 W 

v=l V r=l / V v=l 

m\M m \P m 

m—\ m—\ 

= 0(1) X K|A- + o(i) Z(v+i)|a 2 aJ/? v 
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+ 0(l)£(v + l)|A,l v+1 ||A/? v | + 0(l) 

v=l 
m—\ m—\ 

0(1) + 0(1) 2>|aU v |/? v + 0(1) £ (v + 1)^1 v" 1 /?. 



v=\ 
m-\ 



o(i) + o(i)XK +1 |A- + i 

0(1). 



Z<P S n - l K\ S =t.<Pn 



Q n Q n -\ v=i p v 



= o(i) $>r 

in 

= o(i)2>: 

«=2 



? B 



l 



Pv-lfiv 



e„2„_i v=i p v 



^vk + i|AAl 



? B 



"- 1 p ,0 



Z : 

2„2„-i v=i Pv 



KkllAAl 



j 



= °(d z^r 1 t^e^w'wm zkiia/? v 

«=2 U n U n -i v=l Z 5 ,, Vv=l 

m p'/'V m m s ~ l n s 

= o(i) £i^|z v | s |^| |a/? v | £ ^-^- 

v=l Pv n=v+l \l n \ln-\ 

m P s n s ~ 1 

= 0(v>Y( P ;- 1 vHv A xM\ \Aj8\ 

v=l P v Qv 



= 0(l)f j tp:,- 1 \X v \ s v\A v \v- l /3 v 

v=l 

= o(i)£^- 1 |x v f 

v=l 

= 0(1) . 



Finally, 

m m 



^ 



p 2 



XJJ n 



= o(i)£^- 



P n<ln 

\Prte-n J 

m 

=o(i)£^- i i^r 



|xJ'kr# 



oa)2>r|x„i 



0(1) . 
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Theorem 2.2. Let 



(3.7) 



Z € l 



Pn 



P P 

V n n-i y 



= 



v % y 



f/zen necessary conditions for the series ^ a n l n P n to be summable cp - \R, q n \ , 
whenever ^ a n is summable <f> - \R, p n \ , 1 < k < s, are 



f .,,. ,\,_ f \k/s / \A 



(3.8) 
(3.9) 
(3.10) 

(3.11) 



ft 



(k-l)ls 



KA = o 
KA = o 
^KA = o 

K + AP, = o 



Pv 



v°vj l?vy 



G„ 



^ (t-l)/.! f „ \ k ' S ( ^ \ 2 ~ US ^ 



ft 



<p: 



Pr 



\°v ) \Qv J 



G, 



(i-l)/s 



A' 



^v 



P^ 



t/.s/ \l-l/sA 

f— 1 



* 



(jfc-l)/j 



/ \ 



<P V 



kiss -\\-\ls\ 



\ p vj Uy 



Z*rW<». 



Proof. We are given that 

(3.12) 

whenever 

CO 

(3.i3) 5X" , W <o °- 

71=1 

The space of sequences (a re ) satisfying (3.13) is a Banach space if normed by 



(3.14) 



\X\ 



W+Z^W 



We as well consider the space of the sequences satisfying (3.12) . This space is a BK- 
space with respect to the norm 

(3-15) M = \\ Y o\ S +t<P S n~ l K\ S 

Observe that Y n as defined transform the space of sequences satisfying (3.13) into the 

space of sequences satisfying (3.9). By applying the Banach-Steinhaus theorem there 

exists a constant K>0 such that 

(3.16) |y| < k\x\ . 

Applying (3.6) to a v -e v -e v+l , where e v is the vth coordinate vector, we have 



SULAIMAN : ON ABSOLUTE SUMMABILITY 



123 



X, 



, if n<v, 

if n-v, 

P V Pn 



p 



p p 

r n r n-l 



, if n>v 



0, 



KA , 



if n<v, 
if n = v,. 



-^-A{Q v _ l AJ v ),ifn> 



By (3.14) and (3.15) it follows that 



(3.17) 



(3.18) 



\\X\ 



f \ 



ti 



K^J 



z tf _I 



f \ k ^ 

PvPn 

P P 

\ r n r n-\ J 



<p: 



V 



V 



%-WA +Z<" 1 7^A(e v _AA) 



Applying (3.16) for (3.17) and (3.18) , it follows that 

f _ Y ( - V 



<Pt 



v 






KA 



j 



n=v+l VGntin-1 



y 



a 



</T 



A' 






,k\ 



i<e 



PvPn 

P P 

V n n-1 y 



The above inequality is true if and only if each term of the left-hand side is O (the 
right-hand side) . Therefore, we have 



<p; 






4A 





/ 


r \ 


k 


= 0(1) 


V 


Pv 

[pj 




= 0(1) 

V 


fa 


Pv 
A) 


J 


( f V 


\ 


= 0(1) 


* w 


yPj 


J 



K k\ 



z r 



0(1) p v * 



PvPn 

P P 

\ r n r n-l J 



f J.k-1 \ 



€ 



V *v J 



which implies 
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KA = o 



f ■(*-!)/* ( „ V" f ^ \^ 



€ 



<Pv 



Pv 



v °v j y <iv j 



G, 



and also 



°° i n 

n=v+l \)J„)Jn-l 



or 



(ag^aa)) 1 !^ 

Making use of lemma 2.2, we obtain 



In 



Q G 



0(1) 



0(1) 



ti 



i / 



f \ 



r \ 



k\ 



k\ 



<p; 



y p ,j 



(A(a_A/0) ! 






e;_, 



= 0(1) 



?, 



*-i 



Pv 



k\ 



v^y 



or 



That is 



A(a-AA) = o(D 



* 



(k-l)/s 



V 



k I s 



<p: 



V p vy 






Qv-i • 



{-qJA,+QM v fi v +QA + Afi v )= 0(1) 



4 



(i-l)/.j 



V 



(P v 



( r\ \ 



\ p v) l«.; 



G, 



Gv-i- 



Since /l v , A/l v are linearly independent and the same is true for /? v , A/? v , the 
three terms in the L.H.S. of the above equality are linearly independent. Therefore 



each of these terms is O 



(k-\)ls 



<p l : 



f \ 



f n ^ 



\ P *) l?,y 



G 



fi,- 



\ 



. This implies 



« - o 

A^ v /? v = O 

K+APv = o 



^, ( 



(k-l)ls 



( \ 
Pv 



<Pv 



rt 



(i-l)/s 






'g, a 



2-1 Is \ 

J 



<Pv 



kiss \\-Us\ 



\ p v) U-y 



A 1 



(k-l)ls 



f \ 
P v 



<p; 



K P yJ 



kls / \ 1-1/ j A 
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Abstract: In this paper, we obtain boundedness criteria for third order nonlinear delay 
differential equation: 

x"(t) + f(x(t), x\t), x\t))x\t) + g (x(t - r), x\t - r)) + h(x(t - r)) 

= p(t, x(t), x{t - r), x\t), x\t - r), x"(f)) , 

where r > is a constant delay. We introduce a Lyapunov functional as a basic tool and 
use it throughout the paper. Our result includes a new boundedness theorem in addition to 
the ones previously obtained for delay differential equations. 



1. Introduction 

It is well-known that delay differential equations or more generally functional 
differential equations are used as models to describe many physical and biological systems. In 
fact, many actual systems have the property aftereffect, i.e. the future states depend not only 
on the present, but also on the past history. Aftereffect is believed to occur in mechanics, 
control theory, physics, chemistry, biology, medicine, economics, atomic energy, information 
theory, etc. Therefore, it is very important to study the qualitative behaviors of solutions of 
delay differential equations or more generally functional differential equations. 

In 1965, Ponzo [11] introduced a technique, involving integration by parts, to 
construct a Lyapunov function for nonlinear third order differential equation without delay: 

x\t) + f(x(t),x\t))x'\t) + g(x(t),x\t))x\t) + h(x(t)) = . 

He constructed a Lyapunov function and gave some sufficient conditions to guarantee the 
asymptotic stability of trivial solution of this equation. Later, based on the result of Ponzo 
[11], Tunc [12] improved the result established by Ponzo [11] to nonlinear third order delay 
differential equation 

x\t) + f(x(t), x\t))x\t) + g (x(t - r), x\t - r)) + h(x(t - r)) = 

and proved the asymptotic stability of trivial solution of this equation. 

Now, taking into consideration the result of Tunc [12], we deal with nonlinear third 
order delay differential equation of the form: 



Keywords: Boundedness, Lyapunov functional, nonlinear delay differential equation 

of third order. 
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x"(t) + f(x(t), x\t), x\t))x\t) + g (x(t - r), x'(t - r)) + h(x(t - r)) 

= p{t , x(t), x(t - r), x\t), x\t - r), x"{t)) (1) 



or its equivalent system: 

x\t)= y(t), 

y'(t)=z(t), 

z\t) = - f(x(t), y(t), z(t))z(t) - g(x(t), y(0) - h (x(t)) + j" — g(x(s), y(s))y(s)ds 

l-r 
t -\ t j 

+ f r— g(x(s),y(s))z(s)ds+ f —h(x(s))y(s)ds 

,-r w t-r dx 

+ p{t, x(t), x(t - r), y(t), y(t - r), z(t)) , (2) 

where r is a positive constant, that is, r is a constant delay; the functions / , g , h and p 
depend on only the arguments displayed explicitly and the primes in the equation (1) denote 
differentiation with respect to te 9l + , 9t + = [0,°°). It is assumed that the functions f , g , 
h and p are continuous for all values of their respective arguments on 9t 3 , 9t 2 , 91 and 
9\ + x9t 5 , respectively. These acceptations guarantee the existence of the solution of equation 

(1) (See [2, pp.14]). Besides, it is supposed that the derivatives — h(x) , — g(x,y), 

dx dx 

— g(x, y) and — f(x,y,z) exist and are continuous. Moreover, it is also assumed that the 
dy dz 

functions f(x,y,z), g{x{t -r),y{t -r)) , h(x(t-r)) and p(t,x,x(t-r), y,y(t-r),z) satisfy a 

Lipschitz condition in x , y , z , x(t — r), y(t-r) and z ■ Then the solution is unique 

(See [2, pp.14]). All solutions considered are supposed to be real valued; throughout the paper 

x(t), y(t) and z(t) are abbreviated as x , y and z , respectively 



2. Preliminaries 

In order to reach the main result of this paper, we give some important basic 
information for the general non-autonomous delay differential system (See Burton [1], 
El'sgol'ts [2], El'sgol'ts and Norkin [3], Gopalsamy [4], Hale [5], Hale and Verduyn Lunel 
[6], Kolmanovskii and Myshkis [7], Kolmanovskii and Nosov [8], Krasovskii [9] and 
Yoshizawa [13]). Now, we consider the general non-autonomous delay differential system: 

x = f(t,x t ), x t =x(t + 0), -r<0<O, t>0, (3) 

where f :[0,°°)xC H — >9t" is a continuous mapping, /(£,0) = 0, and we suppose that / 
takes closed bounded sets into bounded sets of 91" . Here (C, 1. 1) is the Banach space of 
continuous function <f> : [— r, O] — > 9t" with supremum norm, r > , C H is the open H -ball 
in C; C H :=fee (c[-r,0], 91"): U\\ < h). 
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Definition 1. (See [13].) A function x(t o ,0)is said to be a solution of (3) with the 
initial condition <j> e C H at t = 1 , 1 > , if there is a constant A > such that x(t , 0) is a 
function from [? - r, ? + A] into 9t" with the properties: 

(i) x, (t o ,0) eC H for t Q <t<t Q + A, 

(ii) x to {t ,</>) = <f>, 

(iii) x(f , 0) satisfies (3) for t < t < t Q + A . 

Standard existence theory, see Burton [1], shows that if 0e. C H and t > , then there 
is at least one continuous solution x(t,t o ,0) such that on [t ,t +a) satisfying equation (3) 
for t > t , x t (t,(f>) = (f) and a is a positive constant. If there is a closed subset B czC H such 
that the solution remains in B , then a = °° . Further, the symbol 1. 1 will denote a convenient 
norm in 9?" with |x|= max l5 . (£n |x,| . Now, let us assume that C(t) = {<p : [t-a, t] — >9t" I <p is 
continuous} and <j> t denotes the </> in the particular C(t), and that \\0 t \\ =max,_ Qr < s < ( |^(0| • 
Clearly, equation (1) is also particular case of (3). 

Definition 2. (See [1].) A continuous function W : [0, °o) -> [0, °°) with W(0) = 0, 
W(s) > if s > , and W strictly increasing is a wedge. (We denote wedges by W or W, , 
where i an integer.) 

Definition 3. (See [1].) Let D be an open set in 91" with O&D. A function 
V : [0, oo)xD — > [0, °o) is called positive definite if V(t,0) = and if there is a wedge W r with 

V(t, x) > W l (\x\) , and is called decrescent if there is a wedge W 2 with V (t , x) < W 2 (\x\) . 

Definition 4. (See [1].) Let V(t,0) be a continuous functional defined for t>0, 
0e C H . The derivative of V along solutions of (3) will be denoted by V and is defined by 
the following relation 

^) = limsup y(< + ^+» ( '^ >) - V(< ' :C - (, ^ >) , 

ft->o h 

where x(t o ,0) is the solution of (3) with x t (t {) ,<p) = <p. 

3. Main result 

Our main result is the following theorem. 

Theorem. In addition to the basic assumptions imposed on the functions / , g , h and 
p appearing in equation (1), we assume that there are positive constants a, b , c , c, , X, jil , 
L and M such that the following conditions hold for all x , y and z : 

(i) f(x,y,z)>a + 2X, (y * 0) , and y^-f(x,y,z)>0. 

az 



(ii) g(x,0) = 0, ^^->b + 2{i, (v*0), 

y 



^g(x,y) 

ox 



< L and 



■^-g(x,y) 

dy 



<M . 
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(iii) h(0) = , < q < —h(x) < c . 

dx 

(iv) ab-c >-V' — f(x,T],0)7]dT] + -\ > — g(x,7])d7]>0, O*0). 

y J0 ox y J0 ox 

(v) \p(t,x,x(t-r),y,y(t-r),z)\<q(t) for all t, x, x(t-r), y, y(t-r) and z , where 

maxg(7)<°o and geL'(0,°°), 11(0,°°) is space of integrable Lebesgue functions. Then, 
there exists a finite positive constant K such that the solution x(t)of equation (1) defined by 
the initial functions 



satisfies the inequalities 



X (t) = m , At) = f (o , x'Xt) = f(t) 



\x(t)\ < K , \x(t)\ < K , \x"(t)\ < K 



for all t >t Q , where e C 2 (\t Q - r, t ], 9t) , provided that 



r < min 



J. 



4a// 



4/1 



[aL + aM + ac + (L + c)(l + a) L + M +c + M(l + a) 



Proof. We introduce the Lyapunov functional V = V(x t ,y,,z t ) defined by 
V(x t ,y t ,z,) = -z 2 + ayz + a\ y f(x, Tj,0)Tjdrj + f y g(x, rj)drj + h(x)y 

/ JO JO 



; 



t 



•aj'hi&dg+pj \y 2 {0)d6ds + y\ \z 2 (0)d6ds, 



(4) 



where p and y are some positive constants which will be determined later in the proof. 

p(x y) 
Now, the assumptions f(x, y, z) ^ a + 2/1, — >b + 2jU, (y * 0) , and 



y 



< Cj < — h(x) < c imply 
dx 



\ y f(x,TJ,0)TjdTJ> 

JO 



a + 2A 



[jnw-r 1 ^^ 



> 



7 



fc + 2// 



y 2 , 



JO Wy JO 



respectively. 
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Making use of the inequalities obtained above, the Lyapunov functional V = V(x t ,y,,z,) 
implies that 



1 

v(^ l ^ynZ l )>-z 2 +ayz+Yy 2+ 



r b + 2ju^ 



V * J 



y 2 + h(x)y +a\ h(£)d% 
Jo 



/ 



t 



■aXy 2 + p\ \y 2 (0)dMs + yj \z 2 (0)dOls 

-r t+s —r t+s 

1 ' ab-c^ 



>-{z + ayf + 



2a 



o t 






2c" 1 f h(£)d4 - a 



o t 



+ {aX + n)y 2 +p\ \y 2 (0)d6ds + r\ \z 2 (0)d6ds>Q> . (5) 



Therefore, it can be seen from (5) that there exist some positive constants D i , (i = 1, 2, 3) 
such that 

/ Of 

V >D lX 2 + D 2 y 2 + D 3 z 2 + p\ $y 2 (0)d6ds + r\ \z 2 (9)d6ds 



>D lX 2 + D 2 y 2 + D 3 z 2 >D 4 (x 2 + y 2 +z 2 ), 



(6) 



o t 



( 



where D 4 = min{D l , D 2 , D 3 }, since the integrals [ [ y 2 {6)d0ds and [ [ z 2 (0)dGds are 

— r t+s —r t+s 

non-negative. 

Now, time derivative of functional V(x t ,y,,z,) along system (2) gives that 



dt 



V(x t ,y t ,z t ) = - 



g(x,y) d a ry d 



1 ry 3 



--h(x) \" — f(x,TJ,0)TjdTJ \ y — g(x,Tj)dTJ 

rlY v •"' Hy v J " Hy 



y dx y Jo dx 



y Jo dx ' 



- {f(x, y, z) - a)z 2 + z | — g(x(s), y(s))y(s)ds 

t-r 

- a{f(x, y, z) - f(x, y,0))yz 



r d r d 

+ z —g(x(s),y(s))z(s)ds + ay — g(x(s),y(s))y(s)ds 
• ay • ox 

t-r ** t-r 

r a r d 

+ ay ^- g(x(s),y(s))z(s)ds + z —h(x(s))y(s)ds 

•> (jy J rlv 

t-r - 7 



dx 



r d 



+ ay\ — h(x(s))y(s)ds + py 2 r- ply 2 (s)ds + yz 2 r - y\ z 2 (s)ds 



dx 



+ (ay + z) p{t, x(t), x(t - r), y(t), y(t - r), z(t)) . 



(7) 
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2 , 2 



By noting the assumptions (i)-(v) of theorem and the inequality 2wv < u +v , ones can 
easily get the followings: 



-{f(x,y,z)-a)z 2 <-2Az\ 

h(x)--^-^-f(x,T],0)TjdTJ--^^-g(x,7j)d7J 



g(x,y) d , , s a fy 3 „, ^ , 1 r v 3 



j d* j Jo 3x 



j Jo 3x 



< - 



ab-c--^—f(x,7],0)?]dfj — \ y — g{x,rj)dri 



y Jo 3x 



j Jo 3* 



j -2jAay l 



<-2jUay 2 , 

zj—g(x(s),y(s))y(s)ds<-n 2 (t)+- \y 2 (s)ds, 



dx 



z\—g(x(s),y(s))z(s)ds<—rz 2 (t)+— \z 2 (s)ds, 
t i r dy 2 2 t { r 

' r) T T ' 

ay \ — g(x(s),y(s))y(s)ds <— ry 2 (t) + — ]y 2 (s)ds, 



«yj ^- g(x(s),y(s))z(s)ds < — ry (0+— Jz CO*. 



r d 



2 2 

zj" — h(x(s))y(s)ds <- n 2 (t)+- fy 2 (s)ds, 

CtJy 

'r d 



dx 2 2 , 

t-r t-r 



ay — h(x(s))y(s)ds < — ry (0 + — J Was, 

r at 2 2 , J 

r-r t-r 



(ay + z) p(t, x, x(t - r), y, y(t - r), z) 



< lay + z\ \p(t, x, x(t - r), y, y(t - r), z)\ 



< 



(\z\ + a\y\)q(t) < D 5 (\y\ + \z\)q(t) , 



where D 5 = max{l, a}. 

Substituting the inequalities in (7), it is easily seen that 



dt 



V(x, ,y,,z,)< 



2aju 



2A- 



( aL + aM +ac + 2p^ 


r 


I 2 
L + M +c + 2y^ 


r 


J 

2 


2 j 


z 
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+ 



+ 



a{f(x,y,z)-f(x,y,0))yz 

(L + aL + c + ac) 

_ 2 



\y 2 (s)ds 



-7 



\z 2 (s)ds 



+ D 5 (\y\ + \z\)q(t) 



(8) 



„ , . (L + aL + c + ac) , (l + a)M 

By choosing p = and y = , we get 



d_ 
dt 



V(x, ,y,,z,)< 



2aju 



IX- 



aL + aM +ac + 2p 



L + M +c + 2y 



- a{f(x, y, z) - f(x, y,0))yz 

+ D 5 i\y\ + \z\)q(t) by (8). 



The above inequality implies that 

d 



dt 



V(x,,y t ,z t )<-ay 2 -az 2 -a{f(x,y,z)-f(x,y,0))yz + D 5 (\y\ + \z\)q(t) (9) 



for some positive constants a and o , provided that 



J- 



Aa/il 



AX 



r < mm 

[aL + aM +ac + (L + c)(l + a) L + M +c + M(l + a) 

Now, we consider the term 

a{f(x,y,z)-f(x,y,0))yz, 

which is contained in (9). 

By using the mean value theorem (for derivative), we have 



i{f(x, y, z) - f{x, y,0))yz = a 



fix,y,z)-fix,z,0) 



yz 



ayz 2 —fix,y,0z),O<e<\. 
az 



By using the assumption (i), it also follows that 
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ayz 2 —f(x,y,dz)>0. 
az 

Now, obviously, ones can see that 
d 



dt 



V(x t ,y t ,z t )<D 5 i\y\ + \z\)q(t) 



(10) 



Also by using the inequality \u\ < 1 + u 2 and (10) , it is clear that 



d_ 
dt 



V(x t ,y t ,z t )<D 5 (2+y 2 +z 2 )q(t) 



(11) 



Next, the inequality (6) implies that 

(y 2 +z 2 )<D- 4 l V(x t ,y„z t ). 
Using this fact into (1 1), we obtain 

^-V(x t ,y t ,z t )<D 5 {2 + D- 4 l V(x t ,y t ,z t ))q(t) 
dt 

= 2D 5 q(t) + D 5 D- 4 1 V(x t ,y t ,z t )q(t) 



(12) 



Now, integrating (12) from to t and using the assumption qe L'(0,°o) and Gronwall-Reid- 
Bellman inequality, we get 

V(x t ,y,,z I )<V(x Q ,y Q ,z ) + 2D 5 A + D 5 D- 4 l \{V(x s ,y s ,z s ))q^)ds 



< {V(x Q ,y Q ,z Q ) + 2D 5 A) exp D 5 D; l \q(s)ds 

V o 

<(y(x ,y ,z ) + 2D 5 A)exp(D 5 D 4 - 1 A)=^ 1 <-, (13) 

where K x > is a constant, K l = (y(^: ,y ,z ) + 2D 5 A) exp^D^'A) and A =\q(s)ds. 

o 
Thus, both inequalities (6) and (13) imply that 

x 2 (t) + y 2 (t) + z 2 (t)<D- 4 1 V(x t ,y t ,z t )<K, 
where K = K. D7 1 . Therefore, ones can conclude that 



for all t > t . That is, 



\x(t)\<K, \y(t)\<K, \z(t)\<K 
\x(t)\ < K , \x\t)\ < K , \x"(t)\ < K 
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for all t > t . Now the proof is complete. 

Example. We consider nonlinear third order delay differential equation: 
x"(t) + (8 + (x\t)) 2 )x\t) + 4x\t -r) + sin x\t -r) + 2x(t - r) . 

= • (14) 

1 + t 2 + x 2 (t) + x 2 (t - r) + x n (0 + x 2 (t-r) + x" 2 it) 

Now, it can be seen that differential equation (14) has the form (1) and it may be expressed as: 
x\t)= y(t), 

y'(t)=z(t), 

Z(t) = - (8 + y 2 (t))z(t) - (4y(t) + sin y(t)) - 2x(t) 



+ 2 f y(s) ds + | (4 + cos y(s))z(s)ds 



+ l + t 2 +x 2 (t) + x 2 (t-r) + y 2 (t) + y 2 (t-r) + z 2 (t) ' 

Clearly, by comparing (15) with (2) and viewing the assumptions of the theorem, it follows 
that 

f(y)=S + y 2 , 

S + y 2 >S = a + 2A, 

g(y) =4y + sin y, g(0) = 0, 

1M = 4 + ^Z,(^0), 

y y 



y 

h(x) = 2x, h(0) = 0, h\x) = 2, 

Cj e (0,2] , c = 2, ab>2, M =5 and L = (or L = e for any e > ), 



p(t,x,x(t-r),y,y{t-r),z) 



1 < l 



l + t 2 +x 2 +x 2 {t-r) + y 2 + y 2 {t-r) + z 2 l + t 2 



and 



\q(s)ds = \—- I ds = ^ 



< 00. 
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that is, <?<E L l (0,oo). 

Hence, the above facts show that all the conditions from (i) to (v) of theorem hold. 

Now, we introduce the Lyapunov functional 

1 ? r 

V l (x t ,y t ,z l ) = -z 2 + ayz + a^[S + 7] 2 )]dr/ + ^{4j] + sm?])d7] 





t 



t 



■2yx + 2aj&g + pj | y 2 (0)d6ds + yj \z 2 (0)d6ds 



= — z 2 + ayz + 4ay 2 + — y 4 + 2y 2 + l-cosy + 2yx 



2 ' 4 

o t 

■ax 2 + p^ jy 2 (ff)d6ds + yj \z 2 (O)d0ds, 



o » 



(16) 



where p and y are some positive constants, which will be determined later. Clearly, the 

Lyapunov functional Vj (x t , y t , z t ) is a special case of V(x t ,y t ,z t ) , which is given by (4). 

Now, in particular, we can choose a = 6 and A, = 1 since a + 2/1 = 8. Hence, clearly, it 
follows from (16) that 



3 
V l ( x, , y , , z t ) = — z 2 + 6 yz + 26 y 2 + - y 4 + 1 - co s y + 2 xy 



1 
2 



o / 



o t 



■6x 2 + p\ \y 2 (0)d6ds + y\ \z 2 (d)d6ds 



2( 15 V 3 d „/, , „_,, ,\2 „ 2 19 2 1 2 



z + — y 
2 y 



+ -y 4 + 3(]x|-3- 1 k|) 2 + 3x 2 + — v- + — r 
2 v ' ' " 6 10 



/ 



t 



■pj \y 2 (0)dMs + y\ \z 2 (0)d0ds 



> 3x 2 + l ly 2 + ^-z 2 >-(x 2 + y 2 +z 2 ) 
6 10 10 



= D 6 (x 2 +y 2 +z 2 ). 



(17) 



Next, by differentiating the functional V l (x t ,y t ,Z t ) and using (16) and (15), we find 



dt 



Vi(x t ,y t ,z t )=- 



, „ . sin y 

22 + 6 pr 

y 



y 



-(2 + y 2 -yr)t 



J 



+ 



z + 6y 



1 + t 2 +x 2 +x 2 (t-r) + y 2 + y 2 (t-r) + z 2 
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+ z j (4 + cos y(s))z(s)ds + 6y J (4 + cos y(s))z(s) ds 

t-r t-r 

I t t t 

+ 2z\y{s)ds + \2y\y{s)ds-p\y 2 {s)ds-y\z 2 {s)ds. (18) 



By using the facts 4 + cos y \< 5 , 



sin y 



y 



2 , ; 2 



< 1 and the inequality 2\ab\ < a +b , we obtain the 



following inequalities for some terms included in (18): 



„„ ^ sin y 

22 + 6 -~pr 



y 2 < -(16- pr)y\ 



and 



y J 

-(2+y 2 -yr)z 2 <-{2-y)z\ 

' 5 5' 

z \ (4 + cos y(s))z(s)ds <- n 2 + - \z 2 (s)ds. 



6y [ (4 + cos y(s))z(s)ds < 15 ry 2 + l5 f z 2 (s)ds, 

t-r t-r 

I t 

2z\y(s)ds<rz 2 +\y 2 (s)ds 

t-r t-r 

t t 

Yly J y(s)ds < 6ry 2 + 6 1 y 2 (s)ds . 



By gathering all discussions above into (18), we have 



dt 



V 1 (x t ,y t ,z t )<-{l6-{p + 2l)r)y 2 - 



2- 



r+- 



\ V ^J J 



\p-l)\y 2 {s)ds -(r-^]]z 2 (s)ds 



+ 



z + 6y 

1 + t 2 +x 2 +x 2 (t-r) + y 2 + y 2 (t-r) + z 2 



35 
If we choose p = 1 and y = — , then the equality (18) implies that 



d_ 
dt 



y i (x,,y / ,z / )<-(l6-28r)y 2 -(2-21r)z : 



(19) 
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+ 



|d + 6|y| 



l + t 2 + x 2 +x 2 (t-r) + y 2 + y 2 (t-r) + z 2 



Now, ones can conclude that 

rf„, > . 2 2 7 + 6y 2 +z 2 
—V l (x„y t ,z t )<-ay 2 -oz 2 +- J - 

dt l + t +x +x(t-r) + y 2 + y 2 (t-r) + z 

2 
for some positive constants a and o provided that r < — . 

Hence, we can write 



d l + 6y 2 +z 2 

—V,{x n y n z t )< 



2, 2, 2,. \ , 2, 2/. Xl 2 



dt ' l + t + x ■ +x(t-r) + y +y (t-r) + z 



2,2 -, ^2,2 



^7 + 6y z +z z 7 6y z +z 
< —„ = ^+ ' 



l + t 2 l + t 2 l + t 2 



< 7 | 6(y 2 +z 2 ) 
l + t 2 l + t 2 



Now, integrating (20) from to t , using the fact -e L'(0,oo) and Gronwall-Reid- 

l + t 

Bellman inequality, it can be easily obtained the boundedness of all solutions of equation 
(14). 
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SOME GENERALIZED CLASSES OF DIFFERENCE SEQUENCES 
OF FUZZY NUMBERS DEFINED BY A MODULUS FUNCTION 

AYHAN ESI AND MEHMET AQIKGOZ 

Abstract. The purpose of this paper is to introduce the concepts of lacu- 
nary strong convergence of generalized difference sequences of fuzzy numbers 
with respect to a modulus function. We give various properties and inclusion 
relations on these classes of sequences of fuzzy numbers. 



1. Introduction 

The concepts of fuzzy sets and fuzzy set operations were first introduced by 
Zadeh [14] and subsequently several authors have discussed various aspects of the 
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity 
relations and fuzzy ordering, fuzzy measures of fuzzy events, fuzzy mathematical 
programming. Matloka [8] introduced bounded and convergent sequences of fuzzy 
numbers and studied their some properties. Later on sequences of fuzzy numbers 
have been discussed by Diamond and Kloeden [3], Nanda [11], Esi [4], Altin et. al 
[1], Mursaleen and Ba§arir [9] and many others. 

Let D denote the set of all closed bounded intervals A = [A, A] on the real line 
R. For A,B £ D define A < B if and only if A<B and A < B, 

d(A, B) = max {\A-B\,\A-B\}. 

It is easy to see that d defines a metric on D and (Z), d) is complete metric space. 
Also < is a partial order on D. A fuzzy number is a fuzzy subset of real line R 
which is bounded, convex and normal. Let L (R) denote the set of all fuzzy numbers 
those are upper semicontinuous and have compact support. In other words, if A 
£ then for any a £ [0, 1], A" is compact, where X a (t) = {t £ R : X (t) > a} 
for a > 0. The 0— cut is defined as the closure of the strong 0— cut, i.e. closure 
{t £ R : X (t) > a} . 

For each < a < 1, the a-level set X a is a non-empty compact subset of R. 
The linear structure of L (R) induces addition X + Y and scalar multiplication AX, 
X £ R, in terms of a-level sets defined by 

[X + Y] a = [X} a + [Y] a and [\X] a = X[X] a 

for each < a < 1. 

Define d : L (R)xL (R) -> R by d (A, Y) = sup d (A", Y a ) for X, Y € L (R) . 

0<Q<1 

Define A < Y if and only if A" < Y a for any a £ [0, 1]. It is known that L (R) is 
a complete metric space with the metric d (see for instance [8]). 
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A metric on L (R) is said to be a translation invariant if d (X + Z,Y + Z) = 
d (X, Y) for X,Y,Z e L (R) . 

The metric d has the following properties: 

(1.1) d(cX,cY) = \c\d(X,Y) 
for c <G R and 

(1.2) d(X + Y,Z + W) <d(X,Z) + d(Y,W) 

A sequence of fuzzy numbers is a function X from the set N of natural numbers 
into L (R) . The fuzzy number Xk denotes the value of the function at k € N [8] . 
We denote by w (F) the set of all sequences X = (Xk) of fuzzy numbers. 

A sequence X — (Xk) of fuzzy numbers is said to be bounded if the set {Xk : k <G N} 
of fuzzy numbers is bounded [8]. We denote by loo (F) the set of all bounded se- 
quences X = (Xk) of fuzzy numbers. 

A sequence X — (Xk) of fuzzy numbers is said to be convergent to a fuzzy 
number Xq, if for every e > there is a positive integer no such that d (Xk, Xq) < e 
for k > no [2]. We denote by c (F) the set of all convergent sequences X — (Xk) of 
fuzzy numbers. 

It is straightforward to see that c (F) C loo (F) C w (F) . For further studies, 
one may refer to [3] and [14]. 

In [11], it is shown that c(F) and I (oo) are complete metric spaces. 

By a lacunary sequence O = (k r ) ; r — 0,1,2,..., where fco = 0, we mean an 
increasing sequence of non-negative integers with h r — k r — fc r _i — > oo as r — > oo. 
We denote I r — (k r -i,k r ] the intervals determined by 9 and q r — -^— for r = 
0, 1, 2, ... . Lacunary sequences have been discussed in [2,5,6]. 

The notion of modulus function was introduced by Nakano [10]. We recall that 
a modulus / is a function from [0, oo) to [0, oo) such that 

(i) f (x) = if and only if x — 0. 

(it) f(x + y)<f(x) + f (y) , for all x > 0, y > 0, 

(Hi) f is increasing, 

(iv) f is continuous from the right at zero. 

Since |/ (x) — f (y)\ < / (x — y) , it follows from (iv) f is continuous on [0, oo). 
Furthermore, we have / (nx) < nf (x) for all n € N from condition (ii) . A modulus 
function may be bounded or unbounded. This concept have been studied by Ruckle 
[13], Maddox [7], Pehlivan and Fisher [12] and many others. 

In the present note we introduce and examine the concepts of lacunary strong 
convergence of generalized difference sequences of fuzzy numbers with respect to a 
modulus function. 

Lemma 1. Let f be a modulus function and let < S < 1. Then for each x > 5 
we have f (x) < 2/ (1) 5~ x. 

Let w (F) be the set of all sequences of fuzzy numbers. Let r <G N be fixed, then 
the operation 

A r : w (F) -> w (F) 
is defined by 

AX k = Xk-X k+1 and A r X k = A (A^ 1 ^) (r > 2) 
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for all k G N. The generalized difference has the following binomial representation: 

A r x k = J2 i- l Y (l) Xk +v for a11 keN - 

v=0 ^ ' 

Definition 1. Let O — (k r ) be a lacunary sequence and f be a modulus function. 
We define the following classes of sequences of fuzzy numbers as follows: 

Ng (A m ,F, f) = J X = (X k ) e u, (F) : lim h' 1 £ f[d (A m X k ,0)} = 1 , 
I ' v kei r ) 

N e (A m ,F,f) = \x = (X k ) e w (F) : sup h' 1 V f[d (A m X k ,X )} = 1 
I r ^°° fee/, J 

and 

N§> (A m ,F,f) = iX = (X k ) ew(F): sup^T 1 £ f[d(A m X k ,0)} < ool . 

I *" k£l r J 

If X — (Xk) € iVe (A m , F, f) , then the sequence X = (X&) of fuzzy numbers is 
said to be lacunary strongly A m — convergent to the fuzzy number Xq with respect 
to modulus function /. 

If we take / (x) — x, we obtain the classes of sequences of fuzzy numbers 
N°,(A m ,F), N e (A m ,F) and N§>(A m ,F) from the above classes of sequences 
of fuzzy numbers, respectively. 

2. Main Results 
In this section we state and prove the results of this paper. 

Theorem 1. N^ (A"\ F, f) , N e (A"\ F, f) , and N§> (A"\ F, f) are closed under 
the operations of addition and scalar multiplication. 

Proof. We shall prove only Nq (A m ,F,f) . The others can be treaated similarly. 
Let X = (X k ) , Y = (Yfc) e 7V° (A m , F, f) and a,f3 € i?.Then there exist positive 
K a and Kp such that \a\ < K a and \(3\ < Kp. From the definition of modulus / 
and by taking into account the properties (1.1) and (1.2) of the metric d, we have 

h- 1 J2 fid (aA m X k + (3A m Y k ,0)] < K a h-. x Y, fi d {& m Xk, 0)] 
kei r kei r 

+K p h- 1 Y f[d (A m Y k ,0)} - Oasr^oo. 
kei r 

Hence aX + fiY £ Ng (A m ,F,f). D 

Theorem 2. Let f be a modulus. Then N e (A m ,F) C N e (A m , F, f) . 
Proof. Let X = (X k ) e N e (A m ,F) . Then we have 

A r = h~ 1 Y d(A m X k ,0) -^Oasr^oo. 

kel r 



142 



AYHAN ESI AND MEHMET AQIKGOZ 

Let e > and choose S with < 6 < 1 such that / (t) < e for every t with < t < 5. 
Then we can write 

K^fidi^X^Xo)} = K 1 Y. f[d(A m X k ,X )} 

kel r fee/ r ,d(A™X fc ,X )<<5 

+K 1 £ f[d(A m Y k ,X )} 

keI r ,d(A™X k ,X )>5 

< h- 1 h r e + h- 1 2f{l)8^ 1 h r A r 
from Lemma. Therefore X = (X k ) e N (A m ,F, f) . □ 

Theorem 3. Let f be a modulus. If lim ^ = f3 > 0, then N (A m ,F) = 
N e (A m ,FJ). 

Proof. By Theorem 2, we need only to show that N e (A m ,F,f) C iV e (A m ,F) . 
Let /3 > and X = (X k ) e N e (A ro , F, f) . Since /? > 0, we have / {t) > fit for all 
t > 0. Hence we have 

ft" 1 J] /[d(A m X fe ,X )] > /3ft- 1 ^ d(A m X fe ,X ) . 
kei r kei r 

Therefore we have X = (X k ) e N e (A m , F) . D 

Theorem 4. Let m > 1 be a fixed integer and f be a modulus, then 

N e (A m -\F, f) c N B (A™, F, f) , iV e (A™" 1 , F, f) c N e (A m ,F, f) 

and 

Ng(A m -\F,f)(zNg(A m ,FJ). 

Proof. The proof of the inclusions follow from the following inequality 

ft" 1 J2 f[d(A m X k ,X )} < h- 1 J2 /[d(A m - 1 X,,X )]+ft r - 1 J2 /[rf(A ro - 1 X fc+1 ,X )] 

kei r kei r kei r 

since A m X k — A m ~ 1 X k — A m ~ 1 X k+ i, properties of modulus / and by taking into 
account the property (1.2). □ 

Theorem 5. Let O = (k r ) be a lacunary sequence and f be a modulus. If 1 < 
lim info q r < limsup r <7 r < oo ; then \a±\ (A m ,F, f) , where 

|(7i| (A m ,F,f) = \X = (X k ) ew(F): lim - V f[d(A m X k ,X )} = ol . 

uncoil * — ' 

I fc=l J 

Proof. Suppose that 1 < lim info q r . Then there exists a S > such that q r = 
jr 1 — > 1 + 5 for sufficiently larger r. Since ft r = k r — fc r _i, we have ^ > y^j and 

^ < |. Let X = (X k ) G |ai| (A m , F, f) . We may write 

kr fcr-1 

/^-^/^(A^X^Xo)] = ft- 1 ^/[d(A m X,X )]-ft- 1 ^/[d(A m X,X )] 

= | f^ 1 E /M ( Am ^. *>)]) - X 1 ( fc -i E W (A m X, X ) 
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Hence, we obtain \a\\ (A m ,F, /) c N® (A m , F, /) . Now suppose that limsup r q r < 
oo and let e > be given. Then, there exists a constant T > such that q r < T 
for all r e N. Suppose that let X = (X k ) e N e (A m ,F,/) . Then there exists i 
such that for every i > io 

A i = h- 1 Y / f[d(^ m X j ,X )}<e. 
jeu 
We can also choose a number M > such that A. h < M for all i € N. Now let n be 
any integer with fc r _i < n < k r . Then 

n k T 

{k r k r k r 

£ f[d(A m Xj,X )] + J2 f[d(A m X jt X )] + -. + E f[d(* m Xj,Xo) 
jeii j£i 2 jei r 

{i a r 

^^/[d(A™I il I„)]+ Yl J2^d(A m X J ,X )} 
i=ljeli i=io+lj£li 

{ia 

= fe-_\ {/ii^i + /i 2 ^2 + ■•• + h io A io +e(k r - k io )} 

< k-\ \ sup AA +e (k r - k lQ ) k~l t < Mk~\k lQ + eT 

U<J'<*0 J 

since fc r _i — > oo as n — > oo, it follows that X = (X^) e |<n| (A m , F, /) . This 
completes the proof. D 

3. Conclusion 

Giving particular values to the sequence O = (k r ) , modulus function / and 
m £ N, we obtain some classes of sequences of fuzzy numbers which are special 
cases of the classes of sequences that we have defined. The most of the results 
proved in the previous section will be true for these classes. 

References 

[1] Altin, Y., Et, M. and Qolak, R., Lacunary Statistical and Lacunary strongly Convergence 
of Generalized Difference Sequences of Fuzzy Numbers, Computer and Mathematics with 
Applications, 52 (2006), 1011-1020 

[2] Bilgin, T., Lacunary strongly A— convergent sequences of fuzzy numbers, inform Sci. 160 
(1-4) (2004), 201-206. 

[3] Diamond. P., and Klocden, P., Metric spaces of fuzzy sets, Fuzzy Sets and Systems, 35 (1990), 
241-249. 

[4] Esi, A., On some new paranormed sequence spaces of fuzzy numbers defined by Orlicz func- 
tions and statistical convergence, Mathematical Modelling and Analysis, Vol.1, Number 4 
(2006), 379-388. 

[5] Freedman, A. R., Scmbcr, J. J. and Raphael, M., Some Ccsaro type summability, Proc. 
London Math. Soc. 37 (3) (1978), 508-520. 

[6] Fridy, J. A. and Orhan, C, Lacunary statistical convergence, Pacific J. Math. 160 (1) (1993), 
43-51. 



144 



AYHAN ESI AND MEHMET AQIKGOZ 

[7] Maddox, I. J., Sequence spaces defined by a modulus, Math. Proc. Camb. Phil. Soc, 100 

(1986), 161-166. 
[8] Matloka, M., Sequences of fuzzy numbers, BUSEFAL, 28 (1986), 28-37. 

[9] Mursaleen and Basarir, M., On some new sequence spaces of fuzzy numbers, Indian J. Math. 
160 (1) (1993), 43-51. 
[10] Nakano, H., Concave modulars, J. Math. Soc. Japan 5 (1953), 29-49. 
[11] Nanda, S., On sequences of fuzzy numbers, Fuzzy Sets and Systems, 33 (1989), 123-126. 
[12] Pehlivan, S. and Fisher, B., Lacunary strong convergence with respect to a sequence of 

modulus functions, Comment Math. Univ. Carolin (36) (1995), 69-76. 
[13] Ruckle, W. H., FK spaces in which the sequence of coordinate vectors in bounded, Canad. 

J. Math., 25 (1973), 973-978. 
[14] Zadeh, L. A., Fuzzy sets, Inform Control, 8 (1965), 338-353. 

Adiyaman University, Faculty of Science and Arts, Department of Mathematics, 
02040 Adiyaman, TURKEY 

E-mail address: aesi23@hotmail.com; aesiSadiyaman.edu.tr 

University of Gaziantep, Faculty of Science and Arts, Department of Mathematics, 
27310 Gaziantep, TURKEY 

E-mail address: acikgozSgantep.edu.tr 



JOURNAL OF CONCRETE AND APPLICABLE MATHEMATICS, VOL.7, NO.2,145-154, 2009, COPYRIGHT 2009 EUDOXUS PRESS, LLC 



Optimal Design of Artificial Blending Phosphorus Ore 1 



Yi-shun Cui a and Heng-you Lan 



b 2 



a Material and Chemical Engineering Dept., Sichuan University of Science & Engineering 

Zigong, Sichuan 64-3000, P. R. China 

b Department of Mathematics, Sichuan University of Science & Engineering, 
Zigong, Sichuan 64-3000, P. R. China 

Abstract. Through an orthogonal experiment, the effect of adding MgO, AI2O3, 
Fe2(S04)s, S1O2 and CaO to Jinhe phosphorus ore decomposition is studied. A class 
of response curved surface mathematical models, which concern the rate of phosphorus 
ore decomposition and the receiving rate of phosphoric anhydride with each orthogonal 
factor are also established by using the software Statistics Package for Social Science 
(in short, SPSS). Furthermore, the optimal components of the phosphorus ore are 
calculated by the mathematical software Matlab. The results presented in this paper 
can provide a theoretical foundation for artificial blending rock and the exploitation of 
phosphorus ore with middle or low grade in producing wet-process phosphoric acid. 

Key words and phrases: Orthogonal experiment design, response curved sur- 
face mathematical model, mathematical softs SPSS and Matlab, optimal components of 
artificial blending phosphorus ore, wet-process phosphoric acid. 
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1 Introduction 

Recently, the exploitation and applications of phosphorus ore with middle or low grade have 
become very fashionable and important for studying the utilization ratio of resource, the 
quality of ultimate production and the economy benefit of blending rock. See, for example, 
[1-8] and the references therein. 

In [9], Lu studied the problem of rational ore matching for enhancing the utilization 
ratio of resources, stabilifying the quality of ultimate production and improving economy 
benefit. But the author did not let us know how to select the proportion to blend rock. 
Very recently, Cai [2] introduced some laboratory tests for 10 kinds of imported iron ore and 
obtained the research results of classifying them into three categories. Through the single 
factor experiments, Cui [3, 4] studied the effects of adding potassium sulfate, sodium sulfate, 
copper sulfate and zinc sulfate in phosphorus ore on decomposition rate of phosphorus ore, 
recovery ratio of phosphoric acid and the crystallization of calcium sulfate. Furthermore, 
we observed the crystallizations of calcium sulfate by electron micrograph and analyzed the 
mechanism of effect. 

On the other hand, based on the chemistry expert systems, Pan et al. [12] constructed 
the basic theory systems of intelligent mathematics. Further, the authors pointed that "the 
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(2006A106) and the Sichuan Youth Science and Technology Foundation (08ZQ026-008). 
2 The corresponding author: hengyoulan@163.com (H. Y. Lan) 



146 



Y.S. CuiandH.Y. Lan 

intelligent mathematics can provide some necessary mathematical methods and models for 
the expression, consequence and getting of knowledge, and can offer some golden rule for 
the design of expert systems". By using the response curved surface methodology and 
technique, Sun et al. [13] and Xu et al. [15] investigated the main effects and interactions of 
individual factors to each evaluating indicator, and established the response curved surface 
regression equations and the significant results of the regression coefficient. Further, Xu et 
al. [15] pointed out "the response curved regression is chosen for making up for the deficiency 
of the orthogonal experiments in the research" . For more details of mathematical modelling 
and experiment design methods, the readers can refer to [7, 8, 11, 14] and the references 
therein. 

Motivated and inspired by the above works, in this paper, based on an orthogonal 
experiment, the effect of adding salts and oxides to Jinhe phosphorus ore decomposition is 
studied. A class of response curved surface mathematical models, which concern the rate 
of phosphorus ore decomposition and the receiving rate of phosphoric anhydride with each 
orthogonal factor are also established by using SPSS. Moreover, the optimal components of 
the phosphorus ore are calculated by Matlab. Theory basis is provided for artificial blending 
rock, and the approach can be applied to exploit the phosphorus ore with middle or low 
grade in producing wet-process phosphoric acid. 



2 Single Factor Experiments 

In this section, based on the optimal reaction conditions for the single factor experiments 
in [5] , the effect of adding salts and oxides of different configuration and different consistence 
on phosphorus ore shall be studied in the production of wet-process phosphoric acid. The 
mathematical models of influence of relevant factors, which concern the ratio of phosphorus 
ore decomposition (DR) and the receiving ratio of phosphoric anhydride (RR) will also be 
obtained. 



2.1 Material and Reagents 

Jinhe phosphorus ore (purchased from Sichuan Shifang Chemical Industry Co., Ltd.) was 
selected as material, which is high grade. Its chemical components are shown in Table 1. 
Sulfuric acid is industrial vitriol (98%). Magnesia, aluminium oxide, ferric oxide and cupric 

Table 1 : Chemical components of the phosphorus ore 
Components P2O5 CaO MgO Fe^Oz AI2O3 F acid-insoluble substance 
Content (%) 32.73 45.59 069 0/72 (122 2M 7/20 

sulfate are AR, and ferric sulfate is CP. 

2.2 Results for Single Factors Problems 

Throughout this paper, we always suppose that x±, X2, x% and X4 denote magnesia, alumina 
oxide, ferric oxide and ferric sulfate, respectively. For i = 1,2,3,4, let yn and yi2 be the 
DR and RR with respect to Xi, respectively and let R\ and Rf 2 be the square of goodness 
of fit in the models of the DR and RR with respect to X{, respectively. 
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To jinhe phosphorus ore, in producing wet-process phosphoric acid, by the figures in [3, 4] 
and the linear (nonlinear) regressions of each evaluating indicator against individual factors 
treated from SPSS (13.0 for windows), the single-factor experiment shows as follows: 

(1) The effect of artificial adding magnesia to phosphorus ore decomposition is great. 
See, Fig. 1. 




Figure 1: The effect of magnesia content. 

The DR and RR are of negative linear with respective to the content of magnesia, it is 
because 

yn = 90.32 -2.98xi, #11 = 0.966, y l2 = 91.68 - 2.62a;i, R 2 12 = 0.925. 

Hence, magnesia is harmful. 

(2) The effect of adding alumina and ferric oxide is dissimilar to that of magnesia (see, 
Fig. 2). 




0.5 1 1.5 




0.5 1 1.5 



(a) alumina 



(b) ferric oxide 



Figure 2: The effect of alumina and ferric oxide content. 



The proper alumina and ferric oxide are favorable to phosphorus ore decomposition. 
Indeed, 

2/21 = 95.54 + 0.68x2 - 0.11x1, R% x = 0.939, 
y 2 2 = 96.23 + 0.52x2 - 0.09x|, R\ 2 = 0.938 
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2/31 
2/32 



95.57 + 1.78x3 - 0.85z| + 0.11a?l, 



#31 



96.24 + 2.65^3-1.40^ + 0.20^, R 
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0.981, 
0.934. 



(3) The effect of adding ferric sulfate to phosphorus ore decomposition is prominent. 
See, Fig. 3. 




In fact, 



Figure 3: The effect of ferric sulfate content. 



t/4i = 95.68 + 0.74^4 - 1.08x1 + 0.14x1, i& 



2/42 = 96.41 + 2.92x4 - 1.72x1 + 0.18x1, 



/t 42 



0.991, 
0.972. 



On the other hand, the scatter graphs show when the content of ferric sulfate is less than 
0.3%, the DR and RR are of positive linear with respect to the content of ferric sulfate. 
Otherwise, they will become negative linear. 

The single factor experiment results can provide theoretical foundation for studying 
phosphorus ore components by orthogonal experiment design and can guide the exploitation 
of phosphorus ore with middle or low grade. 

3 Optimal Experiment Design 

Based on an orthogonal experiments with the same material and reagents as in above single 
factors experiment, we shall find the optimal components of Jinhe phosphorus ore by adding 
oxides in producing wet-process phosphoric acid, and obtain the function of concerning the 
DR and RR with each orthogonal factor by using SPSS. 



3.1 Orthogonal Experiment Design 

The DR and RR were chosen as two main indicators to evaluate the capability of the 
artificial blending phosphorus ore. According to earlier single factors experiments results, 
MgO (A), Al 2 3 (B), Fe 2 {S0 4 ) 3 (C), Si0 2 (D) and CaO (E), which have the significant 
influence on the two indicators, were served as five factors and each factor was contained 
three levels. Therefore, L27(3 13 ) orthogonal table was selected for the multi-factors exper- 
iment. The arrangements of each experiment and the design of the orthogonal table head 
are displayed in Tables 2 and 3, respectively. 



149 



Optimal Design of Artificial Blending Phosphorus Ore 



Table 2: Factors and levels of orthogonal experiment 





Factors (wt%) 






Levels 


A B C D 


E 




1 
2 
3 


10 

1 3 5 10 
3 5 10 20 




4 
8 






Table 3: Design of the table head 






Factors 


A B empty empty C 


empty 


empty 


Column No. 


12 3 4 5 


6 


7 


Factors e 


mpty empty D empty E 


empty 




Column No. 


8 9 10 11 12 


13 





3.2 Experimental Approach 

With Jinhe phosphorus ore as the material, the mixture with water according to the pro- 
portion 1:3.5 and the adding oxides according to orthogonal table was put in a reactor. 
The loaded reactor was put into constant temperature water trough and controlled the 
temperature at 70°C, which fluctuant range is 0.5°C. Then, the measured sulfuric acid was 
appended continuously and whisking intension was controlled at 200rpm by electromotive 
beater. Next, the liquid and solid were separated by using vacuum filtration when the re- 
action time is 3 hours. Finally, the content of the phosphoric anhydride was analyzed, and 
the Evaluating indicators (in short, EI), i.e., the ratio of phosphorus ore decomposition and 
the receiving ratio of phosphoric anhydride were computed. 

In this process, the concentration of the sulfuric acid is 30% and its actual dosage is 
100%-105% of the theoretic dosage in producing wet-process phosphoric acid. Further, 
the content of the phosphoric anhydride was determined by using gravimetric quinolinium 
molybdophosphate method. 

3.3 Experimental Results 

The experiment arrangements and results are listed in Table 4. These values were evalu- 
ated using SPSS. Two different statistical methods were carried out in this study. A direct 
observation was carried out to compare the different effect of each factor to artificial adding 
oxides for the phosphorus ore. Compared with the above traditional data analysis method, 
the multiple regressions was conducted to optimize the regression model for each evaluat- 
ing indicator in addition to picking out effective factors. Eventually we used both direct 
observation and multiple regressions method to predict process parameters separately and 
some experiments were carried out to compare the two predicted results. 

3.3.1 Direct Observation 

The statistical parameter Ij, Hi, I Hi and Ri were calculated following the procedures de- 
scribed by Yang [16], where ij, Hi and I Hi represent the sum of DR or RR at level I, 
II and ITT, respectively, i represents the factors A, B, C, D and E, and Ri represents the 
range of DR or RR between level /, II and III. The results (see Table 5) reveal that the 
effect of all the factors to DR was in the order of E>A>B>C>D. As for RR, effect of all 
the factors was in the order of E>B>A>D>C. 
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Table 4: Results of orthogonal experiment 







Factors (wt%) 




EI 


(%) 


No. 


A 


B 


C 


D 


E 


DR 


RR 


1 


1 


1 


1 


1 


1 


97.46 


97.08 


2 


1 


1 


2 


2 


2 


95.74 


94.96 


3 


1 


1 


3 


3 


3 


92.79 


90.52 


4 


1 


2 


1 


2 


3 


96.67 


96.65 


5 


1 


2 


2 


3 


1 


96.61 


96.86 


6 


1 


2 


3 


1 


2 


91.45 


94.55 


7 


1 


3 


1 


3 


2 


96.89 


94.89 


8 


1 


3 


2 


1 


3 


94.45 


93.82 


9 


1 


3 


3 


2 


1 


94.04 


94.92 


10 


2 


1 


1 


3 


2 


97.81 


97.16 


11 


2 


1 


2 


1 


3 


86.89 


83.61 


12 


2 


1 


3 


2 


1 


95.34 


94.70 


13 


2 


2 


1 


1 


1 


97.33 


96.37 


14 


2 


2 


2 


2 


2 


95.98 


97.08 







Factors (' 


vt%) 




EI 


(%) 


No. 


A 


B 


C 


D 


E 


DR 


RR 


15 


2 


2 


3 


3 


3 


94.14 


94.01 


16 


2 


3 


1 


2 


3 


97.73 


96.21 


17 


2 


3 


2 


3 


1 


96.45 


97.89 


18 


2 


3 


3 


1 


2 


93.48 


94.69 


19 


3 


1 


1 


2 


3 


82.82 


82.23 


20 


3 


1 


2 


3 


1 


93.83 


95.27 


21 


3 


1 


3 


1 


2 


91.99 


93.98 


22 


3 


2 


1 


3 


2 


91.03 


90.22 


23 


3 


2 


2 


1 


3 


89.65 


92.41 


24 


3 


2 


3 


2 


1 


96.31 


96.45 


25 


3 


3 


1 


1 


1 


96.61 


95.42 


26 


3 


3 


2 


2 


2 


95.76 


96.22 


27 


3 


3 


3 


3 


3 


91.55 


92.71 



3.3.2 Response Surface Methodology 

Mathematical model for response surface of each evaluating indicator against m individual 
factors were treated as follows: 



Y = b +J2 b j x 3 + Yl b ij x i x j + ^2 b 

3=1 l=i<j j=l 



JJ x j- 



By using enter method and the soft SPSS, multiple regressions of each evaluating indi- 
cator against individual factors and some possible interactions were treated. The significant 
(5 < 0.1) regressions are illustrated in Table 6 and the significance analysis of each eval- 
uating indicator against individual factors is listed in Table 7, where R 2 is the square of 
goodness of fit and sig. denotes the level of significance. 
3.3.3 Optimization Confirmation Experiments 
It follows from Table 7 that the response curved surface equations are as follows: 

DR = -73.74,4 + 5.16,4 * C + 2.38,4 * 5 + 5.99,4 * 5 + 62.115 - 4.045 * C 

-2.07B * 5 - 4.865 * 5 + 0.36C *C - 0.21C * D + 0.97C * 5 

+9.625 - 0.225 *D- 0.265 *E + 0.525 * E, 
RR = -73.15,4 + 5.12,4 *C + 2.35,4 * 5 + 6.05,4 *E + 61.555 - 3.985 * C 

-2.07 B * 5 - 4.775 * E + 0.36C *C - 0.21C * D + 0.98C * E 

+9.655 - 0.215 * 5 - 0.275 * 5 + 0.485 * 5. 

Hence, the optimal adding contents, i.e. the stationary points based on the above re- 
gression models were calculated by the Matlab Solver, which is incorporated into Matlab 
(version 7.0.1). The optimal parameters and levels for DR and RR through direct obser- 
vation and multiple regressions are displayed in Table 8. 

Further, the confirmation experiments were conducted based on the predicted optimum 
levels of the enter regressions and the results for DR and RR are 94.87 and 95.77, respec- 
tively. 
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Table 5: Direct observation results on DR and RR 









Factors 






EI 


A 


B 


C 


D 


E 


h 


856.1 


834.67 


854.35 


839.31 


863.98 


Hi 


855.15 


849.17 


845.36 


850.39 


850.13 


DR III, 


829.55 


856.96 


841.09 


851.1 


826.69 


Rj 


26.55 


22.29 


13.26 


11.79 


37.29 


rather excellent level 


Ai 


B 3 


Ci 


D 3 


Ei 


effect of all the factors 




E>A>B>C>D 




Ii 


853.25 


829.51 


845.23 


841.93 


864.96 


Ih 


851.72 


853.6 


848.12 


848.42 


853.75 


RR III, 


834.91 


856.77 


846.53 


849.53 


821.17 


Rj 


18.34 


27.26 


2.89 


7.6 


43.79 


rather excellent level 


Ax 


B 3 


c 2 


D 3 


Ei 



effect of all the factors 



E>B>A>D>C 



Table 6: SPSS output for : 


regression models 


EI 


R 2 


F value for model 


P <0.1 


DR 
RR 


0.989 
0.988 


69.919 

68.409 




0.000 
0.000 



On the other hand, through direct observation, two indexes were synthetically consid- 
ered and the more excellent technical adding oxides scheme A1B3C2D3E1 was selected. 
Furthermore, the validatory experiment based on the obtained adding oxides scheme were 
done and the results for the direct observation are as follows: DR and RR are 94.57 and 
95.23, respectively. 

Therefore, the experimental results show that the phosphorus ore with high grade be- 
comes middle or low grade by adding salts and oxides in producing wet-process phosphoric 
acid, the results of the regression experiments is better than traditional experiments on the 
optimum adding content. 



3.4 Discussion 

It is well known that orthogonal experiments are especially useful in statistical analysis of 
multiple factors problems (see, for example, [16]). However, this method is able to keep error 
acceptable to a certain extent. If the error caused by linearization becomes unacceptable, 
it is worth-while to add the quadratic of the Taylor expansion into the linear equation. 
Therefore, the approximate equation of the nonlinear relationship has a form of quadratic 
polynomial of the independent variable. For example, for a five-factor issue, a regression 
model applied to both linear and nonlinear model is: 



Y 



But, this leads to much larger scale of data to be collected and parameters to be re- 
gressed. From the function above, the regression coefficients to be calculated are 21 in total. 
In fact, some items in function above are not significant in F test as some values are not 



5 


+ 


5 


5 
b jk XjX k + y^ h 


i=l 




i=j<k 


n=l 
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Table 7: Test for significance of regression coefficient on DR and RR 



Term 


Unstandardizcd Coefficients 


Standardized Coefficients 


T value 


sig. 




(3 


Std. Error 


7 




A 


-73.744 


14.737 


-1.430 


-5.004 


0.000 


B 


62.113 


8.209 


2.253 


7.567 


0.000 


D 


9.619 


1.940 


1.319 


4.959 


0.000 


A*C 


5.156 


1.084 


0.645 


4.755 


0.000 


A*D 


2.382 


0.542 


0.596 


4.393 


0.001 


A*E 


5.991 


1.356 


0.600 


4.420 


0.001 


B*C 


-4.044 


0.710 


-0.947 


-5.698 


0.000 


DR B*D 


-2.069 


0.355 


-0.969 


-5.829 


0.000 


B*E 


-4.861 


0.887 


-0.911 


-5.479 


0.000 


C*C 


0.362 


0.166 


0.229 


2.182 


0.050 


C*D 


-0.208 


0.104 


-0.184 


-2.010 


0.068 


C*E 


0.970 


0.340 


0.343 


2.850 


0.015 


D*D 


-0.215 


0.089 


-0.544 


-2.428 


0.032 


D*E 


-0.257 


0.130 


-0.182 


-1.987 


0.0702 


E*E 


0.522 


0.259 


0.211 


2.018 


0.066 


A 


-73.148 


14.892 


-1.419 


-4.912 


0.000 


B 


61.553 


8.296 


2.233 


7.420 


0.000 


D 


9.649 


1.960 


1.323 


4.922 


0.000 


A*C 


5.119 


1.096 


0.641 


4.671 


0.001 


A*D 


2.352 


0.548 


0.589 


4.292 


0.001 


A*E 


6.049 


1.370 


0.606 


4.416 


0.001 


B*C 


-3.980 


0.717 


-0.932 


-5.548 


0.000 


RR B*D 


-2.067 


0.359 


-0.968 


-5.763 


0.000 


B*E 


-4.771 


0.897 


-0.894 


-5.322 


0.000 


C*C 


0.362 


0.167 


0.229 


2.162 


0.051 


C*D 


-0.209 


0.105 


-0.185 


-1.991 


0.070 


C*E 


0.975 


0.344 


0.345 


2.833 


0.015 


D*D 


-0.213 


0.090 


-0.539 


-2.381 


0.035 


D*E 


-0.271 


0.131 


-0.192 


-2.068 


0.061 


E*E 


0.482 


0.262 


0.195 


1.842 


0.090 



Table 8: Optimal adding contents 





Adding contents 


Factors 


DR RR 




Direct observation Enter regression Direct observation Enter regression 



A 





0.4214 





1.0345 


B 


5 


0.3928 


5 


1.2729 


C 





3.6181 


5 


5.0237 


D 


20 


20.4207 


20 


19.5741 


E 





0.548 





0.2303 
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significant in 5 test in analysis of variance (in short, AN OVA) and in t test as some values 
are not significant in t test in regression coefficients table. If only F test significant items 
are not in the regression function, it could be concise. But it involves independent variables 
filtering issue. While in resolving multiple regressions problems, not all the independent 
variables have exactly the same effect on dependent variable. Some of them are signifi- 
cant while others can be ignored. Significant independent variables should be filtered out 
through certain approach. Methods such as forwards regressions, backwards regressions, 
stepwise regressions, enter regressions and optimization subclass regressions are commonly 
used. In this paper, by using F test to model and t test to regression coefficients, the enter 
multiple regressions are carried out with considering individual factors, their square and 
interaction items. 



4 Conclusions 

In this paper, based on the optimal reaction conditions of [5] and the single factor exper- 
iments in producing wet-process phosphoric acid, the effect of adding salts and oxides of 
different configuration and different consistence on phosphorus ore reaction is first stud- 
ied and the corresponding mathematical models for single factors problems on the ratio of 
phosphorus ore decomposition (55) and the receiving ratio of phosphoric anhydride (RR) 
are obtained by using the mathematical soft SPSS (13.0 for windows). 

Secondly, based on the orthogonal experiments design and response curved surface tech- 
nique, the optimal components of Jinhe phosphorus ore in producing wet-process phospho- 
ric acid are obtained by adding oxides. The response curved surface mathematical models, 
which concern the DR and RR with each orthogonal factor are also established by SPSS 
as follows: 

DR = -73.74,4 + 5.16,4 * C + 2.38.4 * 5 + 5.99,4 * 5 + 62.115 - 4.045 * C 

-2.07 B * 5 - 4.865 * E + 0.36C *C - 0.21C * 5 + 0.97C * E 

+9.625 - 0.22D *D- 0.265 *E + 0.525 * E, 
RR = -73.15,4 + 5.12,4 * C + 2.35,4 * 5 + 6.05,4 *E + 61.555 - 3.985 * C 

-2.07 5 * 5 - 4.77B * 5 + 0.36C *C - 0.21C * 5 + 0.98C * 5 

+9.655 - 0.215 * 5 - 0.275 * 5 + 0.485 * 5. 

Further, the optimal adding contents, i.e. the stationary points based on the above 
regression models are calculated by using the mathematical soft Matlab (version 7.0.1). 
The optimal parameters and levels for DR and RR through direct observation and multiple 
regressions are compared. 

Finally, the validation experiments indicate that the optimized conditions by enter mul- 
tiple regressions are better than by direct observation analysis, and the components of 
Jinhe phosphorus ore will be improved under the optimized artificial blending rock con- 
ditions. Experiment results suggest that multiple regressions can avoid the weakness of 
direct observation. The results presented in this paper provide a theoretical foundation for 
artificial blending rock and the exploitation of phosphorus ore with middle or low grade in 
producing wet-process phosphoric acid. 
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1. Introduction 

Let E be a real Banach space and C be a nonempty closed convex subset of 
E. Recall that a mapping / : C — > C is a contraction on C if there exists a 
constant k € (0, 1) such that \\f(x) — f(y)\\ < k\\x — y\\, x, y € C. We use Tc 
to denote the collection of mappings / verifying the above inequality. That is, 
Tic = {/ : C — > C | / is a contraction with constant k}. Note that each / 6 Tc 
has a unique fixed point in C. 

Now let T : C — > C be a nonexpansive mapping (recall that a mapping 
T : C — ► C is nonexpansive if \\Tx — Ty\\ < \\x — y\\, x, y £ C), and Fix(T) 
denote the set of fixed points of T, that is, Fix(T) = {x £ C : x = Tx}. 

We consider the Mann iterative scheme for nonexpansive mapping: for T 
nonexpansive mapping and a n £ (0, 1), 

x n+ i = a n x n + (1 - a n )Tx n , n > 0, (1.1) 

where the initial guess xq E C is chosen arbitrarily. 



This study was supported by research funds from Dong-A University. 
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The Mann iterative scheme for nonlinear mappings has extensively been stud- 
ied over the last forty years for constructions of fixed points of nonlinear mappings 
and of solutions of nonlinear operator equations involving nonexpansive map- 
pings, monotone, accretive and pseudo-contractive operators and others, (see, 
e,g., [3,4,11,13]). In particular, the construction of fixed points of nonexpansive 
mappings by Mann iterative scheme is important and useful in the theory of 
nonexpansive mappings and its applications in a number of applied areas, for 
instance, in image recovery and signal processing (see e.q., [2,16,17]). 

In 2003, Nakajo and Takahashi [15] proposed the following modification of the 
Mann iterative scheme (1.1) in a Hilbert space H: 



Xn-Z\\}, (1.2) 

X n ) > 0}, 



where Pk denotes the nearest point (metric) projection from H onto a closed 
convex subset K of H . They proved that if the sequence {a n } is bounded above 
from one, then {x n } generated by (1.2) converges strongly to Pfix{t){xq). Their 
argument does not work outside the Hilbert space setting. 

Recently, without any additional projection in the scheme, Kim and Xu [12] 
provided a simpler modification of Mann iterative scheme (1.1) in a uniformly 
smooth Banach space as follows: 

Xo = x G C, 

y n = (3 n x n + (l- (3 n )Tx n , (1.3) 

x n+ i = a n u + (1 - a n )y n , 

where u G C is an arbitrary (but fixed) element, and {a n } and {(3 n } are two 
sequences in (0,1). They proved that {x n } generated by (1.3) converges to a 
fixed point of T under the control conditions: 



x = 


x G C, 






Un = 


Qtn%n i \ 


J- (%n) -L %m 


(^n = 


{zeC: 


\\Vn ~ 


z\\ < 


{%n ~ 


--{zeC: 


\%n 


z,x - 


X n + 1 


= Pc n nQ 


n( X 0), 





oo; 



(CI) lim a n = 0, lim (3 n = 0; 

n— >oo n— >oo 

oo oo oo 

(C2) 2_, a n = °°? ( or ? equivalently, IT (1 — a n ) = 0), Y^ fi n 

n=0 n=0 n=0 

oo oo 

(C3) ^2 l«n+l - CX n \ < OO, ^2 \Pn+l - Pn\ < °°- 
n=0 n=0 

On the other hand, as the viscosity approximation method, Moudafi [14] and 
Xu [20] considered the iterative scheme: for T a nonexpansive mapping, / G T,c 
and a n G (0, 1), 

x n +i = a n f(x n ) + (1 - a n )Tx n , n > 0. (1.4) 
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Under the conditions (CI), (C2) and (C3) on {a n }, Xu [20] showed in a uniformly 
smooth Banach space that {x n } generated by (1.4) converges strongly to a fixed 
point of T, which solves certain variational inequality. The results of Xu [20] 
extended the results of Moudafi [14] to a Banach space setting. In 2006, Jung 
[9] considered the iterative scheme: for N > 1, Ti,T 2 ,--- , T/v nonexpansive 
mappings, / € Sc and a n £ (0, 1), 

x n+1 = a n f(x n ) + (1 - a n )T n+1 x n , n > 0, (1.5) 

where T n := T n moc j n, and extended results of Xu [20] (and Moudafi [14]) to 
the case of a family of finite nonexpansive mappings. In particular, under the 
conditions (CI), (C2) and the perturbed control condition on {a n } 



oo 



(C4) \a n+N - a n \ < o(a n+N ) + a n , ^ a n < oo, 

n=0 

he obtained the strong convergence of the sequence {x n } generated by (1.5) to a 
solution in P|i=i Fix(Ti) of certain variational inequality in either a reflexive Ba- 
nach space having a uniformly Gateaux diflerentiable norm with the assumption 
that every weakly compact convex subset of E has the fixed point property for 
nonexpansive mappings or a reflexive Banach space having a weakly sequentially 
continuous duality mapping, and gave an example which satisfies the condi- 
tions (CI), (C2) and (C4) , but fails to satisfy the condition (C3) for N > 1; 

n=0 \a n+ N - a n \ < oo. 

Very recently, Yao et al. [21] proposed the following modified Mann iterative 
scheme: for T nonexpansive mapping, / G S^ and {a n }, {(3 n } C (0, 1), 

xq = x e C, 

x n+1 = a n f(x n ) + (1 - a n )y n . 

By using Lemma 2 of Suzuki [19] , they studied strong convergence of this iterative 
scheme in a uniformly smooth Banach space under the following conditions on 
the parameters {a n } and {f3 n } 

DC' 

(C5) a n -+ 0, y, a n = oo, < liminf (3 n < limsup/3 n < 1. 

n ^oo n — ^.qq 

ra=0 

In this paper, motivated by [9,20,21], as a viscosity approximation method, we 
introduce modified Mann iterative scheme for finite nonexpansive mappings : for 
N > 1, Ti,T 2 , • • • , T/v nonexpansive mappings, / € Sc and {a n }, {(3 n } C (0, 1), 



(IS) 



Xo = X £ C, 

Vn Priori i \± Pn )-*■ n-\-l^nt 

x n +i = a n f{x n ) + (1 - a n )y n , 
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and establish the strong convergence of the sequence {x n } generated by (IS) in a 
reflexive Banach space having a weakly sequentially continuous duality mapping 
under certain appropriate conditions on the parameters {a n } and {{3 n } and the 
sequence {x n }. Moreover, we show that this strong limit is a solution of certain 
variational inequality. The main results improve the recent result of Kim and 
Xu [12] to the viscosity approximation method for finite nonexpansive mappings. 
Our results also improve the corresponding results of [8,9,10,21,22]. 

2. Preliminaries and Lemmas 

Let E be a real Banach space with norm || • || and let E* be its dual. The 
value of / E E* at x G E will be denoted by (x, /). When {x n } is a sequence in 
E, then x n — > x (resp., x n — *■ x, x n — *• x) will denote strong (resp., weak, weak*) 
convergence of the sequence {x n } to x. 

The norm of E is said to be Gateaux differentiable if 

lim " X + t|/|| - ||x|1 (2.1) 

exists for each x, y in its unit sphere U = {x G E : ||x|| = 1}. Such an E is called 
a smooth Banach space. The norm is said to be uniformly Gateaux differentiable 
if for y G U, the limit is attained uniformly for x G U. The space E is said 
to have a uniformly Frechet differentiable norm (and E is said to be uniformly 
smooth) if the limit in (2.1) is attained uniformly for (x,y) G U x U. 

By a gauge function we mean a continuous strictly increasing function tp de- 
fined on R + := [0, oo) such that <p(0) = and linv^^ (p(r) = oo. The mapping 
J V :E^ 2 E * defined by 

J v (x) = {feE*: (x, f) = \\x\\\\f\\, ll/H = <p(\\x\\)}, for all x € E 

is called the duality mapping with gauge function <p. In particular, the duality 
mapping with gauge function ip(t) = t denoted by J, is referred to as the normal- 
ized duality mapping. The following property of duality mapping is well-known: 

J v {\x) = sign \( ^ ' X "> ) J(x) for all x G E \ {0}, A G R, (2.2) 



where M is the set of all real numbers; in particular, J{—x) = —J{x) for all x E E 

([5])- 

Following Browder [1] , we say that a Banach space E has a weakly sequential 
continuous duality mapping if there exists a gauge function ip such that the 
duality mapping J v is single-valued and continuous from the weak topology to 
the weak* topology, that is, for any {x n } G E with x n — *■ x, J<p(x n ) — *■ J v (x). 
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For example, every l p space (1 < p < oo) has a weakly sequentially continuous 
duality mapping with gauge function ip{t) = t p ~ x . Set 



$(£) = / (p(r)dT, for all t £ 
Jo 



Then it is known [1] that J lf (x) is the subdifferential of the convex functional 
3>(|| • ||) at x. Thus it is easy to see that the normalized duality mapping J(x) can 
also be defined as the subdifferential of the convex functional <3?(||x||) = ||x|| 2 /2, 
that is, for all x € E 

J(x) = d$(\\x\\) = {f€E*: $(||y||) - $(||x||) > (y - x, f) for all y € E}. 

It is well-known that if E is smooth, then the normalized duality mapping J is 
single-valued and norm to weak* continuous. Also, if E has a uniformly Gateaux 
differentiable norm, the normalized duality mapping J is uniformly norm to 
weak* continuous on each bounded subsets of E ([5,6]). 

Let C be a nonempty closed convex subset of E. C is said to have the fixed 
point property for nonexpansive mappings if every nonexpansive mapping of a 
bounded closed convex subset D of C has a fixed point in D. Let Dbea subset 
of C. Then a mapping Q : C — > D is said to be a retraction from C onto 
D if Qx = x for all x € D. A retraction Q : C — > D is said to be sunny 
if Q(Qx + t(x — Qx)) = Qx for all t > and x + t(x — Qx) £ C. A sunny 
nonexpansive retraction is a sunny retraction which is also nonexpansive. Sunny 
nonexpansive retractions are characterized as follows [7. p. 48]: If E is a smooth 
Banach space, then Q : C — > D is a sunny nonexpansive retraction if and only if 
the following condition holds: 

(x - Qx, J(z - Qx)) < 0, xGC, ZED. (2.3) 

(Note that this fact still holds by (2.2) if the normalized duality mapping J is 
replaced by a general duality mapping J v with gauge function ip.) 

We need the following lemmas for the proof of our main results, For these 
lemmas, we refer to [5,11,13]. 

Lemma 2.1. Let E be a real Banach space and (p a continuous strictly increasing 
function on IR + such that (p(0) = and linv^oo (p(r) = oo. Define 

$(t)= / ip(r)dT, for all t € K + . 
Jo 

Then the following inequality holds 

$(\\x + y\\) < &(\\x\\) + (y,j v (x + y)), for all x, y G E, 



160 



Jong Soo Jung 
where j v (x + y) E J v (x + y). In particular, if E is smooth, then one has 
\\x + y\\ 2 < \\x\\ 2 + 2(y, J(x + y)), for all x,y G E. 

Lemma 2.2. Let {s n } be a sequence of non-negative real numbers satisfying 

Sn+l < (1 - K)Sn + A n 5„ +7n, U > 0, 

where {A n }, {5 n } and {7™} satisfy the following conditions: 

(i) {A n } C [0, 1] and X^=o A ™ = °°/ 

(ii) limsup^^ S n < or Y^ =1 \ n 5 n < 00; 
(iii) In > (n > 0), £~ =0 7™ < °°- 
TTien lirrin^oo s„ = 0. 

Let ii be a continuous linear functional on l°° and (a,o,a,i,-- ■) £ ^°°. We 
write u n (a n ) instead of Li((ao, ai, ■ ■ ■ )). /i is said to be Banach limit if // satisfies 
||ju|| = ^n(l) = 1 and u n (a n+ i) = Li n (a n ) for all (ao,ai,- ■ ■) G /°°. If fx is a 
Banach limit, the following are well-known: 
(i) for all n > l,a n < c n implies fJ,(a n ) < Li(c n ), 
(ii) Li(a n+ N) = M(°n) fo r any fixed positive integer TV, 
(iii) liminf a n < [J. n (a n ) < lim sup a„ for all (00, a\, ■ ■ ■ ) € l°°. 

The following lemma was given in [22] as the revision of [18, Proposition 2]. 

Lemma 2.3. Let a € M. be a real number and a sequence {a n } £ l°° satisfy the 
condition Li n (a>n) < o for all Banach limit ii. //limsup n ^ 00 (a„+Af — a n ) < for 
N > 1, then limsup^^^ a n < a. 

Finally, the sequence {x n } in E is said to be weakly asymptotically regular ii 
for N > 1, 

w — lim (x n+ N — x n ) = 0, that is, x n+ N — x n — *■ 

n — >oo 

and asymptotically regular if for N > 1, 

lim \\x n+N - x n \\ = 0, 

n— s-oo 

respectively 

3. Main results 

Now, we study the strong convergence results for modified Mann iterative 
scheme (IS) in Banach spaces. 



161 



Strong convergence of modified Mann iteration 

We consider N mappings Ti, T 2 , • • • , T/v- For n > N, set T n := T n moc j at, 
where n mod A~ is denned as follows: if n = kN + I, < I < N, then 

, i a i^o, 

n mod N := <, 

N if 1 = 0. 

For any n > 1, T n _|_ArT n _|_Ar_i • • -T n+ i : C —> C is nonexpansive and so, for 
any t £ (0, 1) and / € S c , */ + (1 - t)r n+A rT n+A r_i • • • T n+1 : C -»■ C defines a 
strict contraction mapping. Thus, by the Banach contraction mapping principle, 
there exists a unique fixed point x^(f) satisfying 

(A) x?(f) = tf(x»(f)) + (1 - t)T n+N T n+N -! ■ ■ ■ T n+1 x?(f). 

For simplicity we will write x" for x"(f) provided no confusion occurs. 

The following result for the existence of Q(f) which solves a variational in- 
equality 

N 

((I-f)(Q(f)),MQ(f)-p))<0, /€S Cj P G F := f| Fix{T t ) ± 

i=i 

was obtained by Jung [10]. 

Theorem J [10]. Let E be a reflexive Banach space having a weakly sequentially 
continuous duality mapping J v with gauge function (p. Let C be a nonempty 
closed convex subset of E and Ti, ■ ■ ■ ,T/v nonexpansive mappings from C into 
itself with F := f] i=1 Fix{Tj) ^ and 

F = FixiT^N.! ■■■T 1 )= Fix(T x T N ■ ■ ■ T 3 T 2 ) 

= ... = Fix{T N -iT N - 2 ■ ■ ■ T X T N ). 

Then {x^} defined by (A) converges strongly to a point in F . If we define Q : 
S c -y F by 

Q(/):=limx™, /eS c , (3.1) 

then Q(f) is independent of n and Q(f) solves a variational inequality 
((I-f)(Q(f)),MQ(f)-p))<0, /€S C , PtF 



Remark 3.1. (1) In Theorems J, if f(x) = u, x G C, is a constant, then it 
follows from (2.3) that (3.1) is reduced to the sunny nonexpansive retraction 
from C onto F, 

(Q(u)-u,J v (Q(u)-p))<0, ugC, P eF. 
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(2) We point out that in Theorem 3.1, Lemma 3.1 and Theorem 3.2 of [10], for 
abbreviation, the normalized duality mapping J instead of the duality mapping 
J v was indeed assumed. The normalized duality mapping J in [10] should be 
replaced by the duality mapping J v . But even if we assume the duality mapping 
J v , we can obtain the conclusion in Theorem J by using the same methods as 
Proposition 3.1 and Theorem 3.2 below. 

Using Theorem J, we have the following result. 

Proposition 3.1. Let E be a reflexive Banach space having a weakly sequentially 
continuous duality mapping J v with gauge function (p. Let C be a nonempty 
closed convex subset of E and Ti,- ■ ■ , Tjv nonexpansive mappings from C into 
itself with F := f] i=1 Fix{Ti) ^ satisfying the following conditions: 



(' \ rri r~r~\ rri rri rri rri rr~) r~f~\ rr~\ rri rri 

lj J-N-l-N-l- ■ ■ J-l = J-l-l-N ■ ■ ■ J-3J-2 = ■■■ = J-N-lJ-N-2 ' ' ' ^1^ 



N, 



F = Fix^Tm.! ■■■T 1 )= Fix^Tn ■ ■ ■ T 3 T 2 ) 
(ii) 

= . . . = Fix(T N -i ■ ■ ■ TiTjv). 

Let {a n } and {P n } be sequences in (0, 1) which satisfy the condition: 

(CI) lim^oo a n = 0, lim n ^oo (3 n = 0. 

Let f £ Sc and let {x n } be the sequence generated by 

x = x 6 C, 

(IS) I Vn = PnXn + (1 - (3 n )T n + 1 X n , 

k x n+1 = a n f(x n ) + (1 - a n )y n , n > 0. 
and [i a Banach limit. Then 

Mn(((/ " f)(Q(f)), MQ(f) ~ X n))) < 0, 

where Q(f) = lim t ^ + x t and x t is defined by x t = tf(x t ) + (1 — t)Sx t for 
S = TjvT/v-i • • -T\ and t & (0, 1). 

Proof Note that the definition of the weak sequential continuity of duality 
mapping J v implies that E is smooth. Let x t = tf(x t ) + (1 — t)Sx t for S = 
T/vTjv-i ■ ■ ■ T\ and t £ (0, 1). Then by Theorem J, {x t } strongly converges to a 
point in F, which is also denoted by Q(f) '■= lim t ^ + x t- 

Now, since 

x t - x n+N = (1 - i)(Sx t - x n+N ) + t(f(x t ) - x n+N ), 
by Lemma 2.1, we have 

m\x t - x n+N \\) <$((! - t)\\Sx t - x n+N \\) 



+ t(f(Xt) - Xn+N, J v {x t ~ X n+N ))- 



(3.2) 
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Let p E F. Then we have 

\\x t -p\\ < t\\f(x t ) - v\\ + (1 - t)\\Sx t - Sp\\ 
<t\\f(x t )-p\\ + (l-t)\\xt-p\\ 

This gives that 

\\x t -p\\ < \\f(xt) - P \\ < \\f(x t ) - f(p)\\ + \\f(p) - P\\ 
< k\\x t -p\\ + \\f(p) -p\\ 

and so 

\\x t -p\\ <j^\\fip)-p\\, <e(0,i), 

and hence {xt} is bounded. We also have 

\\x n ~p\\ < max{||x -p\\, ^3vII/(p) -p||} 

for all n > and all p G F and so {x„} is bounded. Indeed, let p € F and 
d = max{||x -p||, X3fc||/(p) -p||}- Noting that 

||2/n -Pll < /3n|kn ~ p\\ + (1 - Pn) \\T n+1 X n - p\\ < \\x n - p\\, 

we have 

\\xi -p\\ < (1 -«o)||yo -p\\ +a \\f(x ) -p\\ 

< (1 - a )||x -p|| + ao(||/(*o) - f(p)\\ + \\f(p) -p\\) 

< (1- (1- k)a )\\x -p\\ +a \\f(p) -p\\ 

< (1 - (1 - k)a )d + a (l - k)d = d. 

Using an induction, we obtain ||x n +i — p\\ < d. Hence {x n } is bounded, and so 
are {y n }, {T n +ix n } and {/(x n )}. As a consequence with the control condition 
(CI), we get 

1 1 T I i 

< \\x n +i -y n \\ + \\y n - T n+1 x n \\ 

< a n (\\f(x n )\\ + \\y n \\) + /3„(||y n || + ||T n+ ix n ||) ^ (asm oo). 
By using the same method, we have 

||x„ + at -T n+N ■ ••T n+ ix n || ^ (asn^oo). 
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Indeed, noting that each Tj is nonexpansive and using just above fact, we obtain 
the finite table 

X n +N— Tn+NXn+N-1 ~ * 0, 
T n +N%n+N-1— T n +NT n +N-l%n+N-2 ~ ¥ 0, 

T n +N ■ ■ ■ T n -\-2X n +i—T n +N ■ ■ -T n -\-ix n — > 0. 
Adding up this table yields 

x n+ N - T n+N ■ ■ ■ T n+1 x n ^ (as n — > oo). 

Moreover, we prove that 

x n+N - T N T N _i ■ ■ ■ T x x n = x n+N - Sx n — >■ (as n ^ oo). (3.3) 

Indeed, we can see the following: 

If n mod N = 1, then T n+N T n+N -i ■ ■ ■ T n+1 = T X T N • • • T 2 ; 
If n mod N = 2, then T„ +Af r n+Af _i • • • T n+1 = T 2 T 1 T N ■ ■ ■ T 3 ; 

If n mod N = N, then T n+A rT n+A r_i • • • T n+1 = T N T N _ 1 ■■■T 1 . 
In view of the condition (i) 

Ti rri r~j~~\ r~r~\ r~r~\ r~j~i rr~\ rri rr~i rri r~j~i 

N-I-N-l ■ ■ ■ J-l — J-lJ-N ■ ■ ■ J-3J-2 — ••• l-N-l-LN-2 ' ' ' -Ll±N, 

so we have 

T N T Nl ■■■T 1 = T n+N T n+N _ 1 ■ ■ ■ T n+ i , for all n > 1. 
This implies that 

X n +N — Sx n = X n+ N — TnTm-1 ■ ■ ■ T\X n 

= x n+N - T n+N T n+N _i ■ ■ ■ T n+1 x n -)■ (as n -> 00). 

Observe also with (3.3) that 

\\Sx t - x n+N \\ < \\x t - x n \\ + e n , 

where e n = \\x n+ N — Sx n \\ — > as n — > 00, and 

if(xt) ~ x n+N , J v (x t - x n+N )) 

= (f(x t ) - x t , J<p(x t - x n+N )) + \\x t - x n+N \\<p(\\x t - x„+iv||). 
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Thus it follows from (3.2) that 

$(\\x t - X n+N \\) 

<$((!- t)(\\x t -x n \\ + e n )) (3.4) 

+ t((f(x t ) - x t , J v (x t - x n+N )) + \\x t - x n+N \\ip(\\x t - X n+N \\)) 

Applying the Banach limit fj, to (3.4), we have 

t*n($(\\Xt ~ X n+N \\)) < Mn(^((l - t)(\\x t - X n \\ + C„))) 

+ t^n({f(xt) ~ x t , J v (x t - x n+N ))) (3.5) 

+ tn„(\\xt - x n+N \\(p(\\x t - x n+N \\)) 

and it follows from (3.5) that 

IJ>n{{Xt ~ f(x t ),J v (x t - X n ))) 

< -jM$((i - *)lkt - x n \\) - m\x t - Xn \\)) 



+ (in{\\Xt - X n+N \\ip(\\x t - X n+N \ 
1 ( f\\xt—x n \\ 

[i n \ / (p(r)d,T 



(3.6) 

.Vn\ I <P<j)dT\ 

t U(l-t)\\x t -x n \\ ) 

+ fJ>n(\\Xt ~ X n+N \\ip(\\x t - X n+N \\)) 

= Hn{\\xt - x n \\(ip(\\x t - x n \\) - y(r„))), 

for some r n satisfying (1 — t)\\xt — x n \\ < r ra < \\xt — x n \\. Since (p is uniformly 
continuous on compact intervals of IR + , 

- *(iljfell/(P) -pII + N -pIM - (as * -► 0), 
and Q(/) = limt^o %t, we conclude from (3.6) that 

l*n(((I-f)(Q(f)),MQ(f)-*n))) 

< limsup/x n ((x t - f(x t ), J v {x t - x n ))) < 0. 

□ 

Theorem 3.1. Let E be a reflexive Banach space having a weakly sequentially 
continuous duality mapping J v with gauge function ip. Let C be a nonempty 
closed convex subset of E and Ti, ■ ■ ■ , T/v nonexpansive mappings from C into 
itself with F := f] i=1 Fix{Ti) ^ satisfying the following conditions: 

{!) InJ-N-1- ■ ■ J-l = J-lJ-N ■ ■ ■ J-3J-2 = ■ ■ ■ = J-N-lJ-N-2 ■ • • ilJjVj 
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F = F^T^T^-i ■■■T 1 )= Fix(T!T N ■ ■ ■ T 3 T 2 ) 
(ii) 

= • • • = Fix(T N _ 1 ■ ■ ■ T X T N ). 

Let {a n } and {(3 n } be sequences in (0, 1) which satisfy the conditions: 
(CI) lim^oo a n = 0, Hm^oo (3 n = 0; 

(C2) T,n=O a n = °°- 

Let f G T,q and let {x n } be the sequence generated by 



(IS) 



Xo = x G C, 

Vn Priori ~~r V Pn)-*- n+l^U5 

k x n+ i = a n f(x n ) + (1 - «„)?/„, n > 0. 



//{x ra } is weakly asymptotically regular, then {x n } converges strongly to Q(f), 
where Q(f) £ F solves a variational inequality 

((I-f)(Q(f)),JUQ(f)-p))<0 /€S C , peF. 



Proof. First, we note that by Theorem J, there exists a solution Q(f) of a 
variational inequality 

((I-f)(Q(f)),MQ(f)-p))<0, /€S C , peF, 

where Q(/) = lim^o^t; and x t is defined by x t = tf(x t ) + (1 — t)Sx t for 
S = T N T N - 1 ---T 1 and i e (0,1). 

We proceed with the following steps: 

Step 1. \\x n — p\\ < max{||xo — p\\, i^z\\f(p) — p\\} for all n > and all 
p € FixiT) as in the proof of Proposition 3.1. Hence {x n } is bounded and so 
are {y n }, {T n+1 x n } and {/(#«)}■ 

Step 2. limsup„^ co ((/ - f)(Q(f)), J V (Q(/) - x„)) < 0. To this end, put 

a n := ((/ - f)(Q(f)), MQ(f) - x n )), n > 1. 

Then Proposition 3.1 implies that fi n (a n ) < for any Banach limit jx. Since 
{x n } is bounded, there exists a subsequence {x ni } of {x n } such that 

limsup(a n+Af - a n ) = lim (a nj+A r - a nj ) 

n — >oo J *°° 

and x n . — *■ q £ E. This implies that x n . + N —*■ 1 since {x n } is weakly asymptot- 
ically regular. From the weak sequential continuity of duality mapping J v , we 
have 

w - lim J tp (Q(f) - x n _ +N ) = w- lim J v (Q(f) -£„,.) = J v (Q(f) - q), 

J — MX) J— >00 
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and so 

limsup(o n+A r - a n ) 

n— >oo 

= lim ((/ - /)(Q(/)), MQ(f) - x nj+N ) - J v (Q(f) ~ *«,)> = 0. 

Then Lemma 2.3 implies that limsup n ^ 00 a n < 0, that is, 

limsup((J - /)(Q(/)), J V (Q(/) - xj) < 0. 

n — >oo 

Step 3. limyj^oo ||x n — Q(f)\\ = 0. By using (IS), we have 

x n+1 - Q(f) = a n {f{x n ) - Q(f)) + (1 - a n )(y n - Q(/)). 
Applying Lemma 2.1, we obtain 
||x n+1 -Q(/)|| 2 

< (1 - a n ) 2 \\y n - Q(f)\\ 2 + 2a n (f(x n ) - Q(f), J(x n+1 - Q(/))) 

< (1 - a n ) 2 \\x n - Q(f)f + 2a n (f(x n ) - f(Q(f)), J(x n+i - Q(/))) 
+ 2a n (/(Q(/)) - Q(f), J(x n+1 - Q(/))) 

< (1 - a n ) 2 ||x n - Q(/)|| 2 + 2ka n \\x n - Q(/)||||x n+1 - Q(f)\\ 
+ 2a„(/(Q(/)) - Q(/), J(x n+1 - Q(/))) 

< (1 - a n ) 2 ||x n - Q(f)\\ 2 + ka n (\\x n - Q(f)\\ 2 + \\x n+1 - Q(f)\\ 2 ) 
+ 2a n (/(Q(/)) - Q(/), J(x n+1 - Q(/))). 

Now, by using gauge function 93, we define for every n > 

r HQ(/)-znii iforn^r 

,9 . = J <p(||9(/)-*„||)' WJ ^ n 

1 0, if Q(f) = x n . 

From sup{ J^IJ^^ : Q(f) ^ x n } < 00, we obtain limsup^^ 6 n < 00. Also 
from (2.2), we have 

J(Q(f) ~ x n+ i) = n+ iJ ip {Q{f) - x n+1 ), for all n > 0. 

It then follows that 

Xn+1 - <?(/) < i i Fn - Q(/) 

1 — ka n 
In 

+ T^-iV ~ /)«?(/)). W(/) " *n+l)> 

1 /o M 2 ( 3 - 7 ) 

2(T 

- " " +!<(/- /)(Q(/)),J<,(Q(/)-*n+l)>, 



1 — ka 
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where M = sup n>0 \\x n — Q(f)\\ 2 . Put 

. 2(1 -k)a n 

A„ =— : and 

1 — KOLn 



" Vn " + J^en+ldl ~ f)(Q(f)),MQ(f) ~ Xn+l))- 



n 2(l-k) 1-k 

From (CI), (C2) and Step 2, it follows that A n — > 0, Xl^Lo ^ n = °° anc ^ 
limsupjj^^ 5 n < 0. Since (3.7) reduces to 

\\x n+1 - Q(f)\\ 2 < (1 - X n )\\x n - Q{f)f + X n 5 n , 

from Lemma 2.2, we conclude that lim^^oo \\x n — Q(/)|| = 0. This completes 
the proof. □ 

Corollary 3.1. Let E be a reflexive Banach space with a weakly sequentially 
continuous duality mapping J v with gauge function (p. Let C be a nonempty 
closed convex subset of E and T\, ■ ■ ■ , Tjv nonexpansive mappings from C into 
itself with F := Hi=i Fix(Ti) ^ satisfying the following conditions: 



(i) TnTn-i ■ ■ ■ T\ = TiT/v • • • T3T2 = • • • = Tm-iTm-2 ■ ■ ■ T\T, 



N, 



F = Fix(T N T N -i ■■■T 1 )= Fix(T!T N ■ ■ ■ T 3 T 2 ) 
(ii) 

= • • • = Fix(T N -i ■ ■ ■ TiTjv). 

Let {a n } and {(3 n } be sequences in (0, 1) which satisfy the conditions; 
(CI) lim^oo a n = 0, lim^oo (3 n = 0; 

(C2) Y.n=O a n = 00. 

Let f G T,c and let {x n } be the sequence generated by (IS). If {x n } is asymp- 
totically regular, then {x n } converges strongly to Q{f), where Q(f) £ F is the 
unique solution of a variational inequality 

{(I-f)(Q(f)),JUQ(f)-p))<0 /€Sc, P^F. 



Remark 3.2. If {a n } and {/3 n } in Corollary 3.1 satisfy conditions: 
(CI) lim^oo a n = 0, lim^oo [3 n = 0; 

(C2) EJo a " = °°; 

( A1 ) Er=o \Pn+N ~ Pn\ < 00; and 

(A2) Xl^Lo \ a n+N — oi n \ < 00, or the perturbed control condition: 

(A3) |a n+ Ar - a n \ < o(a n+N ) + a n , Y^^Lo a n < 00, 

then the sequence {x n } generated by (IS) is asymptotically regular. Now we give 

only the proof in case when {a n } and {/3 n } satisfy the conditions (CI), (C2), 
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(Al) and (A3). Indeed, by Step 1 in the proof of Proposition 3.1, there exists a 
constant L > such that 

L = max{sup{||/(x„)|| + ||T n+ ix„||},sup{||x n || + ||T„ + ix n ||}}. 

ra>0 n>0 

Since for all n > 1, T n+ N = T n , we have 

x n +N - x n = (a n+N _ 1 - a n -i)(f(x n -i) - T n x n - X ) 

+ (1 — a ra +Ar_i)/? ra +Ar_i(x n +Ar_i — X n -l) 
+ [(Pn+N-1 — /3n-l)(l — On+JV-l) 

- (a n +N-i - a n _i)/? n _i](x„_i - T n x n _i) 

+ (1 — /5n+JV-l)(l — «n+iV-l)(T„_|_jvXn+JV-l ~ ?n + jvX„_l) 
+ an+AT-l(/(^n + Af-l) ~ /(x„-l)), 

and so 

|| Xn+JV X n || 

< (1 — (3 n+ N-l){l - a n+ N-l)\\x n+ N-l - X n -1 1| 

+ fca n _|_Ar_i||x n _|_iV_i — Xn-l || + (1 — a n+ jv_i)/3 n+ 7v_i||x n+ 7v-l — X n -1 1| 
+ \Pn+N-l — f3 n -i\L + 2\a n+ N-l — CX n -l\L 

< (1 - (1 - fe)a n+ Ar_i)||x„ + Ar_i - X„_i|| + |/3 n +JV-l ~ 0„-l\L 

+ 2(o(a n+A r_i) + cr n _i)L. 

By taking s n+ i = \\x n+N - x n \\, A„ = (1 - fe)a n+ jv-i, A n 5 n = 2 o (a n+Ar _i)L 
and 7 n = |/? n+A r_i - /?„-i|L + 2a n _ 1 L, we have 

«n+l < (1 - K)s n + A n 5 n + 7„. 

Hence, by (CI), (C2), (Al), (A3) and Lemma 2.2, 

lim ||x n+A r - x n \\ = 0. 

n — >oo 

In view of this observation, we have the following result. 

Corollary 3.2. Let E, C and Tj, ■ ■ ■ , Tjy be as in Corollary 3.1. Let {a n } and 
{f3 n } be sequences in (0,1) which satisfy the conditions (CI), (C2), (Al) and 
(A3) (or t/ie conditions (CI), (C2), (Al) and (A2)) in Remark 3.2. Let f € S c 
and let {x„} 6e t/ie sequence generated by (IS). TTien {x„} converges strongly to 
Q(f) £ -F, where Q(f) is the unique solution of a variational inequality 

((I-f)(Q(f)),MQ(f)-p))<0, /€Sc, P6f 
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Remark 3.3 (1) Proposition 3.1 and Theorem 3.1 improve the corresponding 
results of Jung [8,9,10], Kim and Xu [12] and Zhou et al. [22] (that is, Theorem 
10 of [8], Theorem 2 in [9], Proposition 3.1 and Theorem 3.3 in [10], Theorem 1 
in [12], and Theorem 5 and Theorem 6 in [22]) in several aspects. 

(2) Theorem 3.1 also extends Theorem 1 of Yao et al. [21] to the case of a 
family of finite mappings under the different conditions on the parameter {f3 n } 
and the sequence {x n } in the space having a weakly sequentially continuous 
duality mapping. 

(3) Corollary 3.1 (and Corollary 3.2) also improves Theorem 1 of Kim and 
Xu [12] to the viscosity approximation method for finite nonexpansive mappings 
together with different condition from the condition (A2) on {a n }. 

(4) Even the case of (3 n = 0, Corollary 3.2 generalizes Theorem 10 of Jung 
[8] and Theorem 2 of Jung [9] since the assumption of uniformly Gateaux dif- 
ferentiable norm and the fixed point property (that is, the uniform smoothness 
assumption) was removed. 

(5) Even the case of f(x) = u, x £ C, a constant, Theorem 3.1 also works in 
a Banach space setting as opposed to iterative scheme of Nakajo and Takahashi 
[15], which works in only in the framework of Hilbert spaces. 
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LINEAR COMBINATIONS OF COMPOSITION OPERATORS 

ON H°°(B N ) 

ZE-HUA ZHOU* AND YUAN CHEN 



Abstract. We investigate the compactness of linear combinations of composition 
operators acting on bounded holomorphic function space H°°(Bn) in the unit ball 
of C^, and completely characterize the association of compactness and coefficients 



of linear combinations of composition operators. 



1. Introduction 



The algebra of all holomorphic functions on the unit ball Bjy in C will be denoted 
by H(Bn). Let S(Bjy) be the set of holomorphic self- maps of Bn, and H°°(B]y) 
denote the space of all bounded holomorphic functions on B^ endowed with the 

norm of ||/|| = sup |/(z)|, the closed unit ball of H co {B^) is written by H°°. 
zeB N 
For z, w £ Bn, it is well known that the pseudo-hyperbolic distance between z 



and w is 



p(z,w) = \(p z (w)\ 



z- P z (w) - S Z Q Z (w) 



1 - (w,z) 

where S z = \J\ — |z 2 |, P z is the orthogonal projection from C onto the one dimen- 
sional subspace [z] generated by z, and Q z is the orthogonal projection from C 
onto C^ - [z]. 

Let ip e S(Bjy), the composition operator C v induced by ip is defined by 

(<V)(s) = /(#*)), 

for z in Bn and / G H(Bn). It is easy to see that the composition operator C v is 
always bounded on H°°(Bn) with norm 1. 

During the past few decades much effort has been devoted to the research of such 
operators on a variety of Banach spaces of holomorphic functions with the goal of 
explaining the operator-theoretic behavior of (X,, such as compactness and spectra, 
in terms of the function-theoretic properties of the symbol cp. We recommend the 
interested readers refer to the books by J. H. Shapiro [8] and Cowen and MacCluer 
[1], which are good sources for information on much of the developments in the 
theory of composition operators up to the middle of last decade. 

In the past few years, many authors are interested in studying the mapping prop- 
erties of the difference of two composition operators, i.e., an operator of the form 

1 = L/ip — Uip. 

The primary motivation for this has been the desire to understand the topologi- 
cal structure of the whole set of composition operators acting on a given functions. 
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nations; coefficients. 
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Most papers in this area have focused on the classic reflexive spaces, however, some 
classical non-reflexive spaces have also been discussed lately in the unit disc in the 
complex plane. In [6], MacCluer,Ohno and Zhao characterized the compactness of 
the difference of composition operator on H°° spaces by Poincare distance. Their 
work was extended to the setting of weighted composition operators by Hosokawa, 
Izuchi and Ohno [3] . In [7] , Moorhouse characterized the compact difference of com- 
position operators acting on the standard weighted bergman spaces and necessary 
conditions on a large scale of weighted Dirichlet spaces. Hosokawa and Ohno [3] and 
[4] gave a characterization of compact difference on Bloch space in the unit disc. In 
[9] and [2], Carl and Gorkin et al., independently extended the results to H°°(B n ) 
spaces, they described compact difference by Caratheodory pseudo-distance on the 
ball, which is the generalization of Poinare distance on the disc. 

Lately, Izuchi and Ohno [5] characterized the compactness of linear combinations 
of composition operators on the Banach algebra of bounded analytic functions on 
the open unit disk. 

Motivated by [5] on the disk, we generalize the results to the unit ball, investigate 
the compactness of linear combinations of composition operators acting on bounded 
holomorphic function space H°°(Bn) in the unit ball of C , and completely char- 
acterize the association of compactness and coefficients of linear combinations of 
composition operators. For the proof, we need some complex calculation skills. 

2. Main Results 

For our discussion of compactness, we will need the following, minor modification 
of that of Theorem 3.4 in [1] . 

Proposition 1. (Compactness Criterion) Let (pi,(p2, mm ~ ,<p n be distinct functions 
in S(Bn) and Aj G C with Aj 7^ 0. Then the linear combination of composition oper- 

n 

ators ^2 XiCp i is compact on H°°{Bn) if and only if whenever {f m }mis a bounded 
sequence in H°°(Bn) such that {f m }m converges to uniformly on any compact 



subset of Bjsf, then 



n 

\ r 



£A 4 C, 



tends to osmoo. 



Let (pi, 922; • • • j fn be distinct functions in S(Bn) and n > 2. Let Z = Z((pi, <f2, ■ ■ ■ , <p n ) 
be the family of sequence { z/u } fc in Bn satisfying the following three conditions: 

(a) |9?j(zfc)| — ► 1 as k — ► 00 for some i; 

(b) {tpi(zk)}k is a convergent sequence for every i; 

, > H>3{ z k)-P V A(z k ){fi{ z k))-S v .( Zk )Q v .( Zk ){fi{z k )) . 

(cj J - 1 _, , ■. — j^-y. — 1S a convergent sequence tor every 

i,3- 

(c') p(<Pi(zk) , <Pj{zkj)k is a convergent sequence for every i,j. 

Note that if |</?j(zfc)| — ► 1 as k —> od for some i, then it is easy to see that there 

exists a subsequence {zkA ■ £ Z. 

j j j 

For {zk} k £ Z, we write 

I( z k) = {* : 1 — * — n i l^i^fc)! "" v 1 as k — > 00}. 

By condition (a), I(zk) 7^ 0- By condition (b), there exists 5 with < 5 < 1 such 
that |^(zfc)| < 5 < 1 for every jnot G I(zk) and k. For each t £ I(zk), let 

Io(zk,t) = {j G I(z k ) : p(<Pj(zk), Vt(zk)) ^0 as k -»■ 00}. 
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For s, t G I(zk), it is clear that either Io(zk, s) = Io(z k , t) or Io(z k , s) f] Io(z k , t) = 0. 
Hence there is a subset ti,t2,U C I(zk) such that 

l i i 

I{z k ) = (J I ({zk}, t P ) and |J Io({z k },t p ) f] \J I {{z k },t q ) = 
p=i p=i p=i 

for p ^ q. 

n 

When we consider the compactness of linear combinations ^2 AjC^, some C^,. 

i=i 
could be compact, that is Halloo < 1 (see Exercise 4.1.8(b) in [1]). We may exclude 
such trivial ones from our linear combinations. 

Theorem 1. Let (pi,(f2,--- ,<p n be distinct functions in S(B^) with ||</?i||oo = 1; 
and Aj G C with Aj 7^ /or every i. T/ien t/ie following conditions are equivalent. 

n 

(1) ^2 \C { p i is compact on H°° . 

i=l 

( 2 ) Y,{^i '■ i ^ h{z k ,t)} = for every {z k } k G Z = Z(ip!,(p2,- ■ ■ ,Vn) and 
t€l(z k ). 

Proof (1) => (2). 

n 

Suppose that ^ XiC ipi is compact on H°°. Let {zfc}& £ Z an d £ G I( z k), that is 
i=i 
I VtC^fc) I -^ 1 as fe ^ 00. For each positive integer k, denoting 

2 



fk(z) 



1 - \ip t (zk) 
1 - (z,ip t (z k )) 



n (^w(^) w.vww to (**))) vw**) w 



J^o({«fc},*) 

where jj can be any integer G Io(z k ,t). It is easy to check that f k (z) G H°°, 
1 1 /fell 00 < 2 and {/fc}fc converges to uniformly on every compact subset of Bjy. It 



follows that 

n 

y ^jCipj'k 



i=i 



> 



X] A */fc ('Pi ( Z k)) 



i=l 



E r 



1 - |v?t(zfc) 



II yPfj^k) ('Pi ( Z k)) > ^i(z*) to («*))) ¥>¥>,•.(**) to (*k)) 



Here by the definition of Io(zk,t), it follows that p(<fi(z k ) , <ft(zk)) ~^ as k — ► 00. 
Hence 



(¥W**) (^ (**))> Vt (**) 



1^(^)1 - (Mgfe) ,_vt(zk)) 



0, 



furthermore 



1 - \ipt{z k )Y 



1 - (ifi (z k ) , (p t (z k )) 
as A; — ► 00. 

With the same proof, when k — > 00, we have 

I^^OI 2 - to to) ,<Pi(zk)) 



1 



and 



1 - (¥>t(zfc) ,<Pi(zk)) 

1 - |^(z fc )| 2 
1 - {¥t(zk) ,fi(zk)) 



1. 
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Note that i <E I (z k ,t), j~ ^ ^ L -► 1 , it follows that 1 - |<£j (.2fc)| 2 , 1 - \tp t (z k )\ 2 ,1 - (ft(z k ) ,fi(z k )) 

and 1 — {ipi (z k ) , ip t (z k )) are equivalent as k — > oo. 
On the other hand 

2 
¥><»,•(**) (¥>i ( z k)) ~ f n (z k ) (ft Ofc)) 

ViPiizk) (fi (.Zk)) ~ f<Pj(z k ) (ft (Z k )) , f Vj (z k ) (fi (Zk)) - <P<pj{z h ) (ft (z k )) 

!~ \fj(zk)\ 2 ) (1- (fi(z k ),ft(z k )}) 



1 - \fj(z k )\ J [1- \(fi(z k 
|1 - (tpi(Zk) ,ipj(z k )}\ 2 



[1 - (ifii (z k ) , fj (Z k ))) (1 - (<Pj (z k ) , f t (z k ))) 



1 ~\fj( z k)\ j(l- (ft(Zk),fi(Zk))) 
(1 - (fj (z k ) , fi (Z k ))) (1 - (ft (Z k ) , fj (z k ))) 

from the equality above, it follows that 
(l-\^(z k )\ 2 )(l-\f t (z k )\ 2 ) : 

= {l-\f J (z k )\ 2 )(l-\f i (z k )\ 2 ) >. 



+ 1 



1 - \(fj(z k )\ ) ( 1 - \ft(z k 
\l-(ft(z k ),<pj(z k ))\ 2 



1 - (ifi (Z k ) , fj (Z k )) 1 - (ipt (Z k ) , (fj (z k )} 

(fi(Zk) - ft(z k ) ,fj(z k )} 



1 - (fi Ofc) , fj (z k ))) (1 - (ft (z k ) , fj (z k ))) 



< l-|^'Ofc)l (l-\<Pi(z k )\ z \ x - 



(Vi(^fe) - ft(z k ),fj(zk)) 



(l-(ipt(z k ),ipj(z k ))) 



<4 

< 8 
Where 



(fi (Z k ) - ft (Zk) , ft (Z k )) + (<Pi (Z k ) - ft (Z k ) , (fj (z k ) - ft (z k )) 



(1- (f t (zk),fj(z k ))) 
\(fi(z k ) - ft Ofc) , ft (z k ))\ 2 + \(fi(z k ) - ft (z k ) , fj (z k ) - ft(z k ))\ 2 

II - (¥>t0fc) ,v?j0fc))l 2 



(fi(z k ) - ft(zk),ft(z k )) 



< 



1 - (ft (z k ) , V?j (Zk)) 



\ft(z k )\ - (fi (z k ) , ft (z k )) 



1 - \ft (z k ) 



as k — ► oo and 



< 



(yifa)~ytfa),yj(Zfc)-yt(2fc)) 

l-(ipt(zfe),9Pj(2;fe)> 

¥>i Ofc) - Vi Ofc)| 2 x \fj (zk) ~ ft (z k )\ 2 X i!,^^) (2 .v. ? 



< 



|y?iOfc)l - (ft(Zk),fi(Zk)) + 

'Pj( 2 fc)| 2 -( l M 2 fc)>'Pj(^fc))| + |l¥'t(>fc)l -(^j(2fc):Vt( 2 fc)> 



(**)>r 

I^i0fc)| 2 - (fi(z k ),ft(z k )) 



(d) 



\l-{tpt{zk),9i{z k ))\ 
If follows from condition (c) that 



and 



f> fj (z k )(ft(Zk)),fj(Zk) 



{fMzk)(fi( Z k))ift(zk)) 



\fj(zk)\ 2 - (ft(z k ),fj(z k )) 
1 - (ft(Zk),fj(Zk)) 



\ft(z k )\ - (fj(z k ),f t (z k )) 

1 - (fj(z k ),(ft(z k )} 



a, \a\ < 1 



7, |7| < 1. 
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While 



Pi{z k )\ 2 - (<Pt {zk) , Pi {zk)} „ , \tPt (zk)\ 2 - (<Pi (Zk) , <Pt (Zk)) 
► (J and 



1 - \<Pt(zk)\ 
therefore (d) — ► as k — ► oo. 



That is 



as A; — > oo. Therefore 



1 - 1^(^)1 



o, 



lim ^.( 2fc) (y>< (z fc )) = lim ^ jfe) (<ft («*,)) 

ft — * OO rC ^ OO 

sincej ^ iod-^fc}^)- By the definition of Io(z k ,t) and (c) 



lim <Ap,( 2fc ) (^t (**)) = Pj,t + 



-<JV 



for some /3j : t G C 

By condition (1) and Proposition 1, 



2 ,\,c<pjfk 



i=l 



as A: — ► oo. Therefore we get 



Consequently, we have 



:d. 



e a n &.*i& 

E ^ = o. 

»^Jo({«fc},*) 



/,t 



0. 



Suppose that ^ \C ipi is not compact on H°°, then there exists a sequence {f m } m 
i=l 
in the ball of H°° (.B/v) such that f m — ► uniformly on every compact subset of .Bjv 

n 

Oasm-> oo. 



and 



z2 ^ifm [Pi 



i=l 



For some e > 0, considering a sequence of {f m } m , we may assume that 



}] hfm (<Pi 



i=l 



> e> 



for every m. 

Take Zfc G i?Ar with IzJ — ► 1 and 



E ^ifm (<Pi) (z k ) 



i=\ 



> e. 



Considering a subsequence of {z k } k , we may assume that <fi(z k ) — ► on as k — ► oo 
for every i. Since / m — ► and uniformly on every compact subset of Bn, \cti\ = 1 
for some i. Moreover we may assume that{z k } k S Z. Also we have 



lim inf 

TO— >00 



E ^ifm (<Pi (z k )) > £■ 

«e/({2 fc }) 

Recall that there exists a subset {£i, i2> ■ ■ ■ , ti\ C I{z k } such that 

l 

J {zk} = (J ^o({^fc},* P ), 
p=i 
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and 

io({zk},tp)ni ({z k },t q ) = Q 

for p 7^ q. 

Let i £ Iq ({zk} , t p ), then 

p((Pi(zk) ,<fit p (zk)) -»• 

as k — ► oo. 

By Schwarz's lemma, it follows that 

P (/m (<Pi (z*;)) , fm {<Pt p (Zk))) < P {<Pi (Zk) , <Pt p (Zk)) "► (e) 

as k — ► oo. 

Since {/ m (<^j (-Zfe))} m is bounded, considering a sequence of {£fc} fc > we ma y assume 
that / m (tpi (zk)) — ► A as /c — ► oo for every i. By (e), it follows that /% = /% for 
every i & Iq ({z k } ,t p ). Therefore by condition (2), 

l 
lim V] Kfm(<Pi(zk)) = bm V] V] \fm(<Pi(zk)) 

k— +oo * — * k^oo *■ — * * — * 

*e/({z fc }) p=i iei" ({zfc},*p) 

= E E v? ip = j> p E A * = °- 

p =1 *e/o({z fc },t p ) p=i ie/ ({2fc},i P ) 

This contradicts condition. This completes the proof of Theorem 1. □ 

The following corollaries follow from Theorem 1. 

Corollary 1. Let ipi,<p2,--- ,<Pn be distinct functions in S (Bn) with Halloo = 1 
and A, G C with Aj 7^ for every i if ^ Aj 7^ for every J G {1, 2, • • • , n}, then 

ieJ 

n n 

Y2 \C^i is n °t compact on H°° . This says that the sum ^ C ipi is never compact 
i=i r j=l 

on H°° for every ip^ G S (Bn) with WfiW^ = 1, i = 1,2, ■ ■ ■ ,n. 

Corollary 2. Let (p±,<p2,--- )¥>n ^ e distinct functions in S (Bn) with H^H—. = 1 

n 

and Xi £ C wit/i Aj / /or every i. Suppose that^2 A« = and ^ Aj^O /or even/ 

i=l ieJ 

n 

non-empty subset J of {1, 2, • • • , n}. T/ien ^ \C LPi is compact on H°° if and only 

i=i 
*/ C<pi ~~ C^ *s compact on H°° for every i,j with i ^ j. 

n 

Proof. Suppose that ^ XiC ipi is compact on H°° . Then by Theorem 1, for every 
i=i 

{z k } k e Z, I{{z k }) = {1,2, ,n} and/ ({z fc },t) = {1,2, ,n} . 

For every £ G ({z k })- Hence lim^.^i.,! p (<# (z) , ^ (z)) -► 0, by [9], C Vi - C Vj is 
compact for every i,j. Suppose that C ipi — C Vj is compact for every i,j. Since 

n n n n 

/ 4 ^iCip, = 2_^ AjC^j + 2_^ Aj (C Vi — C^J = 2^ Aj (C^ — C^J, 

i=l j=l i=l i=2 

n 

it follows that ^ \C Lpi is compact. □ 

j=l 

Under the assumption of Corollary 2, we obtain the following corollary by Theo- 
rem 3 in [9]. 
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Corollary 3. Let ipi,if2,--- ifn be distinct functions in S (.Sat) with WfiW^ = 1 

n 

and Xi G C with Aj ^ for every i. Suppose that Y Aj = and Y Aj 7^ for 

i=l i£j 

every non-empty proper subset J of {1,2, ■ ■ ■ ,n}. Then the following conditions are 
equivalent: 

n 

(1) J2 x iC^ : H °° -► H °° is compact; 

i=l 
n 

(2) Y. \C Vi : B -+ H°° is compact. 

i=l 

References 

[I] C.C.Cowen and B.D.MacCluer, Composition operators on spaces of analytic functions, CRC 
Press, Boca Raton , FL, 1995. 

[2] P.Gorkin and B.D.MacCluer, Essential norms of composition operators, Integral Equation Op- 
erator Theory, 48 (2004), 27-40. 

[3] T. Hosokawa and S. Ohno, Topologicial structures of the set of composition operators on the 
Block space, J. Math. Anal. Appl. 34(2006), 736-748. 

[4] T. Hosokawa and S. Ohno. Differences of composition operators on the Bloch space , J. operator, 
theory, 57 (2007), 229-242. 

[5] K.J. Izuchi and S. Ohno, Linear combinations of composition operators on H°° , J. Math. 
Anal. Appl. 338(2008), 820-839. 

[6] B.MacCluer, S.Ohno and R. Zhao Topological structure of the space of composition operators on 
H°°, Integr. Equ. Oper. Theory,40(4)(2001),481-494. 

[7] Jennifer Moorhouse, Compact difference of composition operators, Journal of Functional Analy- 
sis 219 (2005), 70-92. 

[8] J. H. Shapiro, Composition operators and classical function theory, Spriger-Verlag, 1993. 

[9] Carl Toews, Topological components of the set of composition operators on H°°(Bn), Integr. 
Equ. Oper. Theory,48(2004), 265-280. 

[10] Z.H. Zhou and Yan Liu, The essential norms of composition operators between generalized 
Bloch spaces in the polydisc and their applications, Journal of Inequalities and Applications, 
2006(2006), Article ID 90742: 1-22. doi:10.1155/JIA/2006/90742. 

[II] Z.H. Zhou and J.H. Shi, Compactness of composition operators on the Bloch space in classical 
bounded symmetric domains, Michigan Math. J. 50 (2002), 381-405. 



Department of Mathematics 
Tianjin University 
Tianjin 300072 
P.R. China. 

E-mail address: zehuazhou2003@yahoo.com.cn 

Department of Mathematics 
Tianjin University 
Tianjin 300072 
P.R. China. 

E-mail address: sheqingchun@163.com 



JOURNAL OF CONCRETE AND APPLICABLE MATHEMATICS, VOL.7, NO.2,179-186, 2009, COPYRIGHT 2009 EUDOXUS PRESS, LLC 



An Extension of Some Common Fixed Point 
Theorems for Selfmappings in Uniform Space 

M. O. Olatinwo* 

Department of Mathematics 

Obafemi Awolowo University, Ile-Ife, Nigeria. 



Abstract 
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1. Introduction 

Let (X, $) be a uniform space, where X is a nonempty set equipped with a 
nonempty family $ of subsets of X x X satisfying certain properties. <& is called the uni- 
form structure of X and its elements are called entourages or neighbourhoods or sur- 
roundings. Interested readers can consult Bourbaki [4] and Zeidler [19] for the definition 
of uniform space. The definition is also available on internet (by Wikipedia, the free 
encyclopedia) . 

The concept of a W— distance on metric space was introduced by Kada et al [8] 
to generalize some important results in nonconvex minimizations and in fixed point 
theory for both W— contractive and W— expansive maps. The theory of fixed point or 
common fixed point for contractive or expansive selfmappings in complete metric space 
has been well-developed. Interested readers can consult Berinde [2, 3], Jachymski [6], 
Kada et al [8], Kang [9], Rhoades [13, 14], Rus [16], Rus et al [17], Wang et al [18] and 
Zeidler [19] for further study of fixed point or common fixed point theory. 

Using the ideas of Kang [9], Montes and Charris [15] established some results 
on fixed and coincidence points of maps by means of appropriate W— contractive or 
W— expansive assumptions in uniform space. Furthermore, Aamri and El Moutawakil 
[1] proved some common fixed point theorems for some new contractive or expan- 
sive maps in uniform spaces by introducing the notions of an A— distance and an 
E— distance. 

In [1], the following contractive definition was employed: 
Let /, g : X — ► X be selfmappings of X. Then, we have 

(1) p(f(x), f(y)) < i>(p(g(x),g(y))), V M ^, 

where ip : H + — ► IR + is a nondecreasing function satisfying 
(i) for each t £ (0,+oo), < ip(t), 
(ii) lim ip n (t) = 0, V t € (0, +oo). 

n — >oo 

tjj satisfies also the condition ip(t) < t, for each t > 0. 

In this paper, we shall establish some common fixed point theorems by employing 
the concepts of an A— distance and an E— distance, the notion of the comparison func- 
tions, as well as a contractive condition of the integral type. Literature abounds with 
several contractive conditions that have been employed by various researchers over the 
years to obtain different fixed point theorems. For the various contractive definitions 
that have been employed over the years and the notion of the comparison functions, we 
refer our interested readers to Berinde [2, 3], Branciari [5], Rhoades [13, 14], Rus [16] 
and Rus et al [17]. Both Branciari [5] and Rhoades [13] used contractive conditions of 
the integral type to extend the Banach's fixed point theorem. 
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2. Preliminaries 

We shall require the following definitions and lemma in the sequel. The Remark 
2.1, Definitions 2.2 - 2.6 and Lemma 2.7 are contained in [1, 9, 15]. Let (A, $) be a 
uniform space. 

Remark 2.1: When topological concepts are mentioned in the context of a uniform 
space (A, $), they always refer to the topological space (X, r(<l>)). 
Definition 2.2: If V £ 3> and (x,y) £ V, (y,x) £ V, x and y are said to be F— close. 
A sequence {x n }^L C X is said to be a Cauchy sequence for $ if for any V £ <]?, there 
exists A > 1 such that x n and x m are F— close for n, m > N. 

Definition 2.3: A function p : X x X — ► IR + is said to be an A— distance if for any 
V £ <3?, there exists <5 > such that if p(z, x) < 8 and p(z, y) < 5 for some z £ A, then 
(x, J/) £ V. 

Definition 2.4: A function p : A x X — ► IR + is said to be an E— distance if 
(pi) p is an ^4— distance, 
(p 2 ) p(x,y) <p(x,z) +p(z,y), V x, y £ A. 

Definition 2.5: A uniform space (A, <£) is said to be Hausdorff if and only if the 
intersection of all V £ <& reduces to the diagonal { (x, x) | x £ X} , i.e. if (x, y) £ V for 
all V £ $ implies x = y. This guarantees the uniqueness of limits of sequences. V £ $ 
is said to be symmetrical if V = V -1 = { (y, x) | (x, y) £ V} . 
Definition 2.6: Let (A, <I>) be a uniform space and p be an A— distance on A. 
(i) A is said to be S— complete if for every p— Cauchy sequence {x n }^ =0 , there exists 
x £ A with lim p(x n , x) = 0. 

(ii) A is said to be p— Cauchy complete if for every p— Cauchy sequence {x n }^L , there 
exists x £ X with lim x n = x with respect to t($). 

n^oo 

(iii) / : A — ► A is p— continuous if lim p(x n ,x) = implies lim p(f(x n ), fix)) = 0. 
(iv) / : X — ► A is t{&) — continuous if lim x n = x with respect to r(3>) implies 
lim f(x n ) = f{x) with respect to t($). 

(v) A is said to be p— bounded if <5 p (A) = sup { p(x, y) | x, y £ X} < oo. 
We shall require the following lemma in the sequel. 

Lemma 2.7: Let (A, $) be a Hausdorff uniform space and p be an A— distance on X. 
Let {x n }^L , {yn}^L ^ e arbitrary sequences in X and {a n }^L , {/3 n }^Lo ^ e sequences 
in IR + converging to 0. Then, for x, y, z £ A, £/ie following hold: 

(a) Ifp(x n , y) < a n andp(x n , z) < (3 n , V n £ 2AT, t/ien y = z. In particular, ifp(x, y) = 
and p(x, 2) = 0, then y = z. 

(b) If p(x n ,y n ) < a n andp{x n ,z) < j3 n , V n £ IN, then {y n }™ =0 converges to z. 

(c) If p(x n ,x m ) < a n V m> n, then {x n }™ =0 is a Cauchy sequence in (A, $). 
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Remark 2.8: A sequence in X is p— Cauchy if it satisfies the usual metric condition. 

See [1] for this remark. 

Definition 2.9 [Berinde [2, 3]]: A function ip : IR + — ► IR + is called a comparison 

function if: 

(i) ip is monotone increasing ; (ii) lim ip n (t) = 0,V t > 0. 

n — >oo 

See Rus [16] and Rus et al [17] for more on the comparison functions. 
Remark 2.10: Every comparison function satisfies the condition V'(O) = 0. 
Also, both conditions (i) and (ii) imply that tp(t) < t, V t > 0. 

In this paper, we shall employ the following contractive condition of the integral 
type: Let /, g : X — ► X be selfmappings of X. There exist a comparison function 
ip : K + — ► IR + and a monotone increasing function <I> : IR + — ► IR + with <&(0) =0 such 
that V x, y £ X, we have 

p{f(x)J{y)) ( rp(x,g( x )) \ ( rp(g( x ),g(y)) \ 

ip(t)dt <®[ <p(t)dt + ip I / ^(t)^ , 

where 93 : IR + — > IR + is a Lebesgue-integrable mapping which is summable, nonnegative 
and such that for each e > 0, Jq (p(t)dt > 0. 

Apart from condition (2), we shall also use the following contractive condition of the 
integral type: Let /, g : X —> X be selfmappings of X. There exist a constant L > 
and a comparison function ip : IR + — ► IR + such that V x, y £ X, we have 

rp(f(x)J(y)) rp(x,9(x)) ( rp(g(x),g(y)) \ 

(3) / tp(t)dt < L tp(t)dt + V / ^(t)dt , 

where if : IR + — ► IR + is a mapping as defined in (2). 

Although, condition (2) is more general than (3), but we shall state without proof a 
commmon fixed point result involving condition (3) and which also extends some re- 
sults of [1, 5, 7, 10]. 

Remark 2.11: The contractive condition (2) is more general than (1) in the sense 
that if in (2), (p(t) = 1, V t € R + , and $(u) = 0, V u G K + , then we obtain (1). 
Our results are generalizations and extensions of some results of Aamri and El 
Moutawakil [1], Branciari [5], Jungck [7] and Olatinwo [10, 11]. 

3. The Main Results 

The main results of this paper are the following: 
Theorem 3.1: Let (X, $) be a Hausdorff uniform space and p an E— distance on 
X. Suppose that X is p— bounded and S— complete. Let / and g be commuting 
p— continuous or r($)— continuous selfmappings of X such that 
(i) f(X) C g(X); 
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(ii) p(f(xi),f(xi)) = 0, V Xi € X, i = 0, 1, 2, • ■ ■ ; 

(iii) both /, g : X — ► X satisfy the contractive condition (2). 

Let V' : IR + ~~ ► IR + be a comparison function and $ : IR + — ► IR + a monotone increasing 

function such that $(0) = 0. Suppose that </? : IR + — ► IR + is a Lebesgue-integrable 

mapping which is summable, nonnegative and such that for each e > 0, /q ip(t)dt > 0. 

Then, / and g have a unique common fixed point. 

Proof: We shall first establish the existence of the common fixed point of / and g by 

using property (pi) of E— distance: 

Consider x n = f(x n —i) with xq G X. Choose x\ G X such that /(xq) = g(x\), 

choose x\ G X such that f(xi) = g(x2), and in general, 

choose x n G X such that f{x n -\) = g(x n ). 

Therefore, we obtain by the repeated application of (2) that 



jp(f(x n ),f( Xn+m )) ^ t)dt < $ /jp(x n ,g(x n )) ^ )d ^ + ^ ^jp( 9 (x n ),g(x n+ m)) ^^ 

= $ (f**"'^-^ <p(t)dt) + V 0j (/(x "- l)>/( *" +ro - l)) ¥>(*)<&) 

<4,h (fPi^-lMxn-l)) ^ t)d A + ^ fjp(9(Xn-l),9(Xn +m -l)) ^)^ 

< ■ ■ ■ < Y> n (/ p(/(:co) ' /(:Cm)) y,(t)<ft) < ^ n (/o p(X) <p(t)dt 
from which we have that 

fP(f(Xn),f(x„+m)) ( f5p{X) \ 

(4) ^ <p(t)dt<rU <P(t)dt], 

where p(f(x ),f(x m )) < S p (X), S p (X) = sup { p(x,y) | x, y G X} < oo 

and J" (^(t)dt > (by the condition on (p). 

Therefore, using the definition of comparison function in (5) yields 

i) n (fo p{X) <p(t)dt) -> as n -> oo, 
from which it follows that 

rp(f( x n),f(x„+ m )) 



fP(j(X n )J(X n+m )) 

/ (p(t)dt ->0asm oo, 

Jo 



so that lim p(f(x n ), f(x n + m )) = since f n e ip(t)dt > for each e > 0. 

Hence, by applying Lemma 2.7 (c), we have that {/ (£n)}^Lo ^ s a P-Cauchy sequence. 

Since X is 5— complete, lim p(f(x n ),u) = 0, for some u £ X. Therefore 

lim p(g(x n ),u) = 0. Since / and g are p— continuous, then 

n— >oo 

lim p(f(g(x n )),f(u)) = lim p(g(f(x n )),g(u)) = 0. 

n — >oo n — >oo 

Also, since / and g are commuting, then fg = gf, so that we have 
lim p(f(g(x n )),f(u)) = lim p(f(g(x n )),g(u)) = 0, 
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and by Lemma 2.7 (a), we obtain f(u) = g{u). 

Since f(u) = g(u), fg = gf, we have /(/(«)) = f(g(u)) = g(f(u)) = g(g(u)). 

Suppose that p{f \u) , / '(/ (u))) 7^ 0. Using condition (3), then we have that 

jp(f(u),f(f(u))) ^^ < $ fjp(uMu)) ^ t)dt \ + ^ fjp( 9 (u), 9 {f(u))) ^ t)d ^ 

= $ ^(«-/M) ^(t)^ + ^, Qjp(/(«),/(/(«))) ^(i)^ 



which is a contradiction. Thus, fPVM'HW* ip(t)dt = (by the fact that Jq tp(t)dt > 

for each e > 0). Therefore, it implies that p(f(u),f(f(u)) = 0. 

Also, by using condition (ii) of the theorem, then we have that p(f(u), /(it)) = 0. 

Since p(f(u),f(u)) = and p(f(u), f(f(u))) = 0, then using Lemma 2.7 (a) yields 

/(/(«)) = /(«). 

Thus, we have g(f(u)) = /(/(u)) = f(u). Hence, /(«) is a common fixed point of / 

and g. 

The proof is similar when / and g are t(3>)— continuous as S*— completeness implies 

p— Cauchy completeness. 

We now prove the uniqueness of the common fixed point of / and g : 

Suppose not. Then, there exist u, v £ X such that f(u) = g{u) = u and 

f(v) = g{v) = v. Let p(u,v) / 0. Then, we have 

fS {u ' v) <p(t)dt = jg'tfM'W) <p(t)dt < $ ($ Mu)) <p(t)dt\ + V> (/^"^^ ^(t)dt) 

from which we have that 

Jq v (p(t)dt = 0, by the condition on ip. Therefore, it implies that p(u, v) = 0. 

In a similar manner, we also have that p(v, u) = 0. 

Using condition (jpz) of E— distance, we have p(u, u) < p(u, v) + p(v, u), 

from which it follows that p(u, u) = 0. 

Since p(u, u) = and p(u, v) = 0, then by Lemma 2.7 (a), we have that u = v. 

Corollary 3.2: Let (X, $) be a Hausdorff uniform space and p an E— distance on 

X. Suppose that X is p— bounded and S— complete. Let / and g be commuting 

p— continuous or r($)— continuous selfmappings of X such that 

(i) f(X) C sPO; 

(ii) p(/(x«), /(**)) = 0, V x, e X, i = 0, 1, 2, • • • ; 

(iii) both /, g : X — ► X satisfy the contractive condition (3). 

Let V' : 1R + — ► 1R + be a comparison function and 92 : IR + — ► IR + a Lebesgue-integrable 

mapping which is summable, nonnegative and such that for each e > 0, /q tp(t)dt > 0. 
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Then, / and g have a unique common fixed point. 

Proof: The proof of Corollary 3.2 follows a similar argument as in Theorem 3.1. 
Remark 3.3: The results in this paper are generalizations and extensions of both The- 
orem 3.1 and Theorem 3.2 of Aamri and El Moutawakil [1], Theorem 2.1 of Branciari 
[5] as well as some results of Olatinwo [10, 11, 12]. 
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STATISTICAL APPROXIMATION TO PERIODIC FUNCTIONS 
BY A GENERAL CLASS OF LINEAR OPERATORS 

GEORGE A. ANASTASSIOU AND OKTAY DUMAN 



Abstract. In this paper, wc arc considering A-statistical convergence and 
by using various matrix summability methods we present an approximation 
theorem, which is a non-trivial generalization of Baskakov's result [5] regarding 
the approximation to periodic functions by a general class of linear operators. 

1. Introduction 

Recent studies demonstrate that the notion of statistical convergence, which 
was first introduced by Fast [1], plays an important role in the approximation 
theory (see, e.g., [2, 3, 4]). This type of convergence method is quite effective, 
especially when the classical limit fails. The aim of this study is to obtain a general 
approximation theorem via statistical convergence, which generalizes Baskakov's 
results (see [5]) on the approximation to periodic functions by means of a general 
class of linear operators. 

Consider the sequence of linear operators 

(1.1) L n (f;x) = ^ f f(x + t)U n (t)dt, /GC , 2ff andn = l,2,... ) 



where 



U n (t) = -+Y, x( k )coskt - 



fe=i 

As usual, C2-K denotes the space of all 27r-periodic and continuous functions on the 
whole real line, endowed with the norm 

||/|| C2 . :=sup|/(x)|, feC 2 «. 

If U n (t) > 0, t <E [0, 7r], then the operators (1.1) are positive. In this case, Korovkin 
[6] proved the following approximation theorem: 

Theorem A [6]. If lim^oo A^ Il) = 1 and U n (t) > for all t e [0,tt] and ne N, 
then, for all f £ Ci-n, 

lim L n (f;x) — f(x) uniformly with respect to all x € R. 

n — >oo 

Observe that Theorem A is valid for the positive linear operators (1.1) we con- 
sider. However, Baskakov [5] shows that an analogous result is also valid for a more 
general class of linear operators that are not necessarily positive. In this paper, 



Key words and phrases. Statistical convergence, positive operators, Baskakov theorem, Ko- 
rovkin theorem. 

2000 Mathematics Subject Classification. 41A25, 41A36. 



201 



GEORGE A. ANASTASSIOU AND OKTAY DUMAN 

using the concept of statistical convergence we give a generalization of both of the 
results of Korovkin and Baskakov. 

Before proceeding further we recall some basic definitions and notation used in 
the paper. 

Let K be a subset of N, the set of all natural numbers. Then, the asymptotic 
density of K, denoted by 5{K), is given by 

5{K\ := lim - \{n < j : n e K}\ 

3 j 

whenever the limit exists, where \B\ denotes the cardinality of the set B. A number 
sequence (x n ) is statistically convergent to L if, for every e > 0, 

5{n : \x n — L\ > e} = 0, 

or, equivalently, 

lim^|{n< j: \x n - L\ > e}\ = 

J J 

for every e > 0. In this case, we write st — lim n x n — L. Note that convergent 
sequences arc statistically convergent, but the converse is not always true. Although 
every convergent sequence is bounded, a statistically convergent sequence does not 
need to be bounded. If 

5 {n : \x n \ > M} = for some M > 0, 

then we say that (x n ) is statistically bounded. Of course, every bounded sequence 
is statistically bounded but not conversely. However, we can easily see that every 
statistically convergent sequence must be statistically bounded. Connor [7] proved 
the following useful characterization for statistical convergence. 



Theorem B [7]. st — lim„ x n — L if and only if there exists an index set K with 
8{K} = 1 such that lim x n — L, i.e., for every e > 0, 

such that \x n — L\ < e holds for all n > uq with n <G K. 



S{K} — 1 such that lim x n = L, i.e., for every e > 0, there is a number uq G K 



Other important properties of statistical convergence may be found in the papers 
[1, 8, 9]. Now let A := (aj n ), j,n = 1,2, ..., be an infinite summability matrix. For 
a given sequence (x n ), the A- transform of x, denoted by ((Ax)j), is given by 

oo 
y/\X)j — > Qj n X n 

71=1 

provided the series converges for each j <G N. We say that A is regular [10] if 

lim (Ax) . = L whenever lim x n — L . 
j ■> n 

Assume that A is a non-negative regular summability matrix. Using this type 
matrices Freedman and Sember [11] extent the statistical convergence to the concept 
of ^-statistical convergence as follows: 

The A-density of a subset K of N is defined by 



S A {K} = lim J2 



(Xjn 

3 neK 
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provided that the limit exists. Of course, if we take A — C\ — (c jn ), the Cesaro 
matrix given by 

_ ( l - ifl<n<j 
4" ■— \ J 

I 0, otherwise, 

then 5d{K} = 5{K}. As in the definition of statistical convergence, we say that 
(x n ) is ^-statistically convergent to L if, for every e > 0, 

5 A {n : \x n - L\ > e} = 0, 

or, equivalcntly, 



lim } a ? „ = 0. 



n : |a: ra — L|>£ 

This limit is denoted by stA — lim„ x„ = L (see, e.g., [9, 11, 12]). Observe that 
if A = C\, then Ci-statistical convergence coincides with statistical convergence. 
Also, if 

5 A {n : \x n \ > M} = for some M > 0, 
then (x n ) is called ^-statistically bounded. It is not hard to see that every conver- 
gent sequence is ^-statistically convergent to the same value for any non-negative 
regular matrix A. This follows from the well-known regularity conditions of A in- 
troduced by Silverman and Toeplitz (see, for instance, Hardy [13, pp. 43-45]); but 
its converse is not always true. Actually, if A = (a,j n ) is any nonnegative regular 
summability matrix satisfying the condition 

limmax{a 7 „} = 0, 

j n 

then A-statistical convergence is stronger than convergence (see [9]). We should 
note that Theorem B is also valid for A-statistical convergence (see [12]). 

2. A Statistical Approximation Theorem 
We denote by E the class of operators L n as in (1.1) such that the integrals 

tt/2 it 

U n {t 2 )dt 2 dt u < i<|, 

t tl 

t TT 

U n (t 2 )dt 2 dt u | < t<ir, 

tt/2 *1 

are non-negative. Obviously, the class E contains the class of positive linear oper- 
ators L n with U n (t) > 0, t G [0,7r]. 

Now we are ready to give our main result. 

Theorem 2.1. Let A = (a,j n ) be a non-negative regular summability matrix. If the 
sequence of operators (1.1) belongs to the class E, and if the following conditions 

(a) stA — limA-j™ = 1, 

(>» 6.\{n: \\Ln\\ = ^ I \l~n(0\<ll > U } =0 
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hold for some M > 0, then, for all f <G C 27T , we have 

S t A -lim\\L n (f)-f\\c 2 =°- 
Proof. Since the functions cost and U n (t) are even, we may write from (1.1) that 

1 - A^ Il) = -[{!- cost)U n (t)dt. 
o 
Now integrating twice by parts of the above integral we have 



1-X\ 



(n) 



7T / 7T \ 

- / sint U n (h)dti dt 

- / cost / U n (t 2 )dt 2 dt 1 dt. 



o \ t t 
By the hypothesis (a), we see that 

T I vr/2 „ \* 

stA — lim { I cost / / U n (t 2 )dt 2 dti 

ii \ t ti 



(2.1) 



)) 



}dt = 0. 



Since the operators belong to E, the sign of the term inside the brackets is the same 
as the function cost for all t € [0,7r]. So, it follows from (2.1) that 

tt/2 n 

cost | / / U n (t 2 )dt 2 dti 

t ti 



(2.2) 



stA — lim 



dt} =0. 



Now we claim that 

(2.3) st A - lim 



tt/2 „ 



U n {t 2 )dt 2 dh 



dt} = 0. 



To establish this, for any e > 0, we first choose 6 — 5(e) such that < 5 < 
Since 



£ 



tt/2 



U n (t 2 )dt 2 dh 



t t-i 



dt < 



\t-n/2\<S 



\t— 7r/2|><5 



/2tt 

U n (t 2 )dt 2 dt-i dl 

t ti 

tt/2 n 

U n (t 2 )dt 2 dt 1 

t ti 



dt, 



we write 



(2.4) 



tt/2 tt 



U n {t 2 )dt 2 dU 



t tl 



dt < J Kj i + Jn : 2i 
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where 



and 



JnA 



Jn 



|t-7r/2|<<5 



tt/2 n 



U n (t 2 )dt 2 dh 



7T/2 tt 



U n {t 2 )dt 2 dU 



|t— tt/2|>5 

Setting, for some M > 0, 

ir:={n:||L n || > M} , 
we get from (b) that <5A{N\-ftT} = 1. Also, observe that 



(It 



(II 



U n {t 2 )dt 2 



< 



Mtt 



holds for all n <G N\_K" and for all t\ <E [0, 7rl. Since < <5 < «/ — — - , we have 

y Af7r 

Jn,l < £ 

for every e > and for all n G N\iif . This means that 

lim J n i = 

n — >oo 
(n€»\K) 

Since <$,i{N\.Kr} = 1, it follows from Theorem B that 
(2.5) stj^ — lim J n i=0. 

n ' 

On the other hand, we get 

(tt/2 ,r 
jJuMdt^ldi 
t U 

which implies that 



IT I TT/2 T 

j„, 2 < co ^) 2 _ 5) j^t J Ju n (t 2 )dt 2 d tl I <ft 

o \ t ti 

for all neN. By (2.2), it is clear that 
(2.6) stA — lim J n>2 — 0. 

n 

Now, for a given r > 0, define the sets 

{Tj- TT/2 tt 
n: / U n (t 2 )dt 2 dh cil 

o t *i 

-Di : = \n : J n A > 7,] > 



£>o 



{n:J„, 2 >£} 
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Then, by (2.4), we immediately get that 

and hence 

(2.7) Y^ a Jn < Yl a jn + Y a Jn 

n£D neD x n£D 2 

holds for all j € N. Letting j — > oo in both sides of (2.7) and also using (2.5), (2.6), 

we conclude that 

lim y^ aj„ = 0, 
j ^^ 

nED 

which proves our claim (2.3). Now let m be an arbitrary non-negative integer. Since 



1-A 



(n) 



TV 


2m 2 



(1 — cos mt)U n (t)dt 



tt/2 k 



Ti 



j cos mt I I U n (t2)dt2dti dt 



< 



2m 1 



o \t t x 

*72tt 

U n {t 2 )dt 2 dt 1 



dt., 



(2.3) implies, for every m > 0, that 

stA-limA^ = 1. 

n 

The operators (1.1) can be written as follows: 



L n (f;x) 



I J f (t) U + y cos ^ - x ) \ dt > 



see, e.g., [6, p. 68]. Then we observe that 

L n {l;x) = 1 
and 

L n (coskt;x) — Aj™ cos kx, 
L n (smkt;x) — A^ n sinkx 
for k — 1,2, ..., and for all «eN, see, e.g., [6, p. 69]. Thus, we have 
st A - lim \\L n (f m ) - / m |U, = 0, 

where the set {/ m : m = 0, 1, 2, ...} denotes the class {1, cos a;, sinx, cos2x, sin 2a;, ...}. 
Since {/o, /i,/2, •••} is a fundamental system of C^ (see, for instance, [6]), for a 
given / G CW, we can find a trigonometric polynomial P given by 

P(x) = a / (x) + ai/i(a;) + ... + a m f m (x) 

such that for any e > the inequality 

(2-8) ||/-P|| C ^< £ 
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holds. By linearity of the operators L n , we have 

(2.9) \\L n (f) - Ln(P)\\c 2 „ = \\Ln(.f - P)\\c 3 „ < \\Ln\\ \\f - P\\ C ^ ■ 

It follows from (2.8), (2.9) and (b) that, for all n E N\K, 

(2.10) \\L n (f) - Ln(P)\\ C2w < Me. 
On the other hand, since 

L n (P;x) = a L n (f :x) +a 1 L n (f 1 ;x) + ... + a m L n (f m ; x), 

we obtain, for every b£N, that 

m 

(2.H) \\L n (P) - P\\ C2w < Cj2\\Ln(fi) - fi\\c 3 „ , 

where C = max{|a | , |oi| , ..., |a m |}. Thus, for every n e N\K, we get from (2.8), 

(2.10) and (2.11) that 

(2.12) 

\\L n (f) - f\\ C2v < \\L n (f) - L n (P)\\c 2 „ + \\Ln(P) - P\\ C2 „ + \\f- P\\ C2 „ 

m 

<(M + l)e + CEIIM/i)-/illc 2ir 

4=0 

Now, for a given r > 0, choose e > such that < (M + l)e < r. Then define the 
following sets: 

E : = {n e N\K : \\L n (f) - f\\ c ^ > r} , 

Ei : = |n € N\JT : \\L n {h) - h\\ c ^ > T ^j-^ } , » = 0, 1, -,m. 
From (2.12), we easily check that 

m 
i=0 

which yields, for every j G N, 

771 

(2.i3) Ev<EE 



Ojjn- 
n£E 4=0 raG-Ei 



Taking limit as j — > oo in both sides of (2.13) and using the hypothesis (a) we 
obtain that 

lim 2_. a jn = 0. 



3 n£E 



So we have 



s^-lim||i„(/)-/|| C2 =0. 

Theorem is proved. □ 

Concluding Remarks. If we replace the matrix A with the identity matrix, then 
our Theorem 2.1 reduces to Baskakov's result (see [5, Theorem 1]). Observe that if 
the matrix A = (cij n ) satisfies the condition linij max„{aj„} = 0, then Baskakov's 
result does not necessarily hold while Theorem 2.1 still holds. Furthermore, taking 
the Cesaro matrix C\ instead of A, one can obtain the statistical version of Theorem 
2.1. 
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Abstract. In this paper general new theorems concerning 
integral inequalities are given. These theorems cover 
known results, generalizations and new results. 

1. Introduction 

In [4] the following result was proved 
If f > is a continuous function on [0,1] such that 

i i 

(1.1) jf(t)dt>jtdt, Voce [04], 

X X 

then 

i i 

(1.2) \f a+ \x)dx>\x a f(x)dx, V«>0. 



The following question was raised in [4] 

If f satisfies the above assumptions, under what additional assumptions can one claim 

that 

i i 

(1.3) \f a+/3 (x)dx>\x a f /, (x)dx, Va,/?>0 ? 



It was proved in [3] that if f>0 is a continuous function on [0,b] satisfying 

b b 

(1.4) jf a (t)dt>jt a dt, a,b>0, Vxe[0,b], 

X X 

then 

b b 

(1.5) \f a+l3 (x)dx> \x a f p (x)dx, V/?>0. 



In [1] the authors gave an answer to the posed question of [4] by establishing the 
following 

Theorem 1.1. If f is nonnegative continuous satisfies (1.1), then 

i i 

(1.6) \f a+p (x)dx>^x l3 f a (x)dx 



for every a>\ and /? > 0. 

Finally, the author in [2] generalized the result of [1] by giving the following 
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Theorem 1.2. Suppose f ,g e Ll[a,b], f,g>0, g is nondecreasing. If 



(1.7) 

then 



u o 

\f(t)dt>\g(t)dt, \/xe[a,b], 



u u 

(1.8) jf a+/} (x)dx>jf a (x)g fi (x)dx, Va,/?>0, a + fi>\. 



2. Main Result 



We state and prove the following 



Theoem 2.1. Suppose f,g,<p>0, f,g:[a,b] -> % 0,^,^>GC([a,Z?], s J{), q>,g 
are nondecreasing . If 



(2.1) 
then 



v v 

Jo(/(0) dt > \(/>{g(t)) dt Vx e [a,b], 



(2.2) ](p(g(xj)<S>{f(x))dx> ]<p{g(x))</>{g(x))dx. 

a a 

If (2.1) reverses, then (2.2) reverses. 
Proof . Integration by parts gives 

b b 

\<p'{g(xj)g'(x)\{<S>{f(t)-(l>{g(t)))dtdx 

X 

b l b b 

<p{g(x))l{^{f(t))-</>{g(t)))dt -l<p{g(x))[-{^{f(x))-</>{g(x)))]dx 

* Ja " 

b b 

= - <p{g(a))j(<i>{f(t))-<!>{g(t)))dt + j<p{g(x)){<!>{f(x))-0{g(x)))dx. 

a a 

Therefore 

b 

l<p{g(x)){<l>{f(x))-<!>{g(x))) dx 

a 

b b b 

= \<p'{g(x))g'(x)\{®{f(t)-<?>{g(t)))dtdx + <p{g(a))l{<t>{f(t))-<f>{g(t)))dt 

ax a 

>0. 



Theoem 2.2. Suppose f,g,q>>0, f,g:[a,b] -» % ®,0,(p<EC([a,b],yi), cp,g are 
nonincreasing . If 
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A. A 

(2.3) jo{f(t))dt >\<?>{g(t))dt Vxe[a,b], 

a a 

then 

b b 

(2.4) \<p{g(x)) 0(/(*)) dx > \(p{g(xj)(l>{g(xj)dx. 

a a 

If (2.3) reverses, then (2.4) reverses . 
Proof . Integration by parts gives 

b x 

\<p'{g(xj)g'(x)\{<S>{f(t)-(l>{g(tj))dtdx 

a 

x b 

(p{g(x))l{^{f(t))-</>{g(t)))dt -l<p{g(x)){^{f(x))-</,{g(x)))dx 

a Act a 

b b 

= <p{g(b))\{®{f(t))-<?>{g(t)))dt - \<p{g(x)){®{f(x))-<?>{g(x)))dx. 

a a 

Therefore 

b 

|^(g(x))(0(/(x))-^(x))) dx 



= -\<p'{g(x))g'(x)]{®{f(t)-<?>{g(t)))dtdx + <p{g(b))](<l>(f(t))-0(g(t)))dt 

a a a 

>0. 

Theorem 2.3. Suppose f,g,(p>0, f,g:[a,b] — » S JJ, 0,^,^>eC([<3,^], s Jj), 
f,g,(p, are nondecreasing . If 

fib) fib) 

(2.5) j®(t)dt> j(f>(t)dt Vxe[a,£], 



/« 



/(*) 



then 

h b 

(2.6) l<p{g(x)) <J>(/(x)) dx > l<p{g(x))0{f(x))dx . 

a a 

If (2.5) reverses, then (2.6) reverses . 
Proof . We have 

b fib) 

\<p'{g(x))g'(x) \{®{t)-<t>(t))dtdx 



fix) 
fib) 



<p{ 8 (xj) \{®(t)-m)dt 



fix) 
fib) 



j^(x))[-((D(/(x))-^(/(x)))]jx 



<p{g{aj) \(Q>{t)-</){tj)dt+ l<p{g(x)){®(f(x))-<f>{f(x)))dx, 



f(a) 



which implies 
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V 

\<p{g(xj){<b{f(x))-(l>{f(xj))dx 



fib) fib) 

\{$>{t)-<l>(t))dtdx + <p{g{aj) j"(c 

fix) f(a) 



= \<p'{g{x))g'{x) \(<S>{t)-<l>{t))dtdx + <p{g{aj) \{^{t)-<f>{t))dt 

a 

>0. 



Theorem 2.4. Suppose f,g,(p>0, f ,g:[a,b]^>% O,^, (p<=C([a,b],yi), /,; 
are nondecreasing , cp is nonincreasing . If 

fix) fix) 

(2.7) j" O(f) dt > ^(/>{t)dt Vxe[a,&], 

f(a) f(a) 

then 

b b 

(2.8) l<p{g(x)) 0(/(x)) dx > l<p{g(x))</>{g(x))dx . 

a a 

If (2.7) reverses, then (2.8) reverses. 

Proof. It is similar to the proof of theorem 2.3 and therefore it is omitted . 



3. Applications 

We start with the following new result which generalized a similar result to theorem 1.1 
, but in this case we have interchanged the domains of a and f3 . 

Theorem 3.1. Let f be nonnegative continuous satisfying (1. 7), then 

b b 

(3.1) \f a+/3 (x)dx>\f /1 (x)g a (x)dx, Va>0, /?>1. 

a a 

Proof. Making use of theorem 2. 1 by putting 

= ^ = 7, <p(x) = x r , y>Q, 
we have 

b b 

(3.2) \f(x)g r (x)dx>\g y+ \x)dx, r >0. 

a a 

Applying the AG inequality, we have, for j3 > 1, 

f\x) > {\-p)g p {x) + /3f(x)g p -\x), 
which implies 

(3.3) * f fi (x)g a (x)>(l-j3)g a+ ^x) + j3f(x)g a+fi -\x). 
Since for a, j5 > 0, we have 
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(3.4) (f a (x)-g a (x))(f /l (x)-g /l (x))>0, 
then via (3.3), the above implies 

f a+ P(x)-f a {x)g (3 {x)>f p (x)g a {x)-g a+p (x) 

>p(f{x)g a+p -\x)-g a+fS (x)). 
The result follows by integrating the above and making use of (3.2). 

Theorem 1.2 can also be obtained from theorem 2.1 as follows 

Theorem 3.2 [2] . Let f,g be nonnegative continuous , g is nondecr easing. If (1.7) 
satisfied, then (1.8) valid . 

Proof. Making use of the AG inequality, we have 

(3.5) f a+p {x)-g a+p {x)>{a + p)(f{x)g a+p -\x)-g a+p {x)\ a + j3>l. 
By (3.2), on integrating the above, we obtain 

b b 

(3.6) \(f a+/, (x)-g a+/3 (x))dx>{a + /3)\(f(x)g a+/, -\x)-g a+/1 (x))dx>0. 

a a 

Now, by the AG inequality again, we have 

f^( x )-f«( x )gP( x )>l{f*( x )gP( x )-g^P( x )). 

a 
Integrating the above with the using of (3.6) we get 

I' 

a 



\f a+p (x)dx-\f a (x)g l, (x)dx>^\\f a (x)g l, (x)dx-\g a+ ' } (x)dx 

\a a 

^\\f a (x)g l3 (x)dx-\f a+ P(x)dx 



The above implies 

fb b \ 

{1 + 0/ a) \\ f a+p (x)dx-\ f a (x) gP (x)dx >0. 

\a a J 

The following is a generalization of the result of [1] . 
Theorem 3.3. Iff, g > are continuous functions on [a,b] satisfying 

b b 

(3.7) jf a (t)dt>jg a (t)dt, Vxe[a,b], 

X X 

then 

b b 

(3.8) y a+ P(x)dx>\f a (x)g p (x)dx, a,j3>0. 

a a 

Proof. The inequality 

(f fi (x)-gP(x))(f a (x)-g a (x))>0 
implies 

(3.9) f p (x)(f a (x)-g a (x))> g p (x){f a (x)-g a (x)) . 

On putting Q>(x) - <j)(x) - x a , (p(x) = x p , in theorem 2.1 and using (3.9), we obtain 
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* b 

\f p (x)(f a (x)-g a (x))dx>\g p (x)(f a (x)-g a (x))dx>0. 

a a 

The result of [1] follows by putting in theorem 3.3, g(x) = x. 

Another kind of such integral inequalities, the following reverse inequality . 

Theorem 3.4. Let f, g be nonnegative continuous functions defined on [a,b] and 
let 0< /? <a<\. If 

b b 

(3.10) \f- p (t)dt<\g- p (t)dt, Vxe[a,b], 

X X 

then 

b b 

(3.11) \f a - l3 (x)dx<\f- p (x)g a {x)dx 

a a 

Proof. The inequality 

(f a (x)-g a (x))(f- p (x)-g-\x))<0, 
implies 

b b 

\f a (x){f- p (x)-g- l3 (x))dx<\g a (x)(f-' 3 (x)-g- p (x))dx. 

a a 

But the RHS of the above inequality is <0, which follows from theorem 2.1, by 
putting O(x) = <f>(x) = x~ p , (p(x) = x a , the result follows . 

Theorem 3.5. Let f g be nonnegative continuous and let < /? <a <l.If 

X X 

(3.12) jf(t)dt<jg(t)dt, Vxe[a,b], 

a a 

then 

b b 

(3.13) \f a - p (x)dx < \g a (x)f- p (x)dx . 

a a 

Proof. Making use of the AG inequality, we have for < a < 1 , 

f a (x)<(\-a)g a (x) + af(x)g a - 1 (x), 
which implies 

(3.14) f a (x)g- p (x) < (\-a)g a - p (x)+ f(x)g a - p -\x) . 

The inequality (f a (x)-g a (x))(f- p (x)-g- p (x))<0, with (3.14) implies 

J (f a - p {x)-g a (x)f- p (x))dx<\ {f a (x)g- p (x)-g a - p (x))dx 

a a 

<a\ {f(x)g a - p -\x)-g a - p (x))dx. 

a 

The last integral is nonpositive, which follows from theorem 2.2, by putting 

0> = <f> = I, (p(x) = x a - p ~ l . 
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1 Introduction 

The following Bernstein's result is classical. 

Theorem 1.1. (see e.g. [4, p. 88]) Denoting B 1 = {z G C : \z\ < I}, if G C C 
is open, so that Di = {z G C; \z\ < 1} C G and if f : G — > C is analytic in G, then 
the complex Bernstein polynomials B n (f)(z) — X)fe=o CD* (^ — z) n f{k/n), uniformly 
converge to f in Hi. 

An upper estimate of this uniform convergence was found in several recent works, see 
e.g. [1-3], [5] and can be expressed by the following. 

Theorem 1.2. Let Hr = {z G C; \z\ < R} denote the open disk of radius R > 1 and 
center 0, and let us suppose that f : D^j — ► C is analytic in Dr, that is we can write 
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f(z) = X^fclo c k zk > f or a M z G ^r- Then for all n G N and 1 < r < R we have 

||B n (/)-/|| r <0[l/n], 

wii/i explicit constants depending on f and r in O [^] (/or example, by e.g. [3] we can 
write \\B n (f) - f\\r < ^ il , where < M r (f) = 2 £°1 2 j(j - l)| Cj H < ooj. Fere || • || r 
denotes the uniform norm in D r . 

Also, recently we proved the following Voronovskaja's theorem in complex setting. 

Theorem 1.3. ([2})Let R > 1 and suppose that f : Dr — > C is analytic in Dr, that 
is we can write f(z) = X^fclo c fc zfe ; / or a ^ z € Dr. For any r G [1, i?) and n E N we have 

2n 2n' ! 

w/iere ei(z) = z and K r (f) — ^~k=z \ c k\k(k — l)(fc — 2) 2 r' £ ~ 2 < oo. 

In Section 2 we prove that if the analytic function / is not a polynomial of degree 
< 1, then we have \\B n (f) — f\\ r > r , n G N, that is in Theorem 1.2 in fact the 
equivalence \\B n (f) — f\\ r ~ - holds. In Section 3 we prove that for any p € N, r > 1, if 
/ is not a polynomial of degree < max{l,p — 1}, then we have ||5„ (/) — f^\\r ~ -, 
where the constants in the equivalence depend on /, r and p. 

2 Approximation by Complex Bernstein Polynomials 

The main result of this section is the following. 

Theorem 2.1. Let R > I, Dr = {zeC; \z\ < R} and let us suppose that f : Dr — ► C 
is analytic in Dr, that is we can write f(z) = ^2^—nCkZ, for all z G Dr. If f is not a 
polynomial of degree < I, then for any r G [1, R) we have 

||B„(/)-/llr>— ,neN, 

n 

where the constant C r (f) depends only on f and r. 
Proof. For all z G D^ and n G N we have 



1 ^ (1_ Vw + 1 



n 1 2 ' n 



B n {f){z)-f{z) = 

„^( Bn (f)(z)-f(z)-^f^-f"(z) 
\ 2n 



In what follows we will apply to this identity the following obvious property 

||^ + G|| r >|||F|| r -||G|| r |>||F|| r -||G|| r . 
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It follows 



ei(l-ei) „ 



l|Sn(/)-/||r> 

1 



B n U)-f- e A^t 



Taking into account that by hypothesis / is not a polynomial of degree < 1 in 0#, we 



get 



'l(l-ei) f/i 
2 



■/'' 



> 0. Indeed, supposing the contrary it follows that ~ z ' f"(z) = 
for all z E O r , which implies f"(z) = for all z E D r \ {0, 1}. Since / is supposed to be 
analytic, from the identity theorem of analytic (holomorphic) functions this necessarily 
implies that f"(z) = 0, for all z E V>r, i.e. that / is a polynomial of degree < 1, which 
is a contradiction. 

But by Theorem 1.3 we have 

5K r (f)(l + r) 2 



BM) - / - e -^f^f" 

2n 



< 



Therefore, there exists an index ng depending only on / and r, such that for all n > n 

we have 



ei(l -ei) 



/'' 



1 

r U 


n 2 


B n (f)-.t 


1 

2 


ei( 


1-ei) „ 

2 J 



eiC 1 ~ei) „ 
2n 



> 



which immediately implies 



||Sn(/)-/||r> 



1 1 

n ' 2 



ei(l-ei) „ 



, Vn > no . 



For n € {l,...,no — 1} we obviously have \\B n (f) — f\\ r > — nuill w ith M r .„(/) = 
n ■ \\B n (f) — f\\ r > 0, which finally implies \\B n (f) — f\\ r > - ' for all n, where 



a(/)=min{M r , 1 (/),...,M r ,„ _ 1 (/) ,\ 



ei(l — gi) /•// 



}. This completes the proof. 



2 "■/ 

Combining now Theorem 2.1 with Theorem 1.2 we immediately get the following. 

Corollary 2.2. Let R > 1, O^ = {zeC; |z| < R} and let us suppose that f : B# — ► 
C is analytic in Hr. If f is not a polynomial of degree < 1, then for any r E [1,-R) we 
/lave 



l^n(/) - /ll 



1 



,nG N, 



where the constants in the equivalence depend on f and r. 

3 Approximation by Derivatives of Complex Bern- 
stein Polynomials 



The main result of this section is the following. 
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Theorem 3.1. Let Or = {z G C; \z\ < R} be with R > 1 and let us suppose that 
f : Or — ► C is analytic in Or, i.e. /(z) = X)fc°=o Cfc2: ' C ' / or a ^ z ^ ^-R- ^ so ; ^ 
1 < r < r± < R and p G N be fixed. If f is not a polynomial of degree < max{l,p — 1}, 
then we have 



1 
n 



where the constants in the equivalence depend on f , r, r\ and p. 

Proof. Denoting by T the circle of radius r\ > and center (where r\ > r > 1), by 
the Cauchy's formulas it follows that for all \z\ < r and n G N we have 



^"-^'^ rry 



-dv, 



which by Theorem 1.2 and by the inequality \v — z\ > r\ — r valid for all \z\ < r and 
v G r, immediately implies 

\\B^\f) - /wn r < ^ • (ri 2 _^; P+1 n^(/) - /ik < M ri (/) n(ri p i r ; )p+1 . 

It remains to prove the lower estimate for ||B„ (/) — f^\\ r - For this purpose, as in the 
proof of Theorem 2.1, for all v G T and n G N we have 



n [ 2 n 



B n {f){v)-f{v) = 



Bn(Mv) -f(v)- 



v (1 — u) 
2n 



/"(«) 



which replaced in the above Cauchy's formula implies 



b«(/x*) - / (p) w = - /^ / ^s rf . 



n {2iri J r 2(v - z)p +1 
1 p . /•n 2 (B n (/)M-/M-^ 1 /») 



n 2-7ri Jr 



(v - z)p +1 



dv 



1 

n 



z { 1 - z ) t ii 



f"{z) 



(v) 



, ,„2(B n (/)( V )-/( V )-^/"(t;)) 



1 p! 

n ' 2?ri ,/ r (v - z)p +1 



dv 



Passing now to || • || r it follows 

\\Bi P Hf)-f (P) \\r>- 



ei(l -ei) 



/" 



(p) 



2TTj r 



B n (f)(v)-f(v)-^f"(v)) 

(v - z)p +1 



dv 
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where by using Theorem 1.3 we get 

p[ fn ^B n (f)(v)-f(v)- v -^f"(v)) 



2tt 



2irr 1 n 2 



(v - z)p +1 



Bn(f) ~f- 



dv 



ei(l 



'-\) nil 



2tt (n - r)P +1 

5K ri (f)(l + nr 



2n 



< 



< 



pin 



-r^P+l' 



(n - r) 



But by hypothesis on / we have 



ei(l-ei) r// 
2 •/ 



(P) 



> 0. Indeed, supposing the contrary 



it follows that ^ f"{z) is a polynomial of degree < p — 1. Now, if p = 1 and p = 2 
then the analyticity of / obviously implies that / necessarily is a polynomial of degree 
< 1 = max{l,p ^1}, which contradicts the hypothesis. If p > 2 then the analyticity of 
/ obviously implies that / necessarily is a polynomial of degree < p— 1 = max{l,p — 1}, 
which again contradicts the hypothesis. 

In continuation reasoning exactly as in the proof of Theorem 2.1, we immediately get 
the desired conclusion. 

Remark. Let us suppose that f( p > <G C[0, 1], p € N. By taking r = 1 and A = 1 in 
[6, Theorem 2], we immediately obtain the following upper estimate for the derivatives 
of the real Bernstein polynomials attached to /, valid for all n > n p 

\\B<?\f) - / (p) || < ^,M/ (p) ; 1/n) + u#(/<P); l/s/n) + ||/ (p) ||/n], 

where || • || denotes the uniform norm on C[0, 1], n p G N depends only on p, uj\ denotes 
the uniform modulus of continuity, if(x) = y / x(l — x) and cu^ denotes the Ditzian-Totik 
second order modulus of smoothness. 

Then, the above Theorem 3.1 suggests the following open question : for any p £ N, 
there exist the positive constants C p and n p depending only on p, such that for all n > n p 

CpM/W; 1/n) + ^(/ (P) ! VVn) + ||/ (p) ||/n] < \\B^(f) - f^\\. 
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Abstract 

In this paper, modified Adomian decomposition method for solving singu- 
lar two-point boundary value problems is formulated. The proposed method 
can be applied to linear and nonlinear problems. The scheme is tested for 
some examples and the obtained results demonstrate efficiency of the pro- 
posed method. 
AMS:65L10 

Keywords: Adomian decomposition method; Singular two-point boundary 
value problems 

1 Introduction 

The singular two-point boundary value problems arise from many engineering 
and physics applications. Several numerical methods for solving singular non-linear 
differential equations were studied in [2,4,5,10]. Russell and Shampine [9] have shown 



t Corresponding author.Tel.:+68 13946033871; fax:+86 451 86417792 E-mail address: 
yahya217@yahoo.com 



222 HASAN, ZHU : MODIFIED ADOMIAN DECOMPOSITION METHOD... 



that for(linear) f(x,y) = kx + g{x) has a unique solution. Manoj Kumar [6,7,8] 

have suggested a new finite difference method, the fourth-order finite difference 

method and a higher order method for solving singular two-point boundary value 

problems(l), where a G (0, 1). Al-Gahatani[l] proposed integral formulation for the 

solution of a class of second-order boundary value problems which are described 

by the equation y + P(x,y,y ,y ) = 0,x € (0, a). He solved the resulting integral 

equation by expressing the dependent variable y as a power series which made the 

computation of various integrals possible. The goal of this paper is to introduce a 

new reliable modification of Adomian decomposition method. For this reason, a new 

differential operator is proposed which can be used for singular two-point boundary 

value problem 

y" + ~y =9(x) + f(x,y), (1) 

x 

under the boundary condition 

y(0)=A,y(c)=B,c^0 

where a < 1 and A, B are finite constants. We assume that, f(x,y) is a continuous 
real values function for every x e (0, 1). 

Main idea of the method is to create a canonical form containing all bound- 
ary conditions so that the zeroth component is explicitly determined without addi- 
tional calculations and all other components are also easily determined. Recently, 
A modified form of the decomposition method was developed by Wazwaz [11,12]. 
Convergence of Adomian's method proved by Cherruault et al.[3]. 

2 Analysis of the method 

We propose the new differential operator, as below 

L = x- 1 ^x 2 - a ^x~ 1+a , (2) 

ax ax 

so, the problem(l) can be written as, 

Ly = g(x) + f(x,y), (3) 
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The inverse operator L x is therefore considered a two-fold integrals operator, as 
below, 

PX l>X 

L-\.) = x x - a \ x~ 2+a / x(.)dxdx. (4) 



Jc JO 

By operating L~ l on problem(3), we have 

y(x) = A+(B- A)c- 1+a x l ~ a + L"^(x) + L" 1 /^, y), (5) 

where 

y(c) = 5,2/(0) = A 

The Adomian decomposition method introduce the solution y(x) and the nonlinear 
function f(x,y) by infinite series 

oo 

y( x ) = ^2vn(x), (6) 

n=0 

and 

oo 

f(x,y) = J2^n, (7) 

n=0 

where the components y n (x) of the solution y(x) will be determined recurrently. Spe- 
cific algorithms were seen in [11] to formulate Adomian polynomials. The following 
algorithm: 

A = F(u), 

A x = F\u )u u 
A 2 = F' \uo)u 2 + -F" (uo)uj, 
A 3 = F' (u )u 3 + F" (m )mim 2 + yF'" (uo)ul, (8) 
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can be used to construct Adomian polynomials, when F(u) is a nonlinear function. 
By substituting(6)and(7) into (5), 

oo oo 

J2 Vn = A + (B - A)cr 1+ V- a + L-'gix) + L' 1 ^ A n . (9) 

n=0 n=0 

Through using Adomian decomposition method, the components y n (x) can be de- 
termined as 

y = A + {B- A)c- l+a x l ~ a + L~ 1 g{x), (10) 

y n+1 = L~ l A n ,n > 0, 



which gives 



y = A + (B - A)c~ 1+a x l - a + L- l g(x), 
Vl = L-'Aq, 
y 2 = L- X A X , 

ys = L-'A 3 , (n; 



From (8) and (11), we can determine the components y n {x), and hence the series 
solution of y(x) in (6) can be immediately obtained. For numerical purposes, the 
n-term approximant 

n— 1 
$n = 5>fc, (12) 

?1=0 

can be used to approximate the exact solution. The approach presented above can 
be validated by testing it on a variety of several linear and nonlinear initial value 
problems. 
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3 Numerical illustrations 

Example 1. We consider the linear boundary value problem : 



y H — y = — x 1 p cosx — (2 — p)x p sina;, (13) 

x 



j/(0) = 0, j/(l) = cos 1. 



We put 

L{.) = x" 1 ^x 2 -p^x- 1+p {.), 
ax ax 



SO 

/x l>X 

x- 2+p / x(.)dxdx. 

In an operator form, Eq.(13) becomes 

Ly = —x 1 ^ p cosx — (2 — p)x^ p sin x. (14) 

By applying L _1 to both sides of (14) we have 

y = y(p) + (y(l) - ^(O))^ 1 ^ + L _1 (-X 1_P COS X - (2 - p)x~ P 8mx) 

/x PX 

x~ 2+p I x(—x 1 ^ p cos x — (2 — p)x^ p sin x)dxdx, 

and it implies, 

y(x) = x 1 ~ p cos 1 — x 1 ~ p cos 1 + x 1 ^ p cos x = x 1 ~ p cos x. 
so, the exact solution is easily obtained by this method. 

Example 2. Consider the linear boundary value problem: 

(x a y)' = (3x a+ ^ 2 ((a + (5 - 1) + /3x )y, (15) 

2/(0) = l,y(-l) = - = 0.367879, 
e 

with exact solution y(x) = e x . 
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We solve the problem(15)for a = —2,(3 = 3, rewrite (15)as 

2 ' ~„4 



we put 



y y = 9 X y (16) 

X 



_i « a d -3/ 



L0=x- 1 -x^x- i (), 
ax ax 



so 

ex fX 

-1/ \ ™3 / -4 



L (.) = x x / x{.)dxdx. 
In an operator form, Eq. (16) becomes 

Ly = 9xV (17) 

Applying L _1 on both sides of (17)we find 

y = y(l) + (y(0) - y(-l))x 3 + 9L^x 4 y. 

Proceeding as before we obtained the recursive relationship 

yo = 1 + 0.632121a; 3 , 

y k+1 = 9L _1 :r 4 y fc ,£; > °- 

This in turn gives 

yo = 1 + 0.632121a; 3 , 

yi = 0.394647a; 3 + 0.5a; 6 + 0.105353a; 9 , 

y 2 = -0.0293754a; 3 + 0.0657744a; 9 + 0.0416666a; 12 + 0.0052676a; 15 , 

y 3 = 0.0028707a; 3 - 0.0048959a; 9 + 0.0032887a; 15 + 0.0013889a; 18 + 0.0001254a; 21 , 

y A = -0.0002889a; 3 +0.0004784a; 9 -0.0002448x 15 +0.0000783a; 21 +0.0000248a; 24 +1.741956xl0- 6 x 27 . 

Consequently, the series solution is 

y(x) = l+0.9999738a; 3 +0.5a; 6 +0.1667104a; 9 +0.0416667a; 12 +0.0083116a; 15 +0.0013889a; 18 

+0.0002037a; 21 + 0.0000248a; 24 + 1.741956 x 10 _6 a; 27 
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Not that the Taylor series of the exact solution y(x) = e x with order 27. is as below 
e x3 = l+x 3 +0.5a; 6 +0.166667a; 9 +0.0416667a; 12 +0.00833333a; 15 +0.00138889a; 18 +0.000198413a; 21 

+0.0000248016x 24 + 2.75573 x lirV 7 



Example 3. We consider the non-linear boundary value problem: 

(x a y)' = (3x a+ ^ 2 ((3x^e y -(a + (3- l))/(4 + x fi ), (18) 

y(0)=ln(^),y(l) = ln(^), 

with exact solution y(x) = ln(^-^-). 

We solve (18) for a = — 1,/3 = 2, so we can rewrite (18)as 

y" - -y = ^f- 2 e y , (19) 

x 4 + x l 

l/(0)=ln(^),y(l) = ln(^), 



We put 



so 



*0 = *";M*-<>- 



r-X fX 

-If \ „2 / -3 



L (.) — x x I x(.)dxdx. 
In an operator form, Eq. (19) becomes 



4x 2 
4"T"a: 2 



^ = : ^^ e "- ( 2 °) 



Applying L x on both sides of (20)we find 

y = y(0) + (t/(l)-y(0))x 2 + 4L- 1 - 



x 2 



4 + x 2 

By modified Adomian decomposition method [12]we obtain 

1 
yo = M^). 
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y 1 = \n(-)x 2 + AL- 1 — X —^A , 
5 4 + x z 

2 

y k+ i = ^L- l ^— 2 A k ,k>l. (21) 

The Adomian polynomials for the nonlinear term F(y) = e y are computed as follows: 

A = e y \ 

A x =y x e v \ 
A 2 = (y 2 + l -yl)ey\ (22) 

A3 = (y3 + y 1 y 2 + ^yf)e yo , 

Substituting (22) into (21) and it must noted that, to compute y\ we use the 
Taylor series of |-^2 with order 10. In this case we obtain 

1 

Vo = M^). 

yi = -0.2520728a; 2 + 0.03125a; 4 - 0.0026042a; 6 + 0.0003255a; 8 - 0.0000488a; 10 

+8.1380208 x 10~ 6 a; 12 - 1.4532180 x 10~ 6 a; 14 , 

y 2 = 0.0098820a; 2 - 0.0105030a; 6 + 0.0006510a; 8 - 0.0000326a; 10 + 2.7126736 x 10~ 6 a; 12 

-2.9064360 x 10~V 4 + 3.6330450 x 10~ 8 a; 16 - 5.0458959 x 10"V 8 , 



In Fig.l we have plotted ^2 i=0 yi(x), which is almost equal to the exact solution 

y( x ) = ln (iT^)- 
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Fig. 1 . The exact solution v = ln( -) and the Adomian decomposition 

4 + x 



solution y = £ y. {x) . 
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1 Introduction 

The decomposition method has been shown [1-3, 8- 14] to solve eectively, easily and 
accurately a large class of linear and nonlinear, ordinary, partial, deterministic or 
stochastic dierential equations with approximate solutions which converge rapidly 
to accurate solutions. In recent years, many papers were devoted to the problem of 
approximate solution of nonlinear oscillatory equation [4-7]. The basic motivation 
of this work is to apply the modied Adomian decomposition method to the non- 
linear oscillatory equations. For this reason, a new differential operator is proposed 
which can be used for nonlinear oscillatory equations. In addition, the proposed 
method is tested for some examples and the obtained results show the advantage of 
using this method. 

2 Modified Adomian decomposition method 

Consider the non-linear oscillator equation written in the form 

y"(x) +cy'(x) +ey(x) = f(x,y), (1) 

y(0) = a,y'(0)=b, 

where c is real number and e is a parameter (not necessarily small). We propose the 
new differential operator, as below 

L(.) = e -m X d. hx d {m+h)x ^^ ^ 

where 2m + h = c, m(m + h) — e, 

so, the problem (1) can be written as, 

Ly = f(x,y). (3) 

The inverse operator L _1 is therefore considered a two-fold integral operator, as 
below, 

PX PX 

L-\.) = e-^ m+h)x e hx e mx (.)dxdx. (4) 

Jo Jo 
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By applying L l on (3), we have 

y( x ) = \ y \{])e~ mx + ^ m f k \ (0)e~ mx - ly (0)e- {m+h)x - ^y(0) e - (m+/l)a: 
h ' h h h 

+L- 1 f(x,y). (5) 

The Adomian decomposition method introduce the solution y(x) and the nonlinear 
function f(x,y) by infinite series 

oo 

y( x ) = ^2vn(x), (6) 

n=0 

and 

oo 

f(x,y) = Y i A n , (7) 

ra=0 

where the components y n (x) of the solution y(x) will be determined recurrently. 
Specific algorithms were seen in [8,12] to formulate Adomian polynomials. The 
following algorithm: 

A = F(u), 

A-y = F'(u )ui, 

A 2 = F' \u q )u 2 + -F" \uq)u\, 
A 3 = F {u )u 3 + F {uo)u lU2 + yF {u )uf, (8) 



can be used to construct Adomian polynomials, when F(u) is a nonlinear function. 
By substituting(6)and(7) into (5), 

STy n = \y'(V)e~ mx + ^ m ^ h \ {o)e~ mx - ^ y '(0)e^ m+h > - ^- y (o) e -^^ x 

ra=0 



+L- l Y J A n . (9) 



n=0 
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Through using Adomian decomposition method, the components y n (x) can be de- 
termined as 



y n+1 = L- 1 A n ,n>0, (10) 



which gives 



Vo = ly'(0)e- mx + ^^y(0)e— - \y\Q)e-^* - ^(0) e -^*, 

1/3 = £-%, (n; 



From (8) and (11), we can determine the components y n (%), and hence the series 
solution of y(x) in (6) can be immediately obtained. For numerical purposes, the 
n-term approximant 

n— 1 
*n = J>*> (12) 



n=0 



can be used to approximate the exact solution. The approach presented above can 
be validated by testing it on a variety of several linear and nonlinear initial value 
problems. 

3 Numerical examples 

In this section, three oscillatory equations are considered and then are solved by 
standard and modified Adomian decomposition methods. 
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Example 1. The Linear Damping Oscillator Equation 

Consider the linear damping oscillator equation: 

y" + 2ey' +y = 0, (13) 

y(P) = a,y(0) = 0. 

Standard Adomian decomposition method: we put 













L{. 


d 2 
dx 2 


(•), 










U 


%) = 


l>X l>X 

Jo Jo 


{.)dxdx 


an 


operator 


form, 


Eq.(13) 


becomes 
















Ly~- 


= -ley' 


-y- 



By applying L l to both sides of (14) we have 

y = y(0)+xy'(0)-L-\2ey' +y). 
Proceeding as before we obtained the recursive relationship 

y o = y(0)+xy'(0), 

y n+1 = -I/ _1 (y + 2ey'),n > 0, 

and the first few components are as follows 

Vo = a, 

x 2 
Vi = -Gy, 

"\ 4 

V2 = 2ae— + a — , 

o JU JU JU 

y 3 = -4e--4oe--a-, 



(14) 
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V = Vo + V\ + 2/2 + V3 + ••• = a - a— + 2ae— + a(-4e 2 + 1)— - 4ae— - a— + ... 

Modified Adomian decomposition method: we put 1m + h — 2e, m(m + h) — 1, 

it follows that h = ±2iy/i — e 2 ,m — e =p iy/l — e 2 , % = y/—\. 

Substitution of h — —2iy/l — e 2 , m = e + i^/l — e 2 , in Eq.(2) yields the operator 

T(\ — r ~(e+iVl-e 2 )x d 2iVl-e 2 x g (t-iy/l-E 2 )i/\ 

so 

rx PX 

,(-e+Wl-e 2 )x / -2i v / l-e 2 s / (e+i%/l-e 2 )x 



Jo io 

In an operator form, Eq.(13) becomes 

Ly = 0. (15) 

Now, by applying L^ 1 to both sides of (15), we have 

L-'Ly = 0, 

and it, implies that 



-2iVT^ 2i v / T^ 2 

=^ y — ae~ ex (cos vl — e 2 x H — ^=^= sin vl — e 2 x. 

V 1 — e 2 

So the exact solution is easily obtained by proposed Adomian decomposition 
method . 



Example 2. Consider the following Duffing equation: 

y (x) + 3y(x) — 2y 3 (x) = cos re sin 2x, (16) 
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with initial conditions 

y(0) = 0,y'(0) = l. 

The analytic solution of this equation is y(x) = sinx. 
Standard Adomian decomposition method: we put 

d 2 
L(.) = -^(.), 



dx 2 



so 



L _1 (.) = / / (-)dxdx. 
Jo Jo 

In an operator form, Eq.(16) becomes 

Ly = cos x sin 2x + 2y 3 — 3y. (17) 

By applying L^ 1 to both sides of (17) we have 

y = y(0) +xy'(0) + L _1 (cosa;sin2a;) + L~ 1 (2y 3 -Sy). 

Proceeding as before we obtained the recursive relationship 

y — y(0) + xy (0) + L' 1 (cos x sin 2x) = — — sin 3x, 

y n+1 =L-\2A n -3y n ),n>0, (18) 

when A n y s are Adomian polynomials of nonlinear term y 3 , as below 

^o = Vo, 



)> 



M = 3ynZ/i 



2„. , o„. „.2 



A 2 = 3y 2 y 2 + 3y yi, (19) 



Substituting (19) into (18) gives the components yo,yi,... 
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We take 

y = yo + yi- 

By using Taylor series of y = yo + y± with order 7 we get 

x 3 x 5 101:r 7 

y = x 1 h ... 

y 6 15 1260 

Modified Adomian decomposition method: we put 2m + h — 0, m(m + h) — 3, 

it follows that h = ±2i\/3, m = =pz-\/3, i = V— 1. 

Substitution of /i = — 2i^/3, m = iy/3, in Eq. (2)yields the operator 

L( °- e Tx e Tx e U> 



so 



L~\.) = e lV3x / e~ 2lV3x / e^%)cfc<fc. 
Jo Jo 

In an operator form, Eq.(16) becomes 



Ly = 2y 3 + cos xsin2x. (20) 



Applying L x to both sides of (20) we find 



sin \^3x r i , . r i , 

y = = hL (cosxsm2x) + 2L y. 

\/3 



Proceeding as before we obtain 



y/%x — 3 



smyoi sm x 

y n+1 = 2L- l A n ,n>0. (21) 

when A n J s are Adomian polynomials of nonlinear term y 3 , mentioned in (19), we 
obtain y ,yi,- 

By using Taylor series oft/ = y + Vi we get 

"} ^ 7 

JU JU 

y 6 120 5040 

Not that the Taylor series of the exact solution y(x) = sinx with order 7 is as below 

^ ^ 7 

rf ,J ry'-' rtf* • 

sin x = x 1 \- ... 

6 120 5040 
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So the rate of convergence of modified Adomian is faster than standard Adomian 
method for this problem. 

Example 3. Consider the non-linear equation: 

y (x) — 2y (x) + y(x) + y 2 (x) = cos 2 x + 2 sin x, (22) 

subject to the initial conditions 

y'(0) = 0,y(0) = 1. 

The analytic solution of this equation is y(x) = cos re. 
Standard Adomian decomposition method: we put 

d 2 
so 

px px 

L-\.) = (.)dxdx. 

Jo Jo 

In an operator form, Eq.(22) becomes 

Ly = cos 2 x + 2 sin x — y 2 — y + 2y . (23) 

By applying L _1 to both sides of (23) we have 

y = y(0) +xy'(0) + L~ 1 (cos 2 :r + 2sin;r) + L" l (-y 2 - y + 2y). 
Proceeding as before we obtained the recursive relationship 

2 • 2 

Ho = 2/(0) + xy (0) + L (cos x + 2 sin x) = 1 + 2x + — 2 sin x H — , 

i/ n+1 =L- 1 (-A„-j/„ + 2^),n>0, (24) 

when A n 's are Adomian polynomials of nonlinear term y 2 , as below 

M = 2y yi, 
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A 2 = 2y y 2 + yf, (25) 



Substituting (25) into (24) gives the components y ,yi,y 2 ,... 
We take 

y = 2/o + y\ + V2 

Modified Adomian decomposition method: we put 1m + h — 0, m(m + h) — 1, 

it follows that h — 0, m — — 1. 

Substitution of /i = 0, m — — 1, in Eq. (2)yields the operator 



e x e x ( 

<ix 2 



so 

r-X fX 



L- x (.) = e x / / e~ x {.)dxdx. 
Jo Jo 

In an operator form, Eq.(22) becomes 

Ly = cos 2 x + 2sinx — y 2 . (26) 

Applying L^ 1 to both sides of (26) we find 

y = e x - xe x + L -1 (cos 2 :r + 2sinx) - L~ l y 2 . 
Proceeding as before we obtain 

1 11 X , 3 x 3 o 2 ■ o 

■Un = e H — a;e + cos x cos 2x sin 2x, 

y 2 25 5 50 25 

y„ +1 = -L- 1 A„,n>0. (27) 

When A n y s are Adomian polynomials of nonlinear term y 2 mentioned in (25), we 
obtain, y Q , yi,y 2 , ■■■■ 

The graph of y = 2~2i=o V* ^ s sketched in Fig 1 and compared with the solution 
of the standard Adomian decomposition method. 

The comparison between the results mentioned in Examples 1-3 show the power 
of the proposed method of this paper for these nonlinear oscillator equations. 
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4 Conclusion 

Adomian decomposition method has been known to be powerful device for solving 
many functional equations as algebraic equations, ordinary and partial differential 
equations, integral equation and so on. In this paper, we proposed an efficient 
modification of the standard Adomian decomposition method for solving nonlinear 
oscillator equations. In Example 1, the system was a linear systems and we derived 
the exact solution. For non-linear system we usually derive a very good approxima- 
tions to the the solution, as in Example 3, and some times the exact solutions can 
be found, as in Example 2 (Duffing equation). The study showed that the modified 
Adomian decomposition method is simple and easy to use and produces reliable 
results with few iterations used. 
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Abstract. Using the Perov's fixed point theorem and the theorem of fiber generalized contractions is 
obtained the smooth dependence by parameter of the solution of initial value problems associated to 
neutral delay integro-diffcrcntial equations. 
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Keywords and phrases: Perov's fixed point theorem, Picard operators, fiber contraction principle, smooth 
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1. Introduction 

An efficient technique to approach systems of operatorial equations (see [14]) and operatorial (differential 
and integro-diffcrcntial) equations of neutral type ( see [4], [1], [2], [3] and [5]) can be obtained using the 
Perov's fixed point theorem (see [7], [9] and [If]). In the study of the smooth dependence by parameters of 
the solution of operatorial equations is very useful the notions of Picard and weakly Picard operators (see 
[14] and [13]) and the theorem of fiber generalized contractions (see [10], [12] and [If]). 

In what follows we apply the Perov's fixed point theorem to the initial value problem associated to the 
following delay Volterra integro-differential equation of neutral type: 

t 

x'{t) = f(t,x(t),x'(t-T))+ J g(t,s,x(s),x'(s))ds, iG [0,6] 

x(t) = <p(t),t€ [-r,0] 

This equation generalize the following delay integral equation from [6] and [8]: 

t 

x{t)=f (t, x (t)) + J g(t,s,x (*)) da, t G [0, b] 

t-T 

X(t)=ip(t),t€ [-T,0] 

In this paper we will study the dependence of the solution by a parameter A. We recall the following 
notions and results: 

Definition 1. (|11], [14] and [13]) Let (X,d) be a metric space. 

An operator A : X — > X is Picard operator if there exists x* G X such that: 

(i) x* is the unique fixed point of A; 

(ii) the sequence (A n (xo))„ eN converges to x* , for all xq G X, where A — Id(X) and A n+1 — Ao A n , 

VnGN. 

Definition 2. flll], [14] and [13],) Let (X,d) be a metric space. An operator A : X — > X is weakly Picard 
operator if the sequence (A n (xo)) nefi converges for all xq G X and the limit (which may depend on xq) is 
a fixed point of A. 

Theorem 1. ( The Perov's fixed point theorem - A.I.Perov - [9]) Let (X, d) be a complete generalized metric 
space such that d(x,y) G K™. Suppose that T : X — > X is a map for which exists a matrix Q G M n (R) 
with the property: 

d(T(x),T(y))^Qd(x,y),Vx,y€X. 

If all the eigenvalues of Q lies in the open unit disc ofM 2 , then T is a Q-contraction (that is lim Q m — 0) 

rn — >oo 

and has an unique fixed point x* so that the sequence of successive approximations, x m — A m (xo), converges 
to x* for any x n G X. 
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Moreover, for any meN" the following estimation holds: 

d(x m ,x*)^Q m (I n -Q)- 1 d(x ,x 1 ). 

The Perov's fixed point theorem was used to obtain a technique for the existence, uniqueness and 
approximation of the solution of initial value problems associated to neutral differential equations and 
neutral integro-diffcrential equations, in [1], [2], [4] and [5]. The same technique was applied in [3] to obtain 
the existence and uniqueness of the solution of the initial value problem (1). 

Theorem 2. (A fiber generalized contraction principle - I.A.Rus - [10], [11] and [12]) Let (X,d) be a 

metric space (generalized or not) and (Y, p) be a complete generalized metric space (p (x, y) G E™ ). Let 

A:XxY^XxY be a continuous operator and B : X — > X , C : X x Y — > Y operators. Suppose that: 

(i) the operator B has an unique fixed point x* and for any xq € X the sequence given by x n +i = B (x n ) 

converges in X to x* ; 

(ii) A (x, y) = (B (x) , C (x, y)), for all x e X, ye Y; 

(Hi) there exists a matrix Q € M n (K+), with Q m — > as m — > oo, such that p(C (x,yi) , C (x, j/ 2 )) ^ 

QpiyiiDi), for all x G X and 2/1,2/2 € Y . Then, the operator A has an unique fixed point (x*,y*) and for 

any (xo,yo) € X x Y the sequence given by (x n +i, y n +i) = A{(x n ,y n )) converges to (x*,y*) in X x Y . 



2. Main result 



Consider the integro-diffcrential equation: 



(2) 



x ' t (t, A) = / (t, x (t, A) , x' (t - t, A) , A) + / g (t, s, x (s, A) , x' (s, A) , A) ds, t G [0, b 
x (t, \) = <p(t,\), t€ [-t, 0] , A e [a, c] 



where ip G C ([— r, 0] x [a, c]) in the following conditions: 

(i) (continuity): j€ C ([-T,b] X [-r, b] x E x E x [a,c]),/G C([0,6] x E x E x [a, c]) and 99 G ^([-r.O] x [a,c]); 

(ii) (boundedness) : <p{t,\) ^ 0, for all (£, A) <G [— r, 0] x [a,c] and there exists mi, Mi > 0,m 2 ,M 2 > 
such that: 



mi ^ g (t, s, u, v, A) ^ Mi, for all (£, s, u, v, A) G [— r, 6] x [— t, 6] x E + x E x [a, c] 



and 



to 2 ^ / (t, u, v, A) s$ M 2 , for all (t, u, v, A) € [0, b] x E + x E x [a, c] 
(in) (first compatibility condition): tp (0, A) = 0, V A G [a, c] and 



^(0,A) = /(0,0,^(-r,A),A) + y 5 (0,s,^(s,A),^(*,A),A),Ae[o,c] 

— r 

(iv) (Lipschitz property): there exists cti,/3i > 0, a 2 ,/3 2 > such that: 

\f (t,xi,yi,\) - f (t,X2,y2,X)\ ^ on \xi -x 2 \ +0i |j/i -y 2 | 
and 

|fl(*,s,cci,j/i,A)- g(t,s,x 2 , y 2 , A)| s£ a 2 |cci -x 2 | +/3 2 |j/i - 2/2I 

for all (£, s, A) G [— r, 6] x E x [a, c] and (a;,, j/i) € E + x E, i = 1, 2; 

(v) (smoothness): / (s, •,-,•) € C 1 (E x E x [a, c]) , and g (i, s, -,-, •) G C 1 (E x E x [a,c]) , for all t,s G 
[-t, 6],j3eC 2 Q-t, 0] x [a, c]) and there exists M 3 , M 4 , M 5 , M 6 > such that: 



df 

dx 

dff 
dx 



(s,u, v, A) 



<M 3 ; 



df 



(t, s, u,v, A) 



«S M, 



<9y 



(s,u,v,X) 



<M 4 ; 



(t,s,u,v,A) 



<M 6 ; 



(vi) (second compatibility condition): ip' x (0, A) = 0, 



<Ptx (0, A) = |£ (0, ^ (0, A) , ^ (-r, A) , A) + g (0, p (0, A) , ^ (-r, A) , A) • ^ (0, A) + 
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df 
+ ^ (0, y (0, A) , <ft B (-r, A) , A) • tf x (0, A) + 



dX 



(0,s,<p(s,X),ip' t (s,X),X) + 



+ || (0, a, ip (a, A) , tp' t (s, A) , A) • y' x (0, A) + ^ (0, a, p (0, A) , cp' t (0, A) , A) • <& (0, A) 

for all A G [a, c] . 

Consider the following generalized metric spaces (X, d) and (Y, p), where: 

X = C ([-r, 6] x [a, c]) x C ([-• r, 6] x [a, c]) 

and F = C ([— t, fc] x [a, c]) x C ([— r, 6] x [a, c]) and the metrics are: 

p : Y x y -> R 2 ' 

p(( 2;i ,y 1 ),( ; r 2 ,y 2 ))=f max |^ (t) - a; 2 (t)| • e -»K*+')+(*-°)l, 

max bi (t) - x 2 (t)| • e - e ^ t+T '> +(x - a A 
te[-T,6],Ae[o,c] / 

o!:X x X^R 2 , d= p| XxX . 

If we differentiate the equation from (2) in respect with t and denoting x' t (t, A) = y (£, A), we obtain: 

t 
x (*i A ) = / / ( s : » (s, A) , y (s - r, A) , X)ds+ 



(3) 



o 



(2.1.) 



3 (V, s , x ( s > A ) i y ( s , ^) .A) ds d?7, £ G [0, 6] 



2/ (*) A) = / (£, x (t, A) , y (t - t, A) , A) + / 5 (*, s, a; (s, A) , y (s, A) , A) ds 



{ (2.2.) (x (i, A) , y (t, A)) = (<p (t, A) , <p' t (t, A)) , i G [-r, 0] 
Denoting u (t, A) = ff (t, A) and v (t, A) = || (i, A), we have: 



(4) 



u (i, A) 



9 a 

— / (s, a; (s, A) , y (s - r, A) , A) + — / (s, x (s, A) , y (s - t, A) , A) • 



i) 



■u (s, A) + — / (s, a; (s, A) , y (s - t, A) , A) • v (s, A) 
dy 



ds- 



\r}—T 



dx 



9 (V, s, x (s, A) , y (s, A) , A) • u (s, A) + 



(3.1.) 



ds > dij 



+ ^-g(v,s,x(s,X),y(s,X),X) -v{s,X) 
dy 

v(t,X) = —f (t, x (t, A) , y (t - t, A) , A) + — / (t, x (t, A) , y (t - r, A) , A) 

• u (i, A) + — / (t, x (i, A) , y (i - r, A) , A) • v (t - r, A) + 
dy 

t 

d d 

—g (t, s, x (s, A) , y (s, A) , A) + —g {t, s, x (s, A) , y (s, A) , A) • 



d 1 

■u (t, A) + —g (t, s, x (s, A) ,y(s,X),X)-v (s, A) ds, t G [0, b] 
dy \ 

[ (3.2.) (u (t, A) , v (t, A)) = (y/ A (t, A) , ^' A (t, A)) , t G [-r, 0] 
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Define the operators, B : X -> X, C : X x Y -► Y, A : X x Y ^ X x Y by A(x,y) := (B (x) ,C (x, y)), 
where 

(5) B (x, y) (t, A) := (Br (x, y) (t, A) , B 2 (x, y) (i, A)) = 

{(second part of x (t, A) from (2.1.) , second part of y (t, A) from (2.1.)) , 
t G [0, 6] and 

(¥»(t,A),^(t,A)), te [-t,0] 

(6) C ((a:, y) , («, v)) (t, A) := (d ((x, y) , (u, v)) (t, A) , C 2 ((x, y) , («, «)) (t, A)) = 

{(second part of u (i, A) from (3.1.) , second part of v (t, A) from (3.1.)) , 
t€[0,b] 
(<p' x (t,\),tf x (t,X)), te[-r,o] 

Theorem 3. a) In t/ie conditions (i)-(iv) the equation (3) has in X an unique solution (x*, y*). Moreover, 
for any (x ,y ) G X, the sequence ((x„, y„)) rl£N defined by: 

t 
x n+ i (t, A) = / / (s, x„ (s, A) ,y n (s- r, A) , A) ds+ 

o 
t / »? \ 

g (rj, s, x n (s, A) , y n (s, A) , A) ds\ dr], t G [0, b] 

\l-T ) 

x n (t, A) = if (t, A) , for all neN, and t <G [— r, 0] 

t 

y„+i (t, A) = / (t, x„ (*, A) , y„ (t, A) , A) + / g (t, x n (s, A) , y n (s, A) , A) ds, t G [0, b] 

t-T 

y„(i,A)=^' A (£,A), te [-t,0] 

uniformly converges to (x*,y*) 7 for any t G [— t, 6] and A G [ffl, c]. 

&J /ft the conditions (i)-(vi) the solution (x*,y*) has the property x* (t, •) £ C 1 [a,c], y* (t, •) G C 1 [a,c] and 

the pair I ^- , -4y- ) is i/ie unique solution of the equation (4) on Y. 

Proof. Conditions (i) and (ii) imply that B (X) C X. and condition (i) imply that B (x, y) € C 1 ([— t. 0] x [a, c]) x 

C([-T,6]x[a,c]). 

From condition (ii) we have 

B x (x, y) (t, A) > 0, for all (i, A) G [-r, b] x [a, c] 
Si (x, y) (t, A) < bM 2 + brM t , for all (t, A) G [-r, 6] X [a, c] 

B 2 (a;, y) (t, A) > 0, for all (t, A) G [-r, 6] x [a, c] 
B 2 (a;, y) (i, A) sj M 2 + tM Xi for all (i, A) G [-r, 6] x [a, c] . 
From condition (hi), we have: 

Si (», y) G C ([-t, b] x [a, c] , [0, 6M 2 + brM x \) 

B 2 (x, j)eC ([-r, 6] x [a, c] , [0, M 2 + t-MJ) , V (x, y) G X. 
So, B (X) C X. Then, 

d B (B(x 1 ,y 1 ),B(x 2 ,y 2 )) = 

= (ll-Bi (zi,yi) -Bi (x 2 ,y 2 )|| s , ||B 2 (xi,yi) - B 2 (x 2 ,y 2 )|| B ) = 
t 

max f(s,xi(s,X),y 1 (s-T,X),X)ds+ 

te[—T,T\,\£[a,c\ J 


\ « 

y (n, s, xi (s, A) , y 1 (s, A) , A) ds di]- / / (s, x 2 (s, A) ,y 2 (s- r, A) , A) ds- 

\]-T J o 
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t / n 



■ (r), s, x 2 (s, A) , y 2 {s, A) ,X)ds dr) 



o V/-T 



. -e[(t+T) + (X-a)] 



max \f(t,xi(t,X),yi(t-T,X),X) + 
te[-T,T],Ae[o,c] 



+ / fl (*) a, *i (s, A) , yi (s, \),\)ds- f (t, * 2 (*, A) , y 2 (t — r, A) , A) 



g (i, s, a; 2 (s, A) , j/2 (s, A) , A) ds 



t-T 



. _e[(t+ T )+(A-o)] 



So, 



We have that: 

/ (s, *i (s, A) , yi (s - r, A) , A) ds + / g (77, s, *i (s, A) , j/i (s, A) , A) ds \ dr}- 

\-i 

t t / v 

f(s,x 2 (s,X),y 2 {s-T,X),X)ds- / [ / g(r},s,x 2 (s, A) ,y 2 {a, A) , X)ds | d?7 

V-T 



< 



t / v 



€ 



lfl-T 



-1 / \f(s,x x (s,X),y 1 (s-t, A), A) - f (s, x 2 (s, A), y 2 (s~r, A), A) |ds+ 

|y(7?,s,*i (s,A),j/i (s,A),A) - g(r],s,x 2 (s, A) ,y 2 (s, A) , A)| ds drj sC 

! H*! - X 2 \\ B ■ e [(^) + ^-)] + A || yi - y 2 || B • e «[(-H-)+(A-a)] . e _* 
(a 2 ||*1 - * 2 || B • e «[(^) + (A-)] + & || yi _ y 2 || s . e 0[(.+r)+(A-)]) ds 

^ / (ai Iki - * 2 || B + A ||yi - 2/ 2 || B • e"*") • e^+^+^W 



ds+ 



dr) ^ 



(a 2 ||*i - x 2 \\ B + /3 2 ||yi - y 2 || B ) • e^+^-^s 



bj— t 

. I OL\ pi _o 

< I y Iki -^|| B + y e II2/1 — 2/2M « 1 ■ <■ 



dr\ < 



0[( s +r)+(A-a)]. 



, 1 " 2 II II 1 ^ 2 II I 

+ I ~m W Xl ~ X2 Wb + m 1 1 J/i - J/2I 



'1 „-«T 



o 0[( s+T ) + (A-a)] 



drj $i 



< (^y ||&i - 32|| B + y • e— ||yi - y 2 || B j • e e ^W-^+ 
(^ ||*i - * 9 || B + § llj/i " J/ 2 || B ) (e*K*+->+<*-M - e*™*-M - e^^ + e A - Q ) < 



< 



OL\ U 2 



1*1 -»2|| B 



A_ -St , & 

+ e 2 



\yi-y2\\ B 



_ e e[(t+r)+(A-a)]_ 



l-Bi (*i,yi) -S 2 (* 2 ,y 2 )|| B 



< 
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, .'Oil , Ot 2 ' 
$- I — - + ~^r I \\X\ — X2\\ B 



Pi -6t , 02 

y e +02 I !i-"i -■'/-' ii ii 



On the other hand, for t € [0, 6], we have: 



/ (t, xi (t, A) , j/i (i - r, A) , A) + / g (i, s, £i (i, A) , t/i (t - r, A) , A) ds- 



t-T 



-/ (*, ^2 (*, A) , y 2 (t - t, A) , A) - / g (t, s, x 2 (*, A) ,y 2 (t- r, A) , A) ds s, 

t-T 

< 1/ (t, Xl (t, A) , l/i (t - t, A) , A) - / (t, z 2 (t, A) , y 2 (i - r, A) , A) | + 
t 

+ / |5(*)S)»i(*)A),yi(t-r,A),A)-t?(t,s,a;2(t,A) ) j/2(t-T,A),A)|ds< 

t-r 

^ ttl |X1 (t, A) - X 2 (t, A)| • e -el(t+r) + (X-a)] . e «[(*+r)+(A-a)] + 

+/3j | yi (t - t, A) - y 2 (t - r, A) | • e -»[*+( A - a )] • e [*+( A - a )] • e~ $T ■ e er + 

+ / (a 2 |CC1 (S, A) - .T 2 («, A) | • e -^+-) + (^)] . e 9[( S +r) + (A-a)] + 



+ /3 2 |s/i («, A) - y 2 (*, A) | • e - 9 [( s +-)+( A - a )] • e e[( S +r)+(A-a)]^ ds ^ 
< ai ||a:i - sail* ' e-*[(*+-)+(A-«)] + ft || yi - y 2 || B . e »[(*+-)+(A-a)] . e -«r + 



+ y (a 2 ||xi - x 2 || B e «K^)+(A-)] + & || yi _ y2 \\ B . e ^+T )+ (x-a)]y s <j 

t-T 

^ (ai ||xi - x 2 || B + /?! • e- 6T ||yi - y 2 || B ) • e «[(*+-)+(A-)l + 

t 

+ (f 11*1 - * 9 || fl + f 112/1 - »II B ) / 0-e^^^ds < 

t-T 

(«i + f ) 11*1 - 32|| B + (/3i • e"' T + f) ||2/i - ifcll, 



o e[(t+r) + (A-o)] 



So, 



|-B 2 (a;i,yi) - S 2 (a; 2 , y 2 )|| B < (ai 



Wc infer that: 



d B (B (xi,in) , B (x 2 ,li2)) 



Oil I OI2 ft „ — 0T I & 

< [ e + e 2 e e ~r g 2 
ai + t /3i-e- e - + f 



y)ll-i-- 2 || s +(/3i- e - flr + § 

_ /||Bi(a;i,yi)-Bi(cc 2 ,2/ 2 )|| B \ 
\||-B 2 (o;i,j/i) - B2{x2,y2)\\ B ) 

W -X 2 \\ B 

\Vi -V2\\ B 



m -y2\\ B - 



< 



V (xi,x 2 ) e X, (2/1,2/2) e -X"- 



The eigenvalues of the matrix: 



' ! ai + f A-e-^ + f 



are Ai = and A 2 = ^ + ^ + fte-" 7 " + f > 0. We infer that 



St 1 02 
0" -r 02" -r hi* + -g- 

< A 2 < 1 ■& h (9) = 9 2 - (ai + #2) ^ - "2 > 2 ■ p ie ~ 0T 

The equation 9 2 — (ai + /3 2 ) 9 — a 2 = have the solutions #1 < and 6> 2 > 0, and the top of the graph 

for the associate function by second order is V ( ai 1 2 ' , — ^ I, where A = (ai + /3 2 ) + 4a 2 . 

Plotting geometrical the graphs for the functions h (9) and u (9) = # 2 /3 1 e~ er , we see that exists an unique 
point 9* > 9 2 such that: 

h (9*) = it (r ) and h (0) > 6» 2 /3e- eT , V 9 > 9*. 
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On the other hand, this can be obtained from the properties: 
h (0) < 0, V e [0, 2 ) , u (0) > 0, V 9 > 
lim h(0) = oo, lim 9 2 l3 1 e- 0T = 

9 — >oo 9 — »oo 

and because the function u (0) = 9 2 (3\e~ have in 9 = overall minimum (minim global), and in 9 = - 
local maximum. 

If we choose a value 9 > 9* then the operator _B = (i?i, B2) given by (5) is Q-contraction, and from the 
Perov's fixed point theorem, it has an unique fixed point (x*,y*) £ X. 

The pair (x*,y*) is the unique solution of initial value problem (3), because for any t £ [0,6] and 77 £ [0,6] 



(7) 



and 
(8) 



x * (t i A) = / / ( s : x * 0; A) . 2/* ( s - T > A) , A)ds+ 





ff (»7, s, x* (s, A) , y* (s, A) , A) ds di] 



V* (t, A) = / (t, x* (t, A) , y* (t - r, A) , A) + / 5 (*, Sj s * ( s , A) , y* (s, A) , A) ds 




Using the continuity and compatibility, from x*,y* £ C [— r, 6] and x* (i) = ip (t) , V t £ [—t,0] we infer 
that x* £C 1 [-r,b]. 

Differentiating in respect with t the equation (7), we obtain: 

(a:*)' (t, A) = / (t, x* (t, A) , y* (t - r, A) , A) + 



+ g(t, s, x* (s, A) , y* (s, A) , A) ds , V t £ [0, 6] 



which together with equation (8) give us (x*) = y* . 
We propose to obtain the point 9*. It observed that: 
h (9) = 9 2 p 1 e- 0r ^9 = H(9) = a 1 +j3 2 + 0/3 ie - 0T + f, 
so 9* is fixed point of H. 
Moreover, H' (6) < «• -ff + /3ie- 9r (1 - 0r) < 0. 

- If > i then ff' (0) < and H' (±) = -r 2 /3i < 0. Then, H' (6) < 0, V > £. 

- If - < 6*2 then we'll consider = H (62) > 9* and then, for any 9 > 9 we have < A2 < 1. 

- If - > 02 exists two possibilities: 

1) If h (i) < ^2-/3e _1 then we take 6 = H {^) > 9* and then, for any > we have < A 2 < 1. 

2) If h (i) > 72^e _1 then is clear that £ > 9* and for any > \ we have < A 2 < 1. 

So, in given conditions, we can find (which can be H (02), or H (-), or ^ ) such that < A2 < 1, 
V > 0. 

b) The smoothness condition / (s, •,-,•) eC'fMxIx {a,c]),V s £ [-r,6], g (s, -, -, -, •) eC^Ixlxtx [a,c\), 
y s £ [— r, 6] and condition (iv) allow us to take the constants ai,a2,/3i and /?2 from Lipschitz property 
such as: 

on = 



a/ 

dx 


;/?i = 


a/ 


; a 2 = 


dx 


;/?2 = 


dg 
dy 



We show that C ((x, y) , •) : Y — > F is contraction, for any (x, y) £ X. 
For any (u\,vi) , (7*2,^2) € F we have: 

Pb (C {(x, y) , (ui, vi)) , C ((x, j/) , (u 2 , U2))) = 

= (l|Ci ((a>2/)>(«i,vi)) -Ci((a;,J/),(w2,V2))|| B , 

IIC2 ((x,y),(wi,ui)) -C 2 ((o;,j/),(u2,U2))||b)- 
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Then, 



d d 

— f (s, x (s, X),y(s-T,X),X) + — / (s, x (s, A) , y {s - r, A) , A) • ui (s, A) + 



d 
dy 



ds- 



t ( ri 



d d 

—g (rj, s, x (s, A) , y (s, A) , A) + — g (tj, s, x (s, A) , y (s, A) , A) • m (s, A) 



O V/ — T 



<is > dr/~ 



+ q~9 07, s, x (s, A) , y (s, A) , A) • vi (s, A) 



9 d 

— f (s, x (s, A) , y (s - t, A) , A) + ^-/ (s, a; (s, A) , y (s - r, A) , A) • u 2 (s, A) + 



+o~f ( s ' x ( s > A ) > y ( s - r ' A ) > A ) • w 2 (s - T, A) 



rfs+ 



t /- n 



O V/ — T 



a d 

—g (77, s, x (s, A) , y (s, A) , A) + — g (77, s, x (s, A) , y (s, A) , A) • u 2 (s, A) 



+ q~9 (V, s, x (s, A) , y (s, A) , A) • v 2 (s, A) 



$; 



#:7.' 



f(s,x(s,\),y(s-T, A), A) 



ds > CZ77 ^ 

|ui (s, A) - u 2 (s, A)| ds+ 



<9y 



f(s,x(s,X),y(s-T,X),X) 





t / *7 



\vi (s - r, A) - w 2 (s - r, A) I ds+ 



t)x 



g(ri,s,x(s,X),y(s,X),X) 



t / v 



dy 



g(r],s,x{s,X),y(s,X),X) 



\ui (s, A) — u 2 (s, A)| ds dr]+ 
\vi (s, A) - v 2 (s, A)| ds 1 dry < 



==: / ai |«i (*, A) - « 2 («, A)| • e -oi(>+T)+(*-°)] . e e [(^)+( A - a )ld s+ 



+ / 01 |«l (S - T, A) - W 2 ( S - T, A)| • e - e I s +( A - a )] • e »[-+(A-a)] . e -9r . e 0r rfs+ 




t / V 

a 2 |m (s, A) - U2 (s, A) I • e - fl K"+ r )+( A - )] • e^+^+^-^ds | dr?+ 

t / ») 

+ / / ft K (*, A) - « 2 (S, A)| • e -fl[(-+r)+(A-a)] . e 9[( S +T) + (A-a)] ds ] rf?? ^ 

V-r 



< 



3 (ttl ||«1 - U2|| B + Pie- 6T \\V1 - V 2 \\ B ) e m+r) + (X-a) ] + 
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(a 2 ||«! - «2|| B + h \W - Vi\\b) \ ■ e s ^+^+^-^ " d V = 

Tj — T 

< \ («i IK - «2|| B + /3ie- er ||t>i - w 2 || s ) e «[(^)+^-)] + 

t 
+ \ (a 2 ||ui - U2|| B + ft ||wi - V2|| B ) f e e ^ +T ^ x -^d v < 



< J (ai ll«i - «2|| B + /3ie- er ||«i - walls) e fl K* +T ) + ( A -)] + 
+ 1 (a 2 ||«i - «2|| B + ft ||vi - walls) ' e^+^+^l $ 



^ 



/ai «2\ 



'ai a 2 

02 J ||«1-«2|| B 



\B "T- ^2 ||fl "2||B 

/3l _ T , 02 



•' " h-^JIK-^IIb 



. 0[(t+ T ) + (A-a)] 



So, 



|Ci((:c,2/)>(ui>vi)) - Ci ((z,y) , (u 2 ,v 2 ))\\ B < 



On the other hand, we have: 
9 



tf 



ox / (t, x (i, A) , j/ (t - r, A) , A) + — / (t, x (t, A) , y (t - r, A) , A) • ui (t, A) + 

+— / (t, x (t, A) , y (t - r, A) , A) • Vl (t - r, A) + 
<9y 

t 

a a 

— <7 (t, s, x (s, A) , y (s, A) , A) + — g (t, s, x (s, A) , y (s, A) , A) • «i (s, A) + 



9 
+ ^-ff (*, s. a; (s, A) , y (s, A) , A) • vi (s, A) 



ds- 



- — / (t, x (t, A) , j/ (i - t, A) , A) - — / (t, x (t, A) , y (t - r, A) , A) ■ u 2 (t, A) 



_9_ 
<9y 



/(t,a:(t,A),y(t-T,A),A)-«2(t-T,A)- 



5 a 

— g (t, s, a; (s, A) , y (s, A) , A) + — t? (i, s, x (s, A) , y (s, A) , A) • u 2 (s, A) + 



d 
+ jr9 (t, s, x (s, A) , y (s, A) , A) • vi (s, A) 
dy 



ds 



< 



< ai |«i (t, A) - u 2 (t, A) | • e -e[(*+-)+(^-«)l . e e[(*+r)+(A-a)] + 
+0! | Vl (t - r, A) - « 2 (t - r, A) | • e- e ^ x - a ^ ■ e«[*+( A -«*)] ■ e^ ■ e 6r - 

L 

+ f a 2 | Ul (t, A) - u 2 (t, A)| • e -0[("H-)+(A-<»)] . e e ^ + ^ +(x - a ^ds+ 



t-T 

I, 



So, 



+ / P 2 \V1 (t, A) - V 2 (t, A)| • e -e[( S +r) + (A-a)] . e <, [(s+T ) + (A-a)] ds ^ 

t-T 

*S (ai ||«i - «2|| B + Pi^ 6t hi - walls) ' e [( t+ ^+( A - a )] + 
+^ (a 2 ||«i - «2|| B + 2 ||«i - V2|| B ) ' e[(* +T ) + ( A -°)l. 

||C 2 ((a;,j/),(ui,Ui)) -C 2 ((x,y),(u 2 ,w 2 ))|| B = 
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<*i + y) ll«i - «2|| B + (/3ie- flT + f ) Ih - «2|| B . 



For any (ui, V\) , (112, V2) € Y and A <G [a, c], we obtain: 

Pb (C ((a;, y) , (wi, vi)) , C {(x, y) , (u 2 , v 2 ))) ^ 

We can choose 9 > 6* and then C((x,y),-) is Q-contraction on Y, V (x,y) € X, and Q™ — ► 0, when 
n — ► 00. 

From a fiber generalized contraction, we infer the existence and uniqueness of fixed point ( (x* , y* ) , (u* , u*)) G 
IxYof the operator A, that is 

B{x\y*) = (x*,y*) and C((x*,y*) , («*, «*)) = («*,t;*) 

and moreover, for a: € C 2 ([— r, 6] x [a, c] ,K+), yo = ^§f, u o — ^r\i v o — -gfi the sequence 

(A n ((x ,yo),(u ,vo))) n = ((x„,y rl ),(u„,v„)) 

in which (u n+ i,u n+ i) = C((x n ,y n ) , (u„,w„)), converges uniformly to ((x*,y*) , (u*,v*)). 

It is clear that in the condition (i)-(v) we have x n € C 1 ([— t, 6] x [a, c]), V n <G N* and y„ (£, •) e 
^([cc]), Vie [-r,6], VneN*. 

So, y* (t, •) G C* 1 ([a, c]), V t e [-r, 6] and 

unif ^ q x unif ^ 

x n > 2; , y n = -Qj- > y 

da;„ uni f * dt/„ "«»/ * 
U n = ~d\ " U ' Vn = 9A " W 

Then, y* = %- , u* = %- , w* = -4(- and the pair ( %-, -Mr- ) is the unique solution of the equation 



dt ' " ~~ 9A ' " ~ dA " ^ ^ ^ dX ' dA 

(3) on Y. ' □ 
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Abstract 

In this paper, we introduce an iterative scheme by a new hybrid 
method for finding a common element the set of solutions of an equi- 
librium problem and the set of fixed points of a nonexpansive mapping in 
a Hilbert space. We show that the iterative sequence converges strongly 
to a common element of the above two sets by the new hybrid method in 
the mathematical programming. 

2000 Mathematics Subject Classification: 46C05, 47D03, 47H09, 47H10, 
47H20. 

Key words and phrases: hybrid methods; equilibrium problem; fixed 
point problems; nonexpansive mapping 

1 Introduction 

Let C be a closed convex subset of a real Hilbert space H and let Pc be 
the metric projection of H onto C. A mapping S : C — * C is said to be 
nonexpansive if 

\\Sx-Sy\\<\\x-y\\, 

for all x,y £ C. We denote by F(5) the set of fixed points of S. If C is 
bounded closed convex and S is a nonexpansive mapping of C into itself, 
then F(S) is nonempty (see [6]). We write x n — > x (x n — *■ x, resp.) if 
{x n } converges (weakly, resp.) to x. Let F be a bifunction of C x C 
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into R, where R is the set of real numbers. The equilibrium problem for 
F : C x C — > R is to find x e C such that 

F(x,y)>0 for all y€C. (1.1) 

The set of solutions of (1.1) is denoted by EP(F). Numerous problems 
in physics, optimization, and economics reduce to find a solution of (1.1). 
Some methods have been proposed to solve the equilibrium problem (see 
[1, 3, 8, 12]). In 2005, Combettes and Hirstoaga [2] introduced an iterative 
scheme of finding the best approximation to the initial data when EP(F) 
is nonempty and they also proved a strong convergence theorem. 

In 1953, Mann [7] introduced the iteration as follows: a sequence {x n } 
defined by 

x n +i = ct n x n + (1 - a n )Sx„, (1.2) 

where the initial guess element xo £ C is arbitrary and {a n } is a real 
sequence in [0,1]. The Mann iteration has been extensively investigated 
for nonexpansive mappings. One of the fundamental convergence results is 
proved by Reich [10]. In an infinite-dimensional Hilbert space, the Mann 
iteration can conclude only weak convergence [4]. Attempts to modify 
the Mann iteration method (1.2) so that strong convergence is guaranteed 
have recently been made. For finding an element of EP(F) n F(S), Tada 
and Takahashi [11] introduced the following iterative scheme by the hybrid 
method in a Hilbert space: xo = x £ H and let 

u n £ C such that /(«„, y) H (y -u n ,u n ~ x n ) > 0, Vy £ C, 

r„ 

w n — (1 — a n )x n + a n Su„, 

C„ — {z £ H : \\w„ - z\\ < \\x n - z\\}, 

Qn - {z £ C : {x„ - Z, Xo - X n ) > 0}, 

Xn+1 — Pc n nQ n X0, 

(1.3) 

for every n £ N, where {a n } C [a,b] for some a, b £ (0,1) and {r n } C 

(0,oo) satisfies liminf n 100 r„ > 0. Further, they proved {x n } and {u n } 

converge strongly to z £ F(S) n EP(F), where z — Pf(S)p\EP(f)Xo. 

On the other hand, Takahashi, Takeuchi and Kubota [14] proved 
the following strong convergence theorem by using the hybrid method 
in mathematical programming. For C\ = C and x\ = Pc t xo, define a 
sequence as follows: 

y n — ct n x„ + (1 — a n )S„x n , 

Cn+i = {zeCn : \\y„ - z\\ < \\x„ - z\\}, (1.4) 

x n+1 = P Cn+1 x , n £ N, 

where < a„ < a < 1 for all n £ N. They proved a strongly convergence 
theorem in a Hilbert space. 

In this paper, motivated and inspired by the above results, we intro- 
duce a new iterative scheme, as follows for C\ — C, x\ = Pc ± xo, and 
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let 



1 
u n G C such that /(«„, y) H (y — u„, u n — x n ) > 0, Vy G C, 



y„ = a„:r n + (1 — a„)Su n , 

Cn+l = {z G C„ : ||j/ n — z\\ < \\x n — z\\} , 

Xn+i — Pc n+1 xo, n G N, 

(1.5) 
for finding a common element of the set of solutions of an equilibrium 
problem and the set of solutions of fixed points of a nonexpansive map- 
pings in a Hilbert space. Moreover, we show that {x n } and {u n } converge 
strongly to PF(S)nEP(F) x i by the hybrid method in the mathematical pro- 
gramming. 

2 Preliminaries 

Let H be a real Hilbert space. Then 

\\x-y\\ 2 = \\x\\ 2 -\\y\\ 1 -2{x-y,y) (2.1) 

and 

||Ax + (1 - A)y|| 2 = A||*|| 2 + (1 - \)\\y\\ 2 - A(l - A)||x - yf (2.2) 

for all x,y G H and A G [0, 1]. It is also known that H satisfies the Opial's 
condition [9], that is, for any sequence {x n } with x n — k x, the inequality 
liminf n — >00 \\x n —x\\ < liminf n — >(x> \\x n —y\\ holds for every y G H with 
y ^ x. Hilbert space H satisfies the Kadec-Klee property [5, 13], that is, 
for any sequence {x n } with x n —*■ x and \\x n \\ — > \\x\\ together imply 
\\x„ - x\\ — > 0. 

Let C be a closed convex subset of H . For every point x G H, there 
exists a unique nearest point in C, denoted by Pcx, such that 

||a; — Pcx\\ < \\x — y\\ for all y G C. 

Pc is called the metric projection of H onto C. It is well known that Pc 
is a nonexpansive mapping of H onto C and satisfies 

(x-y,P c x-P c y)> \\P c x-Pcy\\ 2 (2.3) 

for every x,y £ H. Moreover, Pcx is characterized by the following prop- 
erties: Pqx G C and 

(x - Pcx, y - Pcx) < 0, (2.4) 

\\x - yf > \\x - Pcxf + Hi, - Pc^f (2.5) 

for all a; G H, y G C. 

For solving the equilibrium problem, let us assume that the bifunction 
F satisfies the following conditions (see [1]): 

(Al) F(x,x) = for all x G C; 
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(A2) F is monotone, i.e., F(x, y) + F(y, x) < for any x,y G C; 

(A3) F is upper-hemicontinuous, i.e., for each x,y,z G C, lim sup t >0 + F(tz+ 

(l-t)x,y)<F(x,y); 

(A4) F(x, •) is convex and lower semicontinuous for each x G C. 

The following lemma appears implicitly in [1] 

Lemma 2.1. [1] Let C be a nonempty closed convex subset of H and let 
F be a bifunction of C x C into R satisfying (A1)-(A4). Let r > and 
x G H . Then, there exists z G C such that 

F(z, y) H — (y — z,z — x) > for all y G C. 
r 

The following lemma was also given in [2]. 

Lemma 2.2. [2] Assume that F : C x C — > K satisfies (A1)-(A4). For 
r > and x £ H , define a mapping T r : H — ► C as follows: 

T r (x) = {zeC: F(z,y) + -{y - z, z - x) > 0, Vy G C} 

r 

for all z G H . Then, the following hold: 

1. T r is single- valued; 

2. T r is firmly nonexpansive, i.e., for any x,y G H, \\T r x — T r y\\ 2 < 
{T r x-T r y,x-y}; 

3. F(T r ) = EP(F); 

4- EP(F) is closed and convex. 

3 Strong convergence theorems 

In this section, we show a strong convergence theorem which solves the 
problem of finding a common clement of the set of solutions of an equi- 
librium problem and the set of fixed points of a nonexpansive mapping in 
a Hilbert space. 

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert 
space H . Let F be a bifunction from C x C into E satisfying (A1)-(A4) 
and let S be a nonexpansive mappings from C into H such that F(S) (~l 
EP(F) 7^ 0. For C\ — C, xi — Pc-^xo, define sequences {x„} and {u n } 
of C as follows: 

u n e C such that /(«„, y) -\ (y — u„, u n — x n ) > 0, Vy G C, 

y„ = a„x„ + (1 — a n )Su n , 

C„+i = {z G C n : \\y„ — z\\ < \\x„ — z\\}, 

x n+ i - P Cn+1 x , n G N, 

(3.1) 
for every n G N, where {a n } C [a,b] for some a,b G (0, 1), and {A n } C 
[a,b] C (0,2a) and {r„} C (0, oo) satisfies liminf n — , m r„ > 0. Then 
{x n } converges strongly to PF(s)nEP(F) x - 
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Proof. We show first that the sequence {x n } is well defined. By 
induction we can show that F(5) n EP(F) C C n for all n € N. It is 
obvious that F(S)nEP(F) C C = Ci. Suppose that F{S)nEP(F) C C k 
for each k G N. Hence, for u G F(S)C\EP(F) C C k and from u„ = T r „a;n, 
we note that 

||m„-m|| = \\T rn x n - T rn u\\, 

< \\x n -u\\, (3.2) 

for every n G N. Thus, we have 

\\y„-u\\ = ||a n a; n + (1 - a n )Su n - u\\ 

< a n \\x„ — u\\ + (1 — a„)\\u n — u\\ 

< a n \\x n - u\\ + (1 - a n )\\x n - u\\ 

= \\x n — u\\. (3.3) 

Hence u £ Ck+i- This implies that 

F(S) n SP(F) C C n for all n G N. (3.4) 

Next, we prove that C n is closed and convex for all n G N. It is 
obvious that C\ — C is closed and convex. Suppose that C'k is closed and 
convex for some k G N. For z G Ck, we know that \\yk — z\\ < \\xk — z\\ is 
equivalent to 

||jM - i'fcll 2 + 2(j/ fe - a; fc ,a;fc - z) > 0. (by (2.1)) 

So, Ck+i is closed and convex. Then, for any n G N, C n is closed and 
convex. This implies that {x n } is well-defined. From Lemma 2.1, the 
sequence {u n } is also well defined. 
From x n = Pc^xo, we have 

(xo -x n ,x n -y)>0 

for each y G C„. Using F(S) n EP(F) C C„, we also have 

(xo ^ x„, x n - u) > for each m G F(5) n EP(F) and n G N. 

Hence, for u G F(S) n EP(F), we have 

< (XO ~ ^n,^n — u) 

= (a;o — x n , x n — xo + xo — u) 

= — ||x — Xn\\ + \\X0 — X„\\\\x — u\\. 

This implies that 

||cCo - X n \\ < \\xo - u\\ for all u G F{S) n EP(F) and n G N. 
From x n = Pcn^o and x n +i — Pc n+1 x o G C„+i C C„, we obtain 

(xo - x„, x„ - s„+i) > 0. (3.5) 
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It follow that, for n G N, 

< (Xo — Xn,X n — X n +l) 

— {Xo — X n , X n — Xo + Xq — X n+1 ) 

— — \\Xo — X n \\ + {xo — X n ,X — Xn+l) 
< — \\Xo — X n \\ + \\Xo — X n \\\\XQ — X n +l\\ 

and hence 

||xo - x n \\ < \\xo - X n+ i\\. 

Since {\\x n — xo\\} is bounded, lim n >oc \\x n — xq\\ exists. Next we can 

show that lim n >(x> ||a;n+i — x n \\ — 0. In deed, from (3.5) we get 

\\Xn — Xn+l\\ — \\Xn — Xo + Xo — X n +l\\ 

— \\Xn — Xo\\ +2(X„— Xo,Xo — Xn+l) + \\Xo —X„+l\\ 

- -\\x„ - x \\ 2 + 2{x n - a; ,a;o - x n + x n + x n+1 ) + \\xo - a5„+i||" 
< — \\x n — Xo\\ + ||a;o — a;„ + i| . 

Since lim n toc \\xq — x n \\ exists, this implies that 

lim„ — kxWxu - x„+i\\ — 0. (3.6) 

Since x n +i £ C„, we have 

\\x,i -Vn\\ < \\Xn - X n+1 \\ + \\X„+1 - y„\\ < 2\\x„ - X„ + i\\. 

By (3.6), we obtain 

lim n — ,oo\\x n — y„\\ — 0. (3.7) 

For v e F(S) n EP(F), from Lemma 2.2, we get 

\\Un — U\\ < (T rn X n — T rn U,X n — U) 

— (u n — u,x n — u) 

— 7,(\\ u ™ - u \\ +\\Xn— U\\ — \\x„ — U n \\ ) 



and hence |ju n — u\\ < ||Xt» — tt|| — ||#n — u n \\ . 
From (3.2), we obtain 

\\Vn- u\\ < a n \\x n — u\\ + (1 — a n )\\Su n — u\\ 

< a n \\x n — u\\ + (1 — q„)||u„ — u\\ 

< a„\\x n — u\\ + (I — a n ){\\x n — u\\ — \\x n — U„\\ } 

— \\Xn—u\\ — (1 — a n )\\x n — U n \\ . 

Since (a„) C [a, 1], we obtain 

(1 - a)\\x n - u n \\ 2 < (1 - a n )\\x n - u n \\ 2 < \\x„ - u\\ 2 - \\y n - v\\ 2 

< \\Xn — yn\\{\\x„ — u\\ — \\y n — u\\}. 

From this and (3.7), implies 

lim n — t0 o\\x n - u„\\ — 0. (3.8) 
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Since liminfn — hoo r„ > 0, we get 

lim n — ► 00 ||-^— — -|| = hm„ — >00 — \\x„ — u„\\ = 0. (3.9) 

Since (1 — a n )Su„ — y„ — a„x n , we have 

(1 — a) \\Su n —u n || < (1 — a„)\\Su„ — u„\\ = \\y„ — a n x n — (1 — a„)u„\ 

< a„\\u n — Xn\\ + \\y„ — U n \\ 

< \\U„ — X n \\ + \\y„ — X„\\ + \\Xn — U n \\ 

< 2\\x n — U n \\ + \\x n — y n \\- 

From (3.8) and (3.7), we obtain 

lim n — >oo\\Su n — u n \\ — 0. (3.10) 

Since {x„} is bounded, there exists a subsequence {a;^} of {x n } which 
converges weakly to z. From ||a; n — u n || — > 0, we obtain also that u ni — *■ z. 
Since u ni C C and C is closed and convex, we obtain z £ C . From (3.10) 
we obtain Su ni — ^ z. Let us show z £ EP(F). Since u n = T Tn x n , we have 

F(u n ,y) H (y — u n ,u n — x„) > 0,Vy G C. 

From (A2), we also have 

— (y — u n ,u n — x n ) > F(y,u„) 
r n 

and hence 

{y-u n% ,-^ ^) > F{y,u nz ). 

From "";~ 3: "' — > 0, it follows by (A4) that > F(y, z) for all y £ C. For 

t with < t < 1 and y G C, let y t — ty + (1 — t)z. Since y G C and z G C, 
we have y t £ C and hence -F(j/t, z) < 0. So, from (Al) and (A4) we have 

= F{y t ,y t ) < tF(y t , y) + (1 - t)F(y t ,z) < tF(y t , y) 

and hence < F(yt,y). From (A3), we have < F(z, y) for all y G C and 
hence z G EP(F). Let us show that z G F(S). Assume z g F(S). From 
Opial's condition, we have 

liminf n — ►oo||w»i i — z\\ < liminf n — >0 o||«ni — Sz\\ 

— liminf n — >oo||w ni — Su ni + Su ni — Sz\\ 
= liminf„ — >oo\\Su ni — Sz\\ 
< liminf„ — >oo||Wn i — z\\ 

This is a contradiction. Thus, we obtain z G F(S). Hence z G F(S) (~l 
EP{F). 

Finally, we show that x n — > z, where z = PF(s)nvi(C,A)EP(F)Xo- 
Since x n = Pc n Xo and z G F(S) n EP(F) C C„, we have 

II x„ - Xo|| < \\z - x \\- 
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It follows from z = PF(S)nEP(F) x o and the lower semicontinuity of the 
norm that 

\\z'— Xo\\ < \\z—Xo\\ < liminfi — >oo\\x ni — Xo\\ < limsup^ , 00 \\x rH — Xo\\ < \\z'—Xo\\- 

Thus, we obtain that limit >00 \\x ni — Xo\\ — \\z — Xo\\ — \\z' — Xo\\- 

Using the Kadec-Klee property of a Hilbert space H , we obtain that 

lim fc — too X ni — z — Z '. 

Since {a^} is an arbitrary subsequence of {£„}, we can conclude that 

{x n } converges strongly to z, where z = PF(T)nEP{F) x - D 

As direct consequences of Theorem 3.1, we can obtain two corollaries. 

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert 
space H . Let F be a bifunction from C x C into E satisfying (A1)-(A4) 
such that EP(F) ^ 0. For C\ — C, xi — PciXo, define sequences {x n } 
and {u n } of C as follows: 

u n e C such that f(u n , y) -\ (y — u n , u n — x„) > 0, Vj/ G C, 

r„ 

C„+i = {z G C n : \\y n — z\\ < \\x„ — z\\}, 
x„+i - Pc n+1 x , n e N, 

for every n G N, where {a n } C [a, b] for some a, b G (0, 1), and {\ n } C 

[a, b] C (0,2a) and {r n } C (0,oo) satisfies liminf n 100 r„ > 0. Then 

{x n } converges strongly to P EP (f)X. 

Proof. Putting S = J and a n = in Theorem 3.1, the conclusion 
follows. D 

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert 
space H . Let F be a bifunction from C x C into E satisfying (A1)-(A4) 
and let S be a nonexpansive mappings from C into H such that F(5 r ) 7^ 0. 
Let {x„} and {«„} be sequences generated by x\ — x G H and let 

U„ G C such that (y — u„, U„ — X n ) > 0, Vy G C, 
y n = a n x n + (1 — a n )Su n , 

C n + 1 = {2 eC n : \\y„ - z\\ < \\Xn - z\\} , 

x„+i - Pc n+1 xo, n G N, 

for every n G N, where {a n } C [a,b] for some a,b G (0,1), {A n } C 

[0,6] C (0, 2q) and {r n } C (0,oo) satisfies liminf n , m r„ > 0. Then 

{x n } converges strongly to P F ($)X. 

Proof. Putting F(x, y) — for all x,y G C and r„ = 1 in Theorem 
3.1, the conclusion follows. □ 
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A New Method for Solving Unconstrained Optimization 
Problems 

Liliu Mo 1 ' 2 and Ling Hong l 



In this paper, a new conjugate gradient formula (3j^ ew is given to compute the search direc- 
tions for unconstrained optimization problems. General convergence results for the proposed 
formula with some line searches such as the exact line search, the Grippo-Lucidi line search 
and the Wolfe-Powell line search are discussed. Under the above line searches and some as- 
sumptions, the global convergence properties of the given methods are discussed. The given 
formula (3j(? ew > 0, and the search directions dk which are generated by the given (3^ ew un- 
der the strong Wolfe-Powell line search satisfy the sufficient descent condition. Preliminary 
numerical results show that the proposed methods arc efficient. 

KEY WORDS: Unconstrained optimization; Conjugate gradient; Exact line search; 
Inexact line search; Global convergence. 

1. INTRODUCTION 

Due to the simplicity of its iteration and its very low memory requirements, the conjugate 
gradient method has played a special role for solving large-scale nonlinear optimization problems. 
It is designed to solve the following unconstrained nonlinear optimization problem: 

mini/Or) | x G W 1 }, (1.1) 

where / : K™ — ► 3? is a smooth, nonlinear function whose gradient will be denoted by g{x). The 
iterative formula of the conjugate gradient method is given by 

Xk+i = x k + t k d k , (1.2) 

where £& is a steplength which is computed by carrying out a line search, and dk is the search 
direction defined by 

d ={ ~ 9lu ^ k = 1 > (i 3) 

\ -gk + Pkdk-i, if k>2, 

where (3k is a scalar and gk denotes g(xk)- There are at least six formulas for (3k which are given 
below: 



Pjf s = 9 k (9k ff|-i) (Restenses - StiefelYt], 1952); 

{9k - 9k~i) Ofc-1 
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,T, 



pFR = 9 k 9k (Fletcher - Reeves[4], 1964); 

9 k ~i9k-i 



pPRP = 9 k i.9k 9k-i) ( Po i ah _ ffi6i^ re _ Polyak[9, 10], 1969); 



jPRP _ 

9k-\9k-\ 



T 

0OD = _9k9k_ (Conjugate Descent [3], 1987); 
d k-i9k-i 

/3 LS = _ 9l(9k-9k-i) ( Liu - S torey[8], 1991); 

d k-i9k-i 

T 

pJ? Y = 9k9 \ Tl (Dai - Yuan[l] , 1999) . 

(9k ~ 9k-i) dk-i 

Generally, the PRP method performs much better than the FR method from the computation 
point of view. When the objective function is convex, Polak and Ribiere[12] proved that the 
PRP method with the exact line search is globally convergent. But Powell [11] showed that there 
exist nonconvex functions on which the PRP method does not converge globally. He suggested 
that Pk should not be less than zero. Under the sufficient descent condition, Gilbert and Nocedal 
[5] proved that the modified PRP method j3k = max{0, [3f! } is globally convergent with the 
Wolfe-Powell line search. 

In the already-existing convergence analysis of the conjugate gradient methods, the following 
line searches are often used. 

The exact line search is to find tk such that the cost function is minimized along the direction 
d k , that is tk satisfying 

f(x k + t k dk) =lhnf(x k + td k ). (1.4) 

The weak Wolfe-Powell (WWP) line search is to find tk satisfying 

f(x k + t k d k ) - f(x k ) < 5 t k gld k , (1.5) 

g(x k + t k d k ) T d k > <jgld k , (1.6) 

where 5 e (0, |), a € (5,1). 

The strong Wolfe-Powell (SWP) line search is to find t k satisfying (1.5) and 

| g(x k + t k d k ) T d k \< a \ gld k |, (1.7) 

where 5 £ (0, \), a £ (5,1). 

This paper is organized as follow: In section 2, a new conjugate gradient formula and the 
corresponding algorithm are given. The global convergence results of the new formula with the 
exact line search, the Grippo-Lucidi line search and the Wolfe-Powell line search are given in 
section 3. The preliminary numerical results are contained in section 4. 
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2. THE NEW FORMULA AND THE CORRESPONDING ALGORITHM 

It is well known that the global convergence of the most efficient PRP method can not 
be established with the weak Wolfe-Powell conditions (1.5) and (1.6). However, some methods 
which posses the global convergence property with the weak Wolfe-Powell(WWP), such as the 
FR method, do not perform better than the PRP method in numerical results. Powell[12 ] has 
given some arguments that explain the poor performance of the FR method for some problems. 
and also showed that the PRP method behaves quite differently. However, the PRP method 
with the exact line search is not globally convergent for some nonconvex functions, see Powell's 
counter example in [11 ]. 

Therefore, many of the variants of the PRP method had been widely studied. 

In recent years, Z. X. Wei etc. proposed a new conjugate gradient method in [13] as follows: 

9 k -i9k-i 

The new conjugate gradient method with the given P k under some line search is global 
convergent, good numerical results are obtained. Motivated by [13], we modify the famous PRP 
conjugate gradient method as follows: 

9k (9k ~ irHiTSfc-i) 



9k-i II 2 +n(gl'dk-i 



/%"""= „; ll9 rVr, v, ,M>0. (2.2) 



Hence, we obtion a new conjugate gradient formula. 

Now we give the following algorithm firstly. 
Algorithm 2.1 

step 1: Given x\ £ R n , e > 0, set d\ = —g\ , k = 1, if || <?i ||< e, then stop; 
step 2: Compute t k by some line searches; 

step 3: Let x k+1 = x k + t k d k , g k+1 = g(x k +i), if || gk+i ||< £, then stop; 
step 4: Compute (3 k+ i by (2.2) and generate d k +\ by (1.3); 
step 5: Set k := k + 1, go to step 2. 

The following assumptions are often used in the studies of the conjugate gradient methods. 
Assumption A: The level set O = {x\f(x) < /(a?i)} at x\ is bounded, namely, there exists a 
constant (a > 0) such that 

|| x ||< a for all x G 0,. (2-3) 

Assumption B: In some neighborhood N of fi, / is continuously differentiable, and its gradient 
g is Lipschitz continuous, namely, for all x,y £ N, there exists a constant L > such that 

\\ g(x) - g(y) \\< L \\ x - y \\ . (2.4) 

3. THE GLOBAL CONVERGENCE PROPERTIES 

In this section, the convergence properties of the new formula with the exact line search 
will be studied firstly; secondly, in order to ensure the sufficient descent condition, the Grippo- 
Lucidi line search is introduced, and the behaviors of the new formula with this line search are 
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discussed; in the end, some arguments about the convergence properties of the new formula with 
the Wolfe-Powell line search are also given. 

3.1. The convergence properties with the exact line search 

The following lemmas are very useful in the process of the studies on the conjugate gradient 
methods. 

Lemma 3.1.1 Suppose that assumptions A and B hold. Consider the methods in the form 
of (1.2) and (1.3), where d k satisfies 

9k dk < 
for all k, and t k is obtained by WWP (1.5) and (1.6), then, 

H^< + oo. (3.1) 

fe>l II " fc II 

By the way, the inequation (3.1) also holds for the exact line seach, the Armijo-Goldstein 
line search and the strong Wolfe- Powell (SWP) line search. The proofs had been given in [15]. 

Theorem 3.1.2. Suppose that assumptions A and B hold, the sequence {xk} is generated 
by Algorithm 2.1, tk is computed by exact line search, if || s k || = || t k d k ||— ► while k — ► oo, then 

lim inf \\ g k || = 0. (3.2) 

k~ >oo 

Proof, let 6k be the angle between —gk and dk, then, by the exact line search, we have 
g^dk-i = and dk = —gk + Pkdk-i- The above two equations indicate || dk ||= sec 6k \\ gk || an d 

Pk+i || d k ||= tan6> fc+ i || g k +i ||. So we have 

tan0 fc+1 = Pj%?8ec9 k .} 9k \. 

II 9k+l II 



sec 6k i 



II 9k || fffc+i(gfc+i ~ ^f 9k) 
9k+i II -(II 9k || 2 +Mfffc+A) 2 ) 



II 9k || • || 9k+\ || • || 9k+i ~ ^7vr9k \\ 

< sec6 k n — J^ (3.3) 

II 9k+i || • || 9k V 

I 9k+i ~ 9k+9k - %zr9k 

< sec 6 k - 



i \ \\qi.-\\ 

sec6 k - 



II 9k 
9k+i - 9k\\ + 



9k || — || 9k+l 



s a 2 II 9k+i - 9k 

< sec Ok — 



flk 



II 9k II 
If (3.2) does not hold, that is to say, for all k, there exists 7 > such that 

Nfc||>7- (3-4) 

By II s k 1 1 — ^ and Lipschitz condition (2.4), there must exist an integer M > for all k > M, 

such that 

.. 1 , . 

II 9k+i ~9k || < |7- (3-5) 
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Combining (3.3), (3.4) and (3.5), we obtain 

tan6» fe+1 < -sec6 k . (3.6) 

Note that, for all 9 G [0, g), the following inequation holds 

sec0< l + tan0. (3.7) 

(3.6) and (3.7) induce 

tan# fe+1 < * + *+••• + (* ) fc+1 - m (l+tan# m ) <l+tanfl m . 

This result indicates that the angle 9 k must be always less than some angle 9 which is less than 

f . But by the lemma 3.1.1, we have J2 u/ul = E II 9k || 2 -(cos <9 fc ) 2 < +oo. 

fc>i " fc|1 fc>i 

This implies liminf || g k ||= 0, which contradicts (3.4). The proof is completed. 

fc^oo 

When tk is determined by the exact line search, Yuan [14] has proved that if the cost function 
is uniformly convex, for all k, the following inequation 

f(xk) ~ f(xk + tkd k ) > C || s k || 2 , (3.8) 

holds, where C > is a constant. 

By this property, we have the following theorem which shows that the new formula (2.2) 
with the exact line search is convergent to the uniformly convex functions. 

Theorem 3.1.3 Suppose that assumptions A and B hold, f{x) is uniformly convex and 
{x k } is generated by Algorithm 2.1. If the steplength t k is determined by the exact line search, 
then (3.2) holds. 

Proof. Since f{x) is uniformly convex on the level set £1 = {x £ R n : f{x) < /(xi)}, when 
k — ► oo, by (3.8) we have || Sk ||— ► 0, combining this result with theorem 3.1.2, (3.2) holds 
immediately. 

3.2. The convergence properties with the Grippo-Lucidi line search 

On some studies of the conjugate gradient methods, the sufficient descent condition 

9k dk < ~C || 9k || 2 , C > 0, (3.9) 

plays an important role. Unfortunately, this condition is hard to hold. It has been showed that 
the PRP method with the strong Wolfe-Powell line search does not ensure this condition at 
each iteration. So, Grippo and Lucidi [6] managed to find some line searches which ensure the 
sufficient descent condition, and they presented a new line search which ensures this condition. 
The convergence of the PRP method with this line search had been established. 

In this subsection, we will show that j3^ ew with the Grippo-Lucidi line seach is convergent. 
Grippo-Lucidi line search . Compute 

t k = max{a j T ; g , k .. k 2 l ; j = 0, 1, • • •} (3.10) 

II «fc II 
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satisfying the conditions: 



f(x k + t k d k ) < f(x k ) 



St l II 4 



-C*2 || gk+i || < 9 k +\dk+i < —C\ || g k+ \ || , 



(3.11) 
(3.12) 



where 5 > 0, r > 0, a G (0, 1) and < C\ < 1 < C 2 . 

The following theorem shows that the Grippo-Lucidi line search is suitable for the new 
formula j3f? ew . 

Theorem 3.2.1 Suppose that assumptions A and B hold. Consider the method of form 
(1.2) and (1.3), t k is computed by (3.10). Then for all k, there exists t k > such that (3.11) 
and (3.12) hold. Furthermore, there exists a constant c > such that 



I q£d k I 

II 4 V 

Proof. We prove this theorem by induction. Since d\ 
that (3.12) holds for some k > 1. Denote 



(3.13) 
-<7i, (3.12) holds for fe = 1. Suppose 



Ch 



min(l — Ci, C2 — 1) 
2L<^ 



By Lipschitz condition (2.4) and (3.12), for any t k £ (0, C; 



>0. 



\9k d k\- 



(3.14) 



, we have 



5fc+i4+i+ II 5fc+i 



< 
< 

< 
< 
< 

< 
< 



oNew 
Pk+l 

9k+l 

9k+l 
9k+l 
9k+l 

9k+l 
9k+l 



• I 9k+\dk I 
|2 Hgfc+i~ llgtll gfc IHI d fcll 

1 llfffc|| 2 +M(s^ + i<ifc) 2 

l9 hk+i-gh+Qk- y£j gfcll-IMfcll 

1 HP 

i2 (||gfc+i-gfc||+|||gfc||-||gfc+i|||)-IMfc| 

' llSfcll 2 

2 2Ltfc- || d k || - 

II 5fc || 2 
| 2 -min(l-Ci,C 2 -l). 



So (3.12) holds for jfc = k + 1. 

On the other hand, by the mean value theorem and Lipschitz condition, we can obtain 

g(x k + i • t k d k ) 7 \t k d k )d(t) 
tk9 k d k + / [g(x k + t • t k d k ) - g{x k )} 7 \t k d k )d{t) 



/(Xfc+l) - /(Xjfc) 



1 







4 



< **& 4 + 2 Lt fc 

A I J^ I II A l|2 1 

_ t fc I gfcflfc I • II »fc II , l^ r n , 
— [T~l [To - ! r ~ z k^ II «fc 

II dk II tfe 



4 II 2 (- 



I 9k dk I | L, 

dk || 2 ifc 2 y 



< ti 



4II 2 (- L ^ + L ' 

/c ii v 2 2 , 

r#2 II J 1 1 2 

-0t fc || a fc || . 
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So, (3.11) holds for t k e (0, L+ V|fjp )- 

The existence of t k satisfying (3.11) and (3.12)has been proved. Furthermore, (3.13) holds 
for C = min(r, C3, L + 2 s )- The proof is completed. 

With the above results, the global convergence of the formula (3j^ ew with the Grippo-Lucidi 
line search can be established by the following theorem. 

Theorem 3.2.2 Suppose that assumptions A and B hold, consider the method of form (1.2) 
and (1.3), t k is computed by Grippo-Lucidi line search, f3^ ew is determined by (2.2). Then 



lim 

k— >oo 



9k 



0. 



(3.15) 



Proof. By the Lipschitz condition (2.4), (3.10) and (3.12), we have 



4 



< 

< 

< 

< 

< 
< 



9k 
9k 
9k 
9k 
9k 



+ 1/ 
(1 + 
(1 + 
(1 + 
(1 + 



New 



9k 



dk-i 

llgfcll 
llfffc-il 



9k-i 



12 
Sfc-i 



9k-\ ir +M#fc4-i 
9k 



T 4-i) 2 
+ III 9k-\ 



4- 



k-l 



9k 



2Lt 



fc-i 



II 9k-i f 

2tL I 9k-l d k-l 



II 9k-i 

4-i II 2 ) 



4-i II) 



(3.16) 



;i + 2C 2 tL) I) g k 



9k-\ 



Because of the assumption A, it is obviously that the zoutendijk condition (3.1) holds. Com- 
bining (3.1), (3.12) and (3.16), we have 



°°>E 

k>\ 



{9 T k d k f 

II 4 II 2 



>C 2 (l + 2C 2 TL)- 2 ]r 



9k 



k>\ 



This result implies lim^oo || gj~ ||= 0. 

From the theorem 3.2.2, we know that any accumulation point of {x k } which is generated 
by (2.2) with the Grippo-Lucidi line search is a stationary point. This result is contributed to 
the property: the directions given by f3^ ew approach to —g k while || s k -\ || tend to zero. 

3.3. The convergence properties with the Wolfe-Powell line search 

In above section, we introduced the Grippo-Lucidi line search which were designed to match 
the requirements of the convergence of the PRP method. In fact, the main contribution of the 
Grippo-Lucdi line search is that it can ensure the sufficient descent conditions. But the global 
convergence study might not yield a better conjugate gradient method from the numerical 
computational point of view. In fact, the method given by Grippo and Lucidi did not perform 
better than the PRP method which employed (3.17 ). 

Powell [11] suggested that (3 k should not be less than zero. This suggestion is useful to the 
PRP method, see the detail in [11]. Unedr the sufficient descent conditon, Gilbert and Nocedal 
[5] proved that the modified PRP method 



(3 k = max(0, (3 k 



PRP\ 



(3.17) 
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is globally convergent with the Wolfe-Powell line search. 

In this section, we will prove that, under the strong Wolfe-Powell line search, by restricting 
the parameter a < j, the given j3^ ew possess the sufficient condition which deduces the global 
convergent result of the new method under the strong Wolfe-Powell line search. 

Now, we firstly prove the following lemma which shows that the sequence {dk} generated by 
algorithm 2.1 satisfies sufficient descent condition. 

Lemma 3.3.1 Suppose that the sequences {gk} and {dk} are generated by the method of 
the form (1.2), (1.3) in which /3k was computed by (2.2), and the steplength tk is determined by 
the Wolfe-Powell line search (1.5) and (1.7), if a G (0, j), then there exists a positive constant 
C such that the sufficient descent condition (3.9) and f3j^ ew > hold. 

Proof. We prove this lemma by induction. We firstly prove the descent property , namely 
Qkdk < 0. Suppose that for all k, gj^dk / 0. Since gjd\ = — || g\ || 2 < 0, and set 

gl_ x d k -i < 0, (3.18) 

hold for i = k— 1. By Cauchy-Schwarz inequality, we get 

T 

o < i - n y 1 I, ^ 2 - ( 3 - 19 ) 



9k INI 9k-i 



Form (1.3) and (3k = j3^ ew , we have 



dldk = 1 | gfcjfc-i , x 9k9k-i , < 1 | gjjfc-i ^ 9J9k-\ v 

II 9k || 2 || 9k-\ II 2 +K9ldk-\) 2 II 9k IHI 9k-i || ~" II Sfc-i II 2 II fffc llll fl-fc-i II 

(3.20) 

Combining(3.19),(3.20) and (1.7), we can deduce that 



gfcjfc ^ -, ^ Jk-l d k-l 

II 9k \r II 9k-i \r 

By repeating this process and the fact gfd± = — \\ g\ || 2 , we have 



(3.21) 



Since 



(3.22) can be written as 



$%i<-2 + Y(2ay. (3.22) 

II 9k || 2 - ^o 



k— 1 oo i 

£ W < 5>>* = T^ 

j=0 ]=0 



^\<-2 + T \ z . (3.23) 



II Sfc II 2 " 1 - 2a 

Since <r G (0, |), so —2 + ^ 2 < which implies g\dk < 0, namely (3.18) holds for i = k. 

Now we prove the sufficient edscent property as follows. In fact, if a € (0, \), set c = 2— ^4 
then < c < 1, and (3.23) implies that 



5fc 4 < -c || <?fc lr • (3.24) 
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So gf d\ = — || (71 || 2 < — c || g\ || 2 and (3.24) immediately deduce that the sufficient descent 
condition (3.9) hold for all k > 1. 

For f3j^ ew , we can prove that f3j? ew are always not less than zero, namely 

„T7_ Hfffcll \ {\\ „ 1 1 2 llSfcll II _ nil _ 

9k K9k ~ ]i^—]\9k-i) _ (|| 9k II -n^— 7|| II 5fc llll 9k-i 



iNew _ ^ W Hgfc-lP"-^ > V " ^ fc " ||g fc 

flfc-i II 2 +Kgldk-i) 2 " || fffc-i || 2 +ii{gld k 



oivew ^ ill/fc — i- II -> lli/fc-lll _ ri 

^fe " n _ n9 , .7 Jj ^9 — n _ 119 , ..iJTj ^9 



The proof is finished. 

Gilbert and Nocedal [5] introduced the following property(*) which pertains to the PRP 
method under the sufficient descent condition. Now we will show that this property(*) pertains 
to the new method. 

Property(*): Consider a method of form (1.2) and (1.3). Suppose that 

0<7<IUfc||<7- (3.25) 

We say that the method has property(*), if for all k, there exist constants b > 1, A > such 
that | fa |< 6 and if || Sk-i ||< A we have \(3k\ < 55- 

The following lemma shows that the new method has the property(*). 

Lemma 3.3.2 Consider the method of form (1.2) and (1.3) in which [3 k = j3^ ew . Suppose 
that assumptions A and B hold, then, the method has property(*). 

Proof, set b = ^p± > 1, A = ^. By (2.2)and (3.25) we have 

,T(„, lis* ' 



at , \9k (9k - w^7ri9k-i) 

oNew s- llafe-ill 

Pk 1 -i 



< 



9k-i || 2 +fJ-(g{dk-i) 2 
9k || (|| 9k || +^ || 9k-\ 



II 9k-\ II 2 
< 7(7+f) _ f( 7 + 7) _^ 

ry2 ryO 



(3.26) 



From the assumption B and (2.4)holds. If || s^-i ||< A then, 



AT (II 9k ~ 9k-\ || + || 9k-\ ~ r^Kgk-i ||) || 9k 

ftNew \ ^ llafe— ill 
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(LA+ HI gfc-i || - || g k HI) || g k \\ 

II 9k-\ II 2 
(LX+ || g fc - g fc _! [[) || g fc || (327) 



2LA || fffc 



0fc-i II 2 



II 9k-\ || 2 
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The proof is finished. 

If (3.25) holds and the methods have property(*), then, the small steplength should not be 
too many. The following lemma shows this property. 

Lemma 3.3.3 Suppose that assumptions A, B and (3.9) hold. Let {x k } and {d k } be 
generated by (1.2) and (1.3) in which t k satisfies the Wolfe-Powell line search (1.5) and (1.6), 
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/3k has property(*). If (3.25) holds, then, for any A > 0, there exist A G N + and k^ G N + , for 
all k > ko, such that 

I K fc,A I- Y' 

where Kj A = {i 6 Z + : k < i < k + A — 1,\\ Sj_i ||> A}, | «^ A | denotes the numbers of the 

„ A 

K fc,A - 

Lemma 3.3.4 Suppose that assumptions A, B and (3.9) hold. Let {x^} be generated by 

(1.2) and (1.3), t^ satisfies Wolfe-Powell line search (1.5) and (1.6), and /% > has property(*). 

Then, 

liminf || g^ || = 0. 

fc^oo 

The proofs of lemma 3.3.3 and lemma 3.3.4 had been given in [2] . By the above three lemmas, 
we have the following convergence result. 

Theorem 3.3.5 Suppose that assumptions A, B and (3.9) hold. Let {x^} be generated by 
(1.2) and (1.3), tk satisfies the Wolfe-Powell line search (1.5) and (1.6), (3t is computed by (2.2), 
then 

liminf || g^ || = 0. 

fc^oo 

This theorem is the immediate result of the above three lemmas, so the proof is omitted. 

Theorem 3.3.5 shows that under some assumptions, the new formula with the Wolfe-Powell 
line search is globally convergent. 

4. NUMERICAL RESULTS 

In this section, we report the detailed numerical results of a number of problems by algorithm 
2.1. Furthermore, the original PRP methods are given, we test the following four conjugate 
gradient methods : 

PRPSWP: PRP method under the strong Wolfe-Powell conditions; 

PRP + SWP: conjugate gradient method with (5k = max{0, f3j^ RP }undei the strong Wolfe- 
Powell conditions; 

WYLSWP: conjugate gradient method (5k defined by (2.1)under the strong Wolfe-Powell 
conditions; 

NEWSWP: New conjugate gradient method (5t defined by (2.2)under the strong Wolfe- 
Powell conditions, fi = 3.13; 

In our implementation, we choose parameters for line search conditions as follows: 5 = 
0.01,0" = 0.1. The termination condition is 

II 9k \\< 10~ 5 . 

The experiments were carried out on some famous test problems which can be obtained on 
net. In the following tables, the numerical results are written in the form NI/NF/NG, where 
NI, NF, NG denote the number of iterations, function evaluations and gradient evaluations 
respectively. Dim denotes the dimension of the test problems. 

The numerical result of each method under strong Wolfe-Powell condition is showed in Table 
1. 
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Table 1 Tests Results for the PRPSWP/PRP+SWP/WYLSWP/NEWSWP Methods 







PRPSWP 


PRP+SWP 


WYLSWP 


NEWSWP 


Problem 


Dim 


NI/NF/NG 


NI/NF/NG 


NI/NF/NG 


NI/NF/NG 


ROSE 


2 


29/502/65 


22/394/60 


42/464/102 


32/353/27 


FROTH 


2 


12/30/20 


10/28/20 


17/87/28 


21/50/38 


BADSCP 


2 


- 


34/396/84 


44/423/125 


54/341/114 


BADSCB 


2 


13/80/22 


11/123/22 


- 


26/50/38 


BEALE 


3 


9/126/21 


9/173/20 


17/136/29 


17/89/30 


JENSAM 


4 


- 


- 


11/31/21 


9/121/16 


HELIX 


2 


49/255/83 


32/265/55 


74/396/123 


32/269/53 


BARD 


2 


23/98/37 


27/152/43 


43/136/66 


26/245/41 


GAUSS 


2 


4/57/6 


4/57/6 


4/9/5 


4/9/5 


GULF 


2 


1/2/2 


1/2/2 


1/2/2 


1/2/2 


SING 


3 


181/706/300 


49/155/79 


44/191/74 


70/201/115 


WOOD 


3 


195/1278/353 


84/461/170 


145/649/252 


93/509/171 


KOWOSB 


4 


108/528/188 


51/249/79 


52/343/84 


48/241/78 


BIGGS 


6 


174/648/284 


- 


122/584/194 


13/173/18 


OSB2 


11 


255/1306/420 


192/854/322 


221/910/363 


334/1596/549 


WATSON 


20 


1887/5053/2961 


753/2155/1216 


1613/4132/2516 


2055/5420/3171 


ROSEX 


8 


23/402/59 


25/371/62 


39/488/88 


38/626/80 




50 


31/533/76 


25/398/59 


37/333/82 


45/365/93 




100 


29/479/77 


33/566/101 


43/399/94 


47/415/96 


SINGX 


4 


181/706/300 


49/155/79 


44/191/74 


70/201/115 


PEN1 


2 


5/18/12 


6/20/14 


5/18/12 


5/18/12 


PEN2 


4 


12/134/28 


12/136/27 


10/128/25 


8/125/24 




50 


467/1824/775 


547/1916/944 


121/1023/230 


104/884/207 


VARDIM 


2 


3/9/7 


3/9/7 


3/9/7 


3/9/7 




50 


10/52/36 


10/52/36 


10/52/36 


10/52/36 


TRIG 


3 


12/81/24 


14/131/25 


14/271/26 


14/271/26 




50 


41/279/72 


41/230/72 


38/219/66 


38/219/66 




100 


46/342/87 


46/341/85 


47/434/86 


47/434/86 


BV 


3 


12/25/16 


12/25/16 


12/25/16 


12/25/16 




10 


75/241/117 


75/241/117 


52/151/85 


52/151/85 


IE 


3 


5/12/7 


6/14/8 


5/12/7 


5/12/7 




50 


6/13/7 


5/11/6 


6/13/7 


6/13/7 




100 


6/13/8 


6/13/8 


6/13/8 


6/13/8 




200 


6/13/8 


6/13/8 


5/59/7 


5/59/7 




500 


6/13/8 


6/13/8 


6/13/8 


6/13/8 


RRID 


3 


10/75/13 


113/33/19 


13/31/17 


14/31/18 




50 


26/55/31 


26/65/31 


27/57/31 


25/52/29 




100 


30/67/36 


30/67/36 


30/67/36 


27/59/33 




200 


30/66/36 


30/66/36 


30/66/37 


30/66/37 


BAND 


3 


9/68/13 


10/23/17 


7/64/12 


7/64/12 




50 


18/183/24 


16/331/25 


19/670/26 


18/572/25 




100 


18/183/24 


16/373/26 


18/712/27 


18/713/28 




200 


19/283/27 


117/340/27 


18/677/26 


18/629/26 


LIN 


2 


1/3/3 


1/3/3 


1/3/3 


1/3/3 




50 


1/3/3 


1/3/3 


1/3/3 


1/3/3 




500 


1/3/3 


1/3/3 


1/3/3 


1/3/3 




1000 


1/3/3 


1/3/3 


1/3/3 


1/3/3 


LIN1 


2 


1/51/2 


1/51/2 


1/51/2 


1/51/2 




10 


1/3/3 


1/3/3 


1/3/3 


1/3/3 


LINO 


4 


1/3/3 


1/3/3 


1/3/3 


1/3/3 
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In order to rank these methods, we compute the total number of function and gradient 
evaluations by the following formula 

Ntotai = NF + 5 * NG. (4.1) 

In the part, we compare the PRP+SWP, WYLSWP and the NEWSWP with the PRPSWP 
as follow: for each testing example i, compute the total numbers of function evaluation and 
gradient evaluations required by the evaluated method j{EM{j)) and the PRPSWP method by 
the formula (4.1), and denote them by N tota i ti (EM(j)) and N tota i :i (PRP); then calculate the 
radio 

If EM{jq) does not work for example zq, but EM(PRP) works for example io, we replace 
the ri (EM(jo)) by a constant n which is defined as follows: 

Ti = max{n{EM(jo)) : (i, jo) i 5*i}, 

where S± = {(i,jo)- method jo does not work for example i}. 

If EM(PRP) does not work for example io, but EM(jq) works for example io, we replace 
the n (EM(jo)) by a constant T2 which is defined as follows: 

r 2 = min{n(EM(j )) : (i,j ) $ Si}. 

If EM(PRP) and EM(jo) do not work for example io, then we define ri {EM{jo)) = 1. 
The geometric mean of these ratios for method j over all the test problems is defined by: 

r(EM(j)) = (J] n(EM(j)))m, (4.3) 

ieS 

where S denotes the set of the test problems and | S \ the number of elements in S. One 
advantage of the above rule is that, the comparison is relative and hence does not be dominated 
by a few problems for which the method requires a great deal of function evaluations and gradient 
functions. 

According to the above rule, it is clear that r(PRPSWP)= 1. The values of r(PRP + SWP), 
r (WYLSWP), r(NEWSWP)are listed in table 2. 

Table 2 Relative Efficiency of the PRPSWP, PRP+SWP, WYLSWP, NEWSWP Methods 



PRPSWP 


PRP+SWP 


WYLSWP 


NEWSWP 


1 


0.9149 


0.9529 


0.8774 



From Table 2, we observe that the average performances of the new conjugate gradient 
formula are the best among the four methods. Therefore, the new formula most efficient for 
unconstrained minimization problems. 
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1. Introduction : 

In the realm of Best Approximation Theory, it is viable, meaningful and potentially 
productive to know whether some useful properties of the function being approximated are 
inherited by the approximating function. In this perspective, Meinardus [8] observed the general 
principle that could be applied, while doing so. The author has employed a fixed point theorem as a 
tool to establish it . The result of Meinardus was further generalized by Habiniak [5], Smoluk [15] 
and Subrahmanyam [16]. 

On the other hand, Beg and Shahzad [2], Fan [4], Hicks and Humphries [6], Reich [10], 
Singh [13, 14] and many others have used fixed point theorems in approximation theory, to prove 
existence of best approximation. Various types of applications of fixed point theorems may be seen 
in Klee [7], Meinardus [8] and Vlasov [18]. Some applications of the fixed point theorem to best 
simultaneous approximation is given by Sahney and Singh [11]. For the detail survey of the 
subject, we refer the reader to Cheney [3]. 

In this note, we use a recent result of Xu [19] regarding the fixed points of set-valued 
mappings and prove the existence of invariant best simultaneous approximation in s-chainable 
metric space. 

2.Prelimineries: 

Let s be a positive number. Recall that a metric space (X, d) is said to be e-chainable if for 
every x, y eX, there is an s-chain from x to y ,that is, a finite set of points x = x ,xi,x 2 ,. . -,x n = y such 
that d(x i . 1 ,x i )<s for i =1,2,.. .,n. 

We denote by CB(X) the family of all nonempty closed bounded subsets of X, by C(X) the 
family of all nonempty compact subsets of X, and by H the Hausdorff metric on CB(X) 
induced by d. The metric H is defined as follows: 
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H(A,B)= max {sup d(a, B), sup D(b, A)} 
aeA beB 

for A,BeC(X), where d(x, K) = inf {d(x, y) for xeX , y eK and KcX }. 

Suppose that I denotes the unit interval [0,1]. Then a continuous mapping 
W: XxXxI — >X is said to be a convex structure on X if the inequality 

d(u, W(x, y,X) < X d(u, x)+(l-X) d(u, y) 

holds for all x, y, ueX and A, el. The metric space X together with a convex structure W is called a 
convex metric space. Banach space and each of its convex subsets are simple examples of convex 
metric spaces. There are many convex metric spaces which can not be imbedded in any Banach 
space. For examples and other details we refer to Takahashi [7]. 
A subset K of a convex metric space X is said to be convex if W(x, y,A)eK for all 
x, y eK and A, el. The set K is said to be starshaped if there exists peK such that W(x,p,A)eK for 
all xeK and A el. Here p is called the star centre of K. Evidently, starshaped subsets of X contain 
all convex subsets of X as a proper subclass. 

Let X be a convex metric space, and K be a starshaped subset of X with p as its star centre. Then X 
is said to satisfy condition (1) at peK if for any x, y eK, Ael, 

d(W(x, p, X), W(y, V ,X))<X d(x, y) . 

It may be observed that any normed space X always satisfies condition (1) 
( Beg and Shahzad [2]). It is well-known that the hyperspace (C(X),H) is an 
8-chainable, whenever (X, d) is an s-chainable metric space ([19],Theorem 1). 

We shall make use of the following theorem due to Xu ([19], Theorem 2) in our main result. 

Theorem 1 . Let (X, d) be a complete s-chainable metric space, and let 
T: X— >C(X) be a set- valued mapping such that 

H(Tx,Ty)<kd(x,y))d(x,y) 

for all x, y eX with 0< d(x, y)< s , where k : (0,oo)— »[0, 1) is a real-valued function with the property 
(P) For each 0< t< e, there exist s (t)>0 and s(t)<l such that k(r)<s(t) 

provided t<r< t + s(t) . 

Then T has a fixed point. 
Remarks. 

(1) The property (P) is equivalent to saying that lim sup k(s )<1 for all 0<t<s. 
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(2) If we replace C(X) by CB(X), taking k(s)=k(a constant) se [0,1) and omitting the condition (P) 
in Theorem 1, the conclusion still holds (Beg and Azam [1], Beg and Shahzad [2, Theorem 1]). 

3. Results : 

Let (X, d) be a metric space, and G a nonempty subset of X. Suppose AeB(X), the set of 
nonempty bounded subset of X. Then we define 



r G (A) = inf {sup d(a,g) : geG aeA} 

cent G (A) = {g eG: sup d(a,g ) = r G (A), aeA }. 



The number r G (A) is called the Chebyshev radius of A with respect to G. Also, an 

element ge cent G (A) is called a best simultaneous approximation of A with respect to G. If A={x}, 

xeX, then r G (A) = d(x,G) and cent G (A) is the set of all best approximations of x out of G. We refer 

the readers to Milman [9] for further details of these concepts. 

Now, we present our main result of this note. 

Theorem 2. Let X be an s-chainable convex metric space satisfying condition (I), and 
T:X— > C(X) be a set-valued mapping. Suppose that cent G (A) is nonempty compact, starshaped and 
T- invariant, where Ge C(X) and A eC(X). Further, suppose that T satisfies the following 
conditions: 

(i) T is continuous on cent G (A) , and 

(ii) d(x, y) < H(A,G) implies H(Tx, Ty) <0 (d(x, y)) d(x, y) for all 

x, y eAu cent G (A), with 0<d(x, y)<s,where O: (0,co) — > [0,1) is a real-valued function with 
lim sup 0(s)<l for all t with 0<t<s. 
s->t+ 

Then cent G (A) contains a T-invariant point. 

Proof. Let p be the star-centre of cent G (A) . Then W(x,p,^) e cent G (A) for each 
xecent G (A). Let { k n } be a real sequence with 0<k n <l such that k n — >1 as n— >oo. 
Now define T n :cent G (A)— »C( cent G (A)) by T n (x) = W(Tx,p,k n ) for all xe cent G (A). Now applying 
condition (I), we obtain 

H(T n x, T n y) = H(W(Tx,p, k n ),W(Ty,p, k n )) 
< k n H(Tx, Ty) 

< k n O(d(x,y)) d(x,y) (using (ii)) 

Thus we get 

H(T n x, T n y) <O n (d(x,y)) d( x,y) 
for all d(x,y) < H(A,G), where ® n = k n O:(0,oo) — > [0,1) is a real-valued function with 
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lim sup 0(s)<l for all 0< t <s. Then it follows from Theorem 1 that each T n has a 
s^t + 
fixed point, say z n . Since cent G (A) is compact, {z n } has a convergent subsequence {z n . } such that 

z n . — >z as i — > oo for some zeX. Since 

z n . eT n . z n . = W(Tz n . ,p,k n . ) , 

and k n . — >1 as i — >qo, it follows that zeTz. 

This completes the proof of our theorem. 

Open Question. It is not known whether the condition of Theorem 2 is valid if C(X) is replaced by 

CB(X). 
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Models based on Normal and 
Laplace Random Variables 

by 
Saralees Nadarajah 1 



Abstract: The normal and Laplace distributions are the oldest known continuous distributions in 
statistics. The distributions of their linear combinations, products and ratios arise in many areas 
of the sciences and engineering. In this note, the exact distributions of aX + (3Y, \ XY | and 
| X/Y | are derived when X and Y are independent normal and Laplace random variables. Several 
motivating applications are discussed. 

Keywords and Phrases: Laplace distribution; Linear combination; Normal distribution; Prod- 
uct; Ratio. 

1 Introduction 

In this note, we derive the exact distributions of aX + f3Y, \ XY |, and | X/Y | when X and Y 
are independent random variables having the normal and Laplace distributions with the pdfs 
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respectively, for — oo < x < oo, — oo < y < oo, — oo < \x < oo, — oo < A < oo, a > and (j) > 0. We 
assume without loss of generality that a > 0. 

Why study the linear combinations, products and ratios of normal and Laplace random vari- 
ables? Four motivating applications from speech enhancement, option pricing, Bayesian statistics 
and discrimination theory are discussed in Section 2. The exact expressions for the pdfs and the 
cdfs of aX + (3Y, \ XY \ and | X/Y \ are given in Sections 3, 4 and 5, respectively. The calculations 
involve several special functions, including the complementary error function defined by 

erfc(x) = —= 

and the hypergeometric function defined by 

iF 3 (a;b, c, d;x) = 

where (e)/% = e(e + 1) ■ ■ ■ (e + k — 1) denotes the ascending factorial. The properties of the above 
special functions can be found in Prudnikov et al. [1] and Gradshteyn and Ryzhik [2]. 
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2 Motivating Applications 

2.1 Speech Enhancement 

Over the past four decades, the problem of speech enhancement (SE) has been discussed by many 
researchers, see e.g. [3]— [11]. The main objective of SE is to improve the performance of speech 
communication systems in a noisy environment. 

The noisy component of noisy speech is the sum of the independent components of clean speech 
and noise. Usually, statistical models are used to estimate the clean speech and noise components. 
In the case of spectral representation of the signal, these components will be complex variables and 
one would model the statistical behavior of the real and imaginary parts. It is widely acknowl- 
edged that the two most popular statistical models for speech data are the normal and Laplace 
distributions. 

Suppose X and Y are independent random variables representing the clean speech and noise 
components (the real and imaginary parts of the components, in the case of the spectral represen- 
tation), respectively. The problem of SE requires estimation of the noisy component given by the 
sum Z = X + Y. 

2.2 Option Pricing 

The famous option pricing formula introduced by Kou [12] is derived by taking the sum of normal 
and Laplace random variables with zero means. 

2.3 Posterior Density of the Normal Standard Deviation 

The most popular posterior distribution for the standard deviation of the normal distribution can 
be obtained as follows. Suppose u is an observation from a normal distribution with mean A and 
standard deviation uj. Suppose too that the observer has some prior knowledge about A given by 
p(X,uj) = g(X), where g(-) denotes a symmetric probability density function (pdf). Then the joint 
posterior of A and to will be 

p(X,u\u) oc exp<^ — -J — >g{\). 



p{io\u) oc / exp <J ^— 2 — \ g(X)d\. (3) 



Thus, the marginal posterior of u will be 

2lo 

If we take <?(•) to be a Laplace pdf then the posterior distribution given by (3) is the same as that 
of the product XY when X ~ Normal and Y ~ Laplace are independent of each other. 

2.4 Discrimination Problem 

It is well-known that the normal distribution is used to analyze symmetric data with short tails, 
while the Laplace distribution is used for data with long tails. Although these two distributions may 
provide similar fit for moderate sample sizes, it is still desirable to choose the better fitting model 
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since inference procedures often involve tail probabilities, where the distributional assumption be- 
comes crucial. Hence, it is important to make the best possible decision based on the available 
data. 

Suppose an experimenter has n observations and the elementary data analysis, say a histogram, 
stem and left plot, or the box plot, suggests that they have come from a symmetric distribution. 
The experimenter wants to determine which of normal or Laplace distributions fits the data better. 
The usual approach for this is based on discriminant analysis. In fact, Kundu [13] used the ratio 
of maximized likelihoods to discriminate between normal and Laplace distributions. 

A different approach is as follows. Let Fx denote the estimate of the cdf of X by assuming 
that the n observations come from (1). Similarly, let Fy denote the estimate of the cdf of Y by 
assuming that the n observations come from (2). For every real number c plot a point T(c) in 
a Cartesian coordinate system with the coordinates (Fx (c) , Fy (c)) . Note that the coordinates of 
T(c) lie between and 1, so that the graph is always located within the unit square {(x,y) : < 
x < 1, < y < 1}. Moreover, by letting c = ±oo we see that the graph always starts at (0, 0) and 
ends at (1,1). See Figure 1. 

[Figure 1 about here.] 

The above graph can be used to discriminate between the two distributions. Note that the area 
above the graph is equal to 



A(X,Y) = [ Pi(X < c)dPi(Y < c) 
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= [ Pl(X < c)fy(c)dc 
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= Pr(X < Y). 

In view of this relation, the area A(X, Y) can be utilized as a measure of the size difference between 
the two distributions with A(X, Y) = 1 if and only if the distribution of X lies entirely below the 
distribution of Y. On the other hand, if X and Y are identically distributed, A(X, Y) = 1/2. 
Clearly, the computation of A(X, Y) requires the study of the distribution of the ratio X/Y . 

3 Distribution of the Linear Combination 

Here, we consider the distribution of Z = aX + [3Y when X and Y are independent random 
variables, distributed according to (1) and (2), respectively. Theorem 1 derives explicit expressions 
for the pdf and the cdf of Z in terms of the complementary error function. 

Theorem 1 Suppose X and Y are independent random variables, distributed according to (1) and 
(2), respectively. Then, the cdf of Z = aX + /3Y can be expressed as 
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for —oo<z<oo. The corresponding pdf can be expressed as 
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Proof: The cdf Fz{z) = Pr(aX + PY < z) can be expressed as 
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where <£(•) denotes the cdf of the standard normal distribution. Using the relationship 
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(6) can be further rewritten as 
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The two integrals in (7) can be calculated by direct application of equation (2.8.9.1) in volume 2 
of Prudnikov et al. [11. The result follows. ■ 



The following corollaries provide the cdfs for the sum and the difference of the normal and 
Laplace random variables. 

Corollary 1 Suppose X and Y are independent random variables, distributed according to (1) and 
(2), respectively. Then, the cdf of Z = X + Y can be expressed as 
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for — oo < z < oo. 

Proof: set a = 1 and j3 = 1 into (4) . ■ 

Corollary 2 Suppose X and Y are independent random variables, distributed according to (1) and 
(2), respectively. Then, the cdf of Z = X — Y can be expressed as 



2erfc ( A + / " ' )- exp U + 2( " A +g = Z l \ erfc (~ X +/ = % * 



V^ct / W 2 ^ 2 J V \/2o" y/2<f>, 

exp < ^ - 2{ - X ^- Z) \erfc (^±t^ - -^ ] (9) 



^W = I 



o- 2 ^ J V \/2<r v^^y 

/or — oo < z < oo. 

Proof: set a = 1 and j3 = —1 into (4). ■ 

Note that the parameters in (4), (8) and (9) are functions of [i/a (coefficient of variation for the 
normal model), A/0 (coefficient of variation for the Laplace model), (f>/o~ (ratio of scale parameters), 
and 6. 



4 Distribution of the Product 

Theorem 2 derives an explicit expression for the cdf of | XY | in terms of the hypergeometric 
function. 

Theorem 2 Suppose X and Y are independent random variables, distributed according to (1) and 
(2), respectively, with A = fj, = 0. Then, the cdf of Z =| XY \ can be expressed as 

r. ^ z (3C /13, 1 z 2 \ z /, „ 3 3 z 2 \] , nn , 

for — oo < z < oo, where C denotes Euler's constant. 
Proof: The cdf Fz{z) = Pr(| XY |< z) can be expressed as 

F ^ - h II {* fori) - * (-=ttt) } exp ( j t) *• (11) 

where <£>(•) denotes the cdf of the standard normal distribution. Using the relationship 
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The integral in (12) can be calculated by direct application of equation (2.8.5.14) in volume 2 of 

Prudnikov et al. [1]. The result follows. ■ 

Note that the parameters in (10) are functions of <f>a (product of scale parameters). 

5 Distribution of the Ratio 

Theorem 3 derives explicit expressions for the pdf and the cdf of | X/Y | in terms of the comple- 
mentary error function. 

Theorem 3 Suppose X and Y are independent random variables, distributed according to (1) 
and (2), respectively, with A = 0. Then, the cdf of Z =\ X/Y \ can be expressed as Fz(z) = 
G{z) — G(—z), where 

a{z) - ^(^) erfc (_|_ + _y (13) 

for — oo < z < oo. The corresponding pdf is fz(z) = g(z) + g(—z), where g is the derivative of G 
given by 
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for — oo < z < oo. 

Proof: The cdf Fz(z) = Pr(| X/Y \< z) can be expressed as 

where $(•) denotes the cdf of the standard normal distribution. Using the relationship 

1 . (x_\ 



$(— x) = —erfc . _ , 

2 Vv^y 



(15) can be rewritten as 



= h{L erfc (^f) exp ("f)" y "l erfc (^f) exp ("^)"4- (16) 

The two integrals in (16) can be calculated by direct application of equation (2.8.9.1) in volume 2 
of Prudnikov et al. [2]. The result follows. ■ 

Note that the parameters in both (13) and (14) are functions of \i/a (coefficient of variation) 
and a /(f) (ratio of scale parameters). 
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Figure 1. Plot of Fy{c) versus Fx(c). 
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Abstract. A generalization of integral inequality 
presented by [ 1 ] is given. Other new results are 
also proved. 



1. Introduction 

The following open question was proposed in [2] 
Under what conditons does the inequality 

i i 

(1.1) \f a+fi (x)dx>\x /3 f a (x)dx 



hold for a and f3 ? 

In [1], the authors gave an answer by establishing the following 
Theorem . If the function f satisfies 

1 i 2 

(1.2) jf(t)dt>—^, Vxe[0,l], 

then 

i i 

jf a+fi (x)dx > jV f a (x)dx 



for every real a > 1 and f3 > 0. 

The aim of this paper is that to give some generalization of the previous result as 
well as to establish another new result . 

2. New Results 

We state and prove the folowing 
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Theorem 2.1. Let f,g,h be continuous functions defined on h([a,b]),[a,b] 
respectively, f is nonnegative, g(h(a))= 0, g'(h(x))h'(x)> 1, Vjc e [a,b]. h is 
nondecreasing and let a>\, f3 > 0. If 

b b 

(2.1) jf(h(t))dt > \g(h(t))g'(h(t))ti(t)dt Vxe[a,b], 



then 

(2.2) 



u u 

\f a+p {h(t))dt > \f a {Kt))g^{h(t))dt. 



Proof. Since (g(h(t))) =g'(h(t))h'(t)>0, and h is nondecreasing, then g(h(t)) 
is increasing. That is g(h(t))> g(h(a))-0. We have for y > 0, via changing the 
order of integration 

b b 

\ \f{Kt))g r ~ l {(h(x))g'{h(x))h'(x) dt dx 

a x 

b t 

= \f{h(t))\g y -\h(x))g'{h(x))h'(x)dxdt 

a a 

1 b 
= -\f{h{t))g?{h(t))dt. 

' a 



Also 



j" j" f(Ht))g 7 ~ l {h(x))g'{h(x))h'(x) dt dx 

a x 

b f b \ 

= J \f{h(t))dt g^{h(x))g'{h(x))h'(x)dx 

a\x J 

bfb \ 

> J \g{h(t))g'{h(t))h'(t)dt y- l {h(x))g'{h(x))ti(x)dx 

a\x J 

1 b 

= -\{g 2 {h(b))- g 2 {h(x)))g r - l {h(x))g'{h(x))h'(x)dx 

_ 1 (g r+2 {h(b)) g y+2 {h(b))) _ g r+2 {h(b)) 



Therefore, 



y y + 2 

b 
\f{h(tj)g r {h(tj)dt 



7(7 + 2) 
g r+2 {h(b)) 

r(r + V 



By using the AG inequality, for a > 1, 

I /«(/#))+ —g a {h(t))> f{h(t))g a -\h(t)) 
a a 

Multiplying the above inequality by g p {h(t)) gives 

-f a {h(t))g fi {h(t))+—g a+fi {h(t))>f{h(t))g a+fi - 1 {h(t)), 
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which implies 

f a {h(t))g fi {h(t)) > a f{h(t))g a+/s - l {h(t))- (a-l)g a+p {h(t)) 

> a f{h(t))g a+ ^ {h{t))- (a-\)g a+p (h{t))g'{h{t))h'{t) dt . 
Integrating both sides of the above inequality implies 

b b 

\f a (h(t))g p {h(t))dt > a\f{h{t))g a+l3 - x {h{t))dt 

a a 

b 

-(a-l)js"'(A(»)MA('))A'(0«* 

a + fi + 1" a + P + \ 

_ g a+p+, {h(b)) 
a + P + \ 

Now making use of the AG inequality again, to have 

^-r p {h(t)) + -P- g ^{h{t)) > r(h( t ))g p (h( t )), 

a+p a+p 

and this implies 

-?-f° + '(h(f)) > f a {h(t))g p {h(t)) - -J- g °+'(h(f)) 

a+P a+P 

> f a (h(t))g p (h(t))-^—g a+f, {h(t))g'{h(t))h\t) . 
a + p 

On integrating the above from a to b, we obtain 



a 



a + P 1 



]f a+p {h(t))dt > -^-]f a {h(t))g p {h(t))dt 

J n A- l-i ' 



(3 



a + P 



a + P 1 

f b b 

\f a {h(t))g p (h(t))dt - jg a+/3 {h(t))g'{h(t))h'(t)dt 



\a 



> 



a 



a + P 1 

i a 



u 

\f a {h{t))g p {h(t))dt 



P 



( n a+ P +l 



a + P 



g a+p+l {h(b)) g a+p+ \h(b)) 
a + P + \ a + P + 1 



a 



a + P 1 



I! 

\f a {h(t))g P {h(t))dt. 



The result follows. 
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Theorem 2.2. Let f,g,h be continuous functions defined on h([a,b\),[a,b\ 
respectively, f is nonnegative, g(h(a))= 0, g'(h(x))h'(x)> 1, Vie [a,b]. h is 
nondecreasing and let a>\, f3 > 0. If 

X X 

(23) jf(h(t))dt < jg(h(t))g'(h(t))h'(t)dt Vxe[a,b), 

a a 

and 

(2.4) \f{h(t))dt>-g 2 {h(b)), 

a 

then (2.2) is satisfied . 

Proof . Let y > 0. Then we have 

b x 

\ \ f{Ht))g M {h(x))g'{h(x))h(x) dt dx 

a a 

b b 

= \f{h(tj) \g M {h(x))g'{h(x))h'(x)dxdt 

a t 

1 b 
= -\f{h(t)){g?{h(b))-g7{h(t)))dt 

' a 

> ^-g r+2 (h(t))- -\f(h(f))g r (h(f))dt . 

2 r r[ 



Also, 



O X 

\\f{h(t))gr- l {h(x))g{h(x))h(x)dtdx 

a a 

b f x \ 

= J \f{h(t))dt g y - l {h(xj)g'{h(x))h'(x)dx 

a \a J 

b / x \ 

< J \g{Ht))g'{h(t))h'(t)dt g^{h(x))g'{h(x))h'(x)dx 

a \a J 

= -\g r+1 {h(x))g'{h(x))h'(x)dx 
2 J 



,r+2 



{Kb)) 



2(7 + 2) 



Therefore, we have 



^|) > ^gr +2 (Kb))- ±-]f(g(t))gr(h(t))dt , 



which implies 



\f{g(t))g r {h(t))dt 



<, r+1 {h(b)) 

y + 2 



The rest if the proof is exactly the same as what has been done in theorem 2.1. 
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Theorem 2.3. Let f,g,h be continuous functions defined on h[[a,b]),[a,b] 
respectively, f is nonnegative, g(h(a))= 0, g'(h(x))h'(x)> 1, Vx e [a,b]. h is 
nondecreasing and let < /3 <a <\. If 

b b 

(2.5) $f(h(t))dt < ^g(h(t))g'(h(t))h'(t)dt Vxt[a,b], 

x x 

then 

(2.6) a\f a - p {h(tS)dt + /[f a (h(t))g- fi (h(t))dt < a+ /j °" fr '(W). 

J J a-B + \ 

a a * 

Proof . As before, it is not difficult to show that for y > 0, 



)f{hit))gr{hit))dt<^^f>. 

J y + 2 

a ' 



By the AG inequality, we have for < a < 1, 

- / a {h(t))+ — g a {h(t)) < f{h(t))g a ~ ' {h(t)) 
a a 

Multiplying the above inequality by g~^(h(t)) gives 

^f"(h(t))g^{h(t)) + ^^g a - fi {h(t))<f{h(t))g a -^{h(t)). 
a a 

and this implies 

f a {h{t))g- p {h{t))<a f (h(t)) g^- 1 (h(t))- (a-l)g a - p (h(t)) 

< a f(hit))g a - p - 1 (hit))- ia-\)g a ~ p (hit))g'(hit))hit) , 
and hence 

b b 

\f a (hit))g- p (hit))dt < ajf(hit))g a -^(hit))dt 

a a 

<aS -'"(m) _ {a _ X)g °-'"(m) 

a-p+V a-p+\ 

= g a - fi+1 {h(bj) 
a-j3 + \ 

Now making use of the AG inequality again, to have 



f"-e(hit))--^-g«-e(hit)) < f a (hit))g-e(hit)), 
a - p a- p 

and this implies 

-^-r-?(hit))< r(hit)) g -?(hit)) + -^-g"-?(hit)) 

a - p a- p 
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f a (h(t))g^{h(t))+-^—g a - /S {h(t))g'{h(t))h'(t) 

a- p 



fi a 

-I 

a 
On integrating the above from a to b, we obtain 

b b 

a\f a - p {h{t))dt + p\f a {h{t))g- p {h{t))dt 

a a 

b b 

< a\f a {h(t))g- p {hit))dt + p\g a - p {h{t))g'{h{t))h'{t)dt 

a a 

Ca g a -^{h{b)) g a -^{h(b)) 
a-j3 + \ a-j3 + \ 

a + l3 g a -^(h(b)). 



a-/3 + \ 



3. Applications 



Remark 3.1. The result of [1] follows from Theorem 2.1 by putting 

g(x) = h(x) = x, a = 0, b = 1. 



Corollary 3.2. Let f , g be continuous functions defined on [a,b], f is 
nonnegative, 
g(a) = 0, g'(x)>\ Vjcg[c,I»], andlet a>\, fl>0.If 

b b 

(3.1) \f(t)dt >\g{t)g'(t)dt \/xs[a,b], 

X X 

then 

b b 

(3.2) \f a+p {x)dx > \f a (x)g p (x)dx. 

a a 

Proof. Follows from Theorem 2.1 by putting h(t)-t. 

Corollary 3.3. Let f be nonnegative continuous function defined on [a,b], and let 
a > 1, p > 0. // 

(3.3) \f{t)dt > yx a) Vxe[a,b], 

J 2 

X 

then 
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b b 

(3.4) \f a+p (x)dx > j(x-aY f a (x)dx. 

a a 

Proof. Follows from Corollary 3.2 by putting g(t)-t-a. 

Corollary 3.4. If f is continuous in the domain stated, and if a>\, /3 > 0, then 
the following inequalities holds (follows from Corollary 3.2). 

Till nil 

(1) \f a+p (x)dx> \f a (x)s,m p xdx, 

o o 

provided 

nil 

jf(t)dt > ^-cos2x Vxe [0,^/2]. 

x 

1 1 

(2) J / a+p (x) dx > J / a (x) (sin "' xf dx , 



provided 

\f(t)dt ^^-{sm'xf). 

X 

b b 

(3) \f a+p (x)dx> \f(x)ln p xdx, 

i i 

provided 

b 

jV<»A>i(ln 2 6-ln 2 x) Vxe[l,&]. 

X 

b b 

(4) jf a+p (x)dx> jf a (x)e Px dx, 

-CO -CO 

provided 

b 

\f(t)dt > ±(e 2b -e 2x ) V*e(-oo,fc]. 

X 

Corollary 3.5. Let f g be continuous functions defined on [a,b], / is nonnegative, 
g(a) = 0, g'(x)>\ Vxe[a,&], and let a>\, j8 > 0. If 

X X 

(3.5) \f(t)dt < jg(t)g'(t)dt Vxe[a,&], 

a a 

and 

b 

(3.6) \f(t)dt > \g\b), 

a 

then 



SULAIMAN : AN INTEGRAL INEQUALITY 



309 



(3.7) \f a+p (x)dx>\f a (x)g fS (x)dx 

a a 

Proof. Follows from Theorem 2.2 by putting h(t) - t. 



Corollary 3.6. Let f, k be nonnegative continuous functions defined on [0,b], k is 
nonincreasing, k'(t) > 1 V t e [0,b], and let a > 1, /3 > 0. If 



(3.8) 

and 

(3.9) 

then 
(3.10) 



x x i 

\f(t)dt < \jk(u)k(t)dudt Vxe[0,&], 





b ,fb 

\f(t)dt = - \k(u)du 



u u 

\f a+p (x)dt > \f a (x)k p {x)x p dx. 



Proof. Follows rom Corollary 3.5 by putting g(t)= \k(u)du as follows 



b b f x y b ( x Y 

\f a+p (x)dx> \f a (x) \\k(t)dt dx>\f a (x)k p (x) \\dt\ dx 
o o vo J o vo J 

i, 
= \f a (x)k p (x)x /} dx. 
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Abstract 

This paper deals with certain class of kernels and investigates the convolution transform 
of ultra-distributions of Roumieu-type supported inside compact subsets. Inversion 
sequence of operators of the transform is discussed. 

Keywords: convolution transform, class of kernels, ultra-differentiable function, ultra- 
distribution, Roumieu-type ultra-distribution. 

1. Introduction 

The generalized convolution transform [cf. [2]] 

F(x)= (f(t),G(x - t)), (1.1) 

for a given x, is defined to be the number that / assigns to a test function space 
containing the kernel G(x-t) as a function of t . The transform (1.1) is investigated by 
Hirschman and Widder [3,4] by restricting the class of kernels G(t) to a fairly wide class 
of functions . Related formulae ,therein, are obtained. For real numbers c and d , among 
others, [2] define a space l cd of test functions by means of a sequence \f k ) k _ of 
seminorms , where 



rM = n, c A0)=™P K (t)P } (t) 



(1.2) 
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K(t) is infinitely smooth, K(t) £ , and 

' a 

e fort e (l,°°) 



K(t) = 



e for t e (— °° — i) 



However, the above test function space l c d meets the needs for quite variety of kernels 

given by [3], [4]. In this research work, we consider the class of kernels defined by [1], 
[5],[3] 

1 



G (') = ^tC [*(»)]">* 



2ki j ~'~ k=1 



exp ( s(l/a k - l/c k )) e st ds, (1-3) 

where, Rea k = a k ,Rec k =c k ,0< a k c k < l,^a k 2 < °° , and N + + N_ = o° , where 

N ± = Urn inflN({a k },a)-N({c k },a)], 
and, ,/V({-},x) is the number of a k s, b k s between and x . 



The Convolution Transform of p< \(R) and its Dual of Compact Support 



The e\s , i = 0,1,2,..., wherever they appear, are to be considered as a sequence of 
positive real numbers on which the following constraint is emposed [cf.[7,p.66]] 
(i) e i < ST' min e^^,^ , (Stability under ultradifferentiable operators) 

Where, S>0,T>1 being constants. 
An infinitely differentiable function over R is said to be an ultradifferentiable function 
of Roumieu type if and only if for every compact subset K of R there are positive 
constants A and C depending on <j> and K such that 

d k 



sup 

xeK 



dx. 



<Hx) 



< CA K e h 
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The set of all such a <f> is denoted by pi \{R) . 

We denote by p'i \(R) the strong dual of pi \(R). Its elements so-called 

ultradistributions of Roumieu type of compact support. 



Lemma 2.1. Let a 1 and ct 2 be defined by [cf. [1,(2.1)]] 
a j = max\a k ,—°°\a k <0\ ,0C 2 = min[a k ,°°\a k > 0\, 

such that c <a 2 , d > a 1 , then for real x and N + + N_ = °° we have 
G(x-t)e p [ep] {R) , 

where G(t) is that defined by (1.3). 



(2.1) 



Proof. Conditions c < a 2 , and d <cc,, the fact that G(x-t) e l cd [1, p. 182] for any real 
x , imply that 



r k ,cA G ( x - t ))= SU P 

te{l.°°) 



eG (k \x-t) 



and 



r k ,cA G ( x ~ t )) = su p 



eG w {x-t) 



(2.2) 



(2.3) 



are both finite. 

Considering t e (l,°°) , we, for any x e R , choose sufficiently small constant E > such 



that 



G (k \x-t) 



<Ee ct . 



Allowing K vary over all compact subsets of (i,°°) and considering supremum over all 
t e K we have, by the structure of the sequence (e J , the existence of constants 
Aj,hj >0 dependent on G(t) such that 



sup 

teKc(l,°°) 



G w (x-0<£,A> 



-k ■ 



Analogous argument for t e (-°°,-i) , yields that 
G (k \x-t) 



sup 

t^Kd(-co,-l) 



<E 2 A«e k 



(2.4) 



(2.5) 
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Combing (2.4) and (2.5) yields that, 



sup 



G (k \x-t) 



<EA k e k , 



for some positive constants E and A depending on G{t) . 

In view of above lemma and conditions employed on a 1 ,OC 2 and G{t) , we define 
the convolution transform of ultradistribution / e p'i \(R) to be the map 



F(x) = (f{t),G{x-t)), 



(2.6) 



for any real x . 



Theorem 2.2. Let c<a 2 ,d > a 1 ,a l and a 2 are as in (2.1), and N + + N_ = °°. Let the 
sequence [e\ satisfy (i), then for f e p's e \{R) we have 

D k x F(x) = (f(t),D k x G(^-t)), (2.7) 

Proof. Conditions c<a 2 ,d> a i and N + + N_ = °° implies that G(x-t)e pi\{R) . 

Following [2], we attempt to prove the theorem by induction on the order of the 
derivatives k . 

For k =0 , (2.7) is that (2.6). Assume (2.7) is true for {k - 1) derivatives. Let x 

be fixed and A x £ . consider, 



f i A 



Ax) 



jk-l 



^—-F{x + Ax)-^—jF{x) 

dx k -' V ' dx k -' v ; 



f(t),j^G(x-t)) = (f(t),rj Ax (t)), 



where 



7^(0 = 



'22 

A x) 



tk-l 



A rl 

— —G(x + Ax-t) —G(x-t) 

dx k -' V ' dx k -' V ; 



dx 1 



-G(x-t). 



(2.8) 



To prove the theorem enough to prove that T] A x (t) — » uniformly in the topology 
of ps, \{R) . For any non negative integer m, (2.8) can be written as 



( l\ m a im+k-l 



(2.9) 
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Let / = \£,:x-t-\Ax\<E,< x-? + |zlx|}. Then, Lemma 2.1, condition (i) and (2.9) 
imply 



iTAt) 



< 



\Ax\ 



— - sup 

2 fel 



d 



m+k-1 



dx 



m+k 



-G({) 



\Ax\ 



KC^ATY-'Se^ATfe^ 



(2.10) 



Hence, 



sup 



v7M 



-C A e , 



(2.11) 



\Ax\ 



where, C = C J [ (AT) Se k _j and A = AT . 

Allowing Ax — > in (2.10) together with (2.11) prove the theorem. 



3. Inversion Formula. 

Definition 3.1. Let R m {p) De the inversion sequence of operators [1], [2] 



K(d)= e n 



-I'.J) m ( £)^ 



*=/ 



V a) 






exp((a;' +c; 1 )d), 



where, e f(x) = f(x + k), D = — . i is given by 



D 



and Urn b m = . 



F(x) = 



CX moo -ty 



LA -CJO L .' 

ce\ e f{y)dy forc>0 

ex . x -cy 

-eel e f\y)dy forc<0 



(3.1) 



Theorem 3.2. Under the hypothesis of (2.6) and for a sequence (e,) satisfying (i) we 
have, 

F{x)e p {ep] {R) , 

for any real x . 

Proof. Let K be a compact subset of R . and (e) satisfy (i). Then, there is re N such 

that 
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\D n x F(x)\ < C max sup\D n+k G{x - 1)\ 



teK 



<C max CA n+k e 



n+k 



<D A e n , 
where, D = C C A r ST r e r and A = AT . Constants 5,7" are that in (i). This completes the 
proof of the theorem. 
Theorem 3.3. Let F(x) = (f(t),G(x - 1)) . We have, 

R m {D)F{x)e p {ep] {R) 

where f e p\ e \(R) and \e p J satisfies (i). 

Proof. Presence of condition (i) is to ensure that F(x)e p'i e \{R), see the above 

kD kD 

Theorem. The definition of e F[x) and properties of pi \(R) implies that e F[x) and 



l~ — \ F(x) are both in pi \(R) . We only need to prove that 



/ 



1 



D 



F{x)e p {e>} (R) . 



V a J 
For, let a > . By Theorem 3.2, we find positive constants C and A such that 

sup\D n x F(x)\ < CA n e n , 



(3.2) 



teK 



for any compact subset K of R. Employing (3.1) and integrating by parts, n-times, we 

have 

-i ,„ r 

1 " ax . -ay 

a e I e F(y)dy 



dx" V a J dx" 



ax . -ay 

= ae\ e D" x F(y)dy 



Thus, invoking (3.2) we have 



dx n \ a' 



< 



a e 



eD" x F{y)dy<CA n e n . 



Analogous proof can be followed for a <0 . Hence, our theorem is completely proved. 
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Theorem 3.4. Let a t ,(X 2 have similar conditions as in Theorem, 2.2. Then, for f\t)( 
p\ \(R) and condition (i) holds, we have 

lim(R m {D)F {n \x),e{x)) = (f ( "\t),e{t)), 



Where 6 e D (Schwartz test function space), ne2N . 

Proof is similar to that in [8, Theo. 3.2]. 
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Abstract 

In contrast with the convergence and Gibbs phenomenon for the classical Fourier series, 
the same problems are treated for generalized Fourier series in this paper. More precisely, the 
pointwise and uniform convergence are discussed; It turns out that the Gibbs phenomenon 
can be removed at rational discontinuity under some conditions. Finally, some numerical 
experiments are presented to illustrate our theory. 

Key Words: generalized Fourier series, pointwise convergence, uniform convergence, Gibbs 
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1 Introduction 

Fourier series is important in both mathematics and engineering. One of fundamental problems 

in that area is the convergence in some senses. Let / G L 2 ([0, 1]) be 1-periodic. Then its Fourier 

series is defined by S(f, •) := J2 n <=z c n e 12lTn ' on M, where the Fourier coefficients c n are given by 

the formula c n = L f(x)e~ 127rnx dx for n G Z. A Fourier series is called convergent (uniformly 

convergent), if the partial sums 

N 

him- 



Sn(I, •) = ^2 Cn 



N 



is convergent (uniformly convergent). For the convergence of Fourier series, the following well 
known theorems are of importance. 
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Theorem A. (Jordan's test) Let f be 1-periodic and of bounded variation in some neighborhood 
N(x) ofx€R. Then 

lim S N (f,x) = hf(x + 0) + f(x-0)}. 

N— +00 z 

If, in addition, f is continuous atx, thenlim.M—,00 S^if, x) = f(%) holds automatically; Moreover, 
if f is continuous in N(x), then limjv^oo Sn(/, •) = /(■) uniformly on any closed subinterval of 
N(x). 

Theorem B. Let f be a 1-periodic function and of bounded variation on [0, 1]. /// has a jump 
discontinuity at x G (0, 1) and is continuous on {x — 5, x) U (x, x + 5) for some 5 > 0, then there 
exists the Gibbs phenomenon at x, i.e., the Fourier series S(f, ■) does not converge uniformly to 
f in N(x). 

From Theorem B, we find that when a Fourier series is used to approximate a function / with 
a jump discontinuity, the iV-th partial sum of / overshoots the function value at the jump point. 
This Gibbs phenomenon was studied by Wilbraham ([16]), Michelson ([11]) and Gibbs ([2]) long 
time ago. More investigations can be found in many references, e. g. in [1], [12], [15], [17] and 
etc. Two dimensional cases were treated very recently by G. Helmberg in [3], [4], [5]. 

Although wavelet analysis shows many advantages over the classical Fourier analysis, all 
standard wavelet expansions do exhibit Gibbs phenomenon ([7], [13] and [14]). This is not good, 
because in many applications, Gibbs phenomenon represents an undesirable effect. Many efforts 
have been made to eliminate or remove this behavior. For example, to avoid it, either Cesaro or 
the Abel means are used instead of the partial sums of the Fourier series. 

This paper is devoted to the convergence and Gibbs phenomenon for generalized Fourier 
series. Before proceeding, let us first briefly introduce generalized Fourier series. It is well known 
that the classical Fourier basis does not give a satisfactory representation of a nonlinear and non- 
stationary signal ([6]). To better deal with such signals and to overcome shortcoming of Fourier 
basis, the authors of [10] introduce a class of orthonormal exponential bases, which includes the 
classical Fourier basis, the Walsh system and others: Let 

f a n x + b n , x £ [0, 3) , 
g n \ x ) '■= \ 

{ c n x + d n , x G [j ,1] 

be real-valued functions for n G Z. Then a characterization is given for {e 127rfln : n £ Z} to be 
an orthonormal basis for L 2 ([0, 1]). Li and Yan ([8]) extend that result to multi-knot piecewise 
linear functions: 

Theorem C. Let q G N be a positive integer and N q := {0, 1, . . . , q — 1}. For n G Z and I G N q , 
define 1-periodic function g n j by 

g n ,i(x) := a J n x + t? nl , x G Ij, (1) 

(0 < j < q— 1), a 3 n depends on n,j and lai,: n G Z > = gZ for j G N g . Then 

g ■= je^M . neZ) | eR? J (2) 



where Ij 
the set 



<?' q 
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forms an orthonormal basis for the space L 2 ([0, 1]) if and only if 



B n :=^-U 2 <A (3) 



is unitary for each n £ Z. 



Many examples are given by this theorem ([8]). In particular, Theorem C leads to the results 
in [10], when q = 2. As the Fourier basis, Q constitutes bases, but not unconditional bases, for 
L p ([0, 1]) with l<p<oo,p/2([9]). We call the function system Q defined by (2) the generalized 
Fourier system. Similar to the classical Fourier series, the generalized Fourier series of / is defined 
by 

^■j^EE^^*' 1 " ( 4 ) 

neZ 2=0 

where the generalized Fourier coefficients c n ; are given by 

c n ,i= [ f{x)e-' n ^A-) dx (5) 

Jo 

for n£Z and I &N q . The partial sums of generalized Fourier series of function / are well-defined 
on the whole real line by 

N q-1 
n=-N 1=0 

for N = 0, 1, ■ ■ ■ . Throughout the paper, we always assume that q > 2, because q = 1 essentially 
reduces to the classical Fourier series. 

In the next section, some sufficient conditions are provided for pointwise and uniform conver- 
gence of Ctjv(/, -)i Further, it is shown that Gibbs phenomenon for generalized Fourier series can 
be removed at rational discontinuity under some conditions. Examples and numerical experiments 
are presented in Section 3 to illustrate our theory. 

2 Convergence and Gibbs Phenomenon 

We always use generalized Fourier bases given in Theorem C, when discuss the convergence of a 
generalized Fourier series. The following simple lemma will be frequently used in this section. 

Lemma 1 For f G L 2 ([0, 1]) and k G N q , define 1-periodic function h^ by 

hk(-) := f ( '—) (7) 

on [0, 1). Then, on I k =: [|, ^±1 

lim G N (f, •) = lim S N (h k , q ■ -k) . (8) 

jv— >oo N— >oo 
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Proof Recall that for x G I k , g n ,l(x) = a^x + b k n t and 



N q-1 
n=-N 1=0 



with c nJ = £ f(y)e~' 127T 9n,i(v)dy. Then c nJ = ^=1 e~ 127rb ^' f f f(y)e-' 127r<y dy. Substituting this 



7-1 -hnb J 

?=0 e 
into Gn(/, x) and using the unitary property of Z3 n (Theorem C), one has 

N , r x N , r i 



G N (f,x) = q Y, ([ f(y)e- h ^ydy)e h ^= £ (I h k (t) e -^<^dt) e h ^. 
Note that <a J n : n G Z > = gZ for each j G N,. Then 

G*(/,z)= f; ( f 1 h^e-^^dt) e^i^^, 

n=-N V^O / 

which is a classical Fourier partial sum of function h k at gx — k. Finally (8) follows easily . □ 

By Theorem A and Lemma 1, we obtain the following pointwise convergence of the generalized 
Fourier series of a 1-periodic function / of bounded variation. 

Proposition 1 If f is 1-periodic and of bounded variation in some neighborhood N(x) of x, then 



, 2 

lim G N (f,x / 

./V-+00 | ± 

2 



i[/(x + o) + /(s-o)], xg(o, i)\^, 



f(x + 0) + / ( x + \ - 



xG -f. 



Proof For x G [0, 1), there exists uniquely k G N q such that x € Ik- Define 1-periodic function 
h k by 

h k (-)=:f r + k 



q 

on [0, 1), as in (7). Then hk is of bounded variation in some N(qx — k). Hence, one can conclude 
limjv^oo S]\[(hk, qx — k) = \ [hk(qx — k + 0) + hk(qx — k — 0)] , according to Theorem A. When 



xG (|,*±±),gx-fc€ (0,1) andh k (qx-k + 0) = f (x + 0) , h k (qx- fc-0) = / (x - 0) . Therefore, 



'fe fc+i > 

the above limit value reduces to \ [/ (x + 0) + / (x — 0)]. Similarly, when x = -, h k (qx — k — 0) = 

h fe (0 - 0) = /i fc (l - 0) = / (x + \ - o) and /i fc (gx - jfe + 0) = h k (0 + 0) = / (x + 0) . Hence, 

lirriAr^oo Sw(hk, qx — k) = \ f (x + 0) + f (x + ^- — J . These together with Lemma 1 leads to 
the final result. □ 



Proposition 1 gives point-wise convergence of a generalized Fourier series. Comparing with 
orem A, the difference 
generalized Fourier series. 



N 

Theorem A, the difference behaves on the set — i . Now, we turn to the uniform convergence of a 
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Theorem 1 Let f be 1-periodic, of bounded variation on [0, 1] and continuous in some neigh- 
borhood N(x) of x. Then lirn/v— >oo Gw(f, ■) = /(■) uniformly in each closed subinterval of N{x) 
if one of the following two conditions holds: 

(i) N(x) C (0, l)\f ; 

(ii) x = - with k e Nq, f is continuous on (x — ^,S±) U (82, x + ^) with 81,62 > and 

f (x - l) = f (x - \ + 0) = f{x) = f (x + \ - 0) . 

Proof One proves case 1 firstly: Since N(x) C (0, 1)\^, N(x) C (^, *±I) C I k for some k G N g . 
Assume iV(x) = [x — 5, x + 5) =: iV(x, <5) for some 5 > 0. Define 1— periodic function /i^ by 

h k (-):=f r ' + k 



on [0, 1). Then, % is of bounded variation on and continuous in N{qx — k,qS) due to that of 
/ in N(x,5). By Theorem A, linijv^oo £V(M •) = /ifc( - ) uniformly on each closed subinterval 
of N(qx — k, qS). Equivalently, limjv^oo S]y(hk, q • —k) = hk(q • —k) uniformly of N(x, 5). Using 
Lemma 1 and the fact hk(q ■ —k) = /(•) on 1^, one has that 

lim G N (f, •) = lim S N (h k , q ■ -k) = /(•) 

uniformly in each closed subinterval of N(x, S). This completes the first part. 

For x = -, one observes h k (0 + 0) = /ijt(0) due to the continuity of / in N(x). On the other 

hand, hk(0 — 0) = /ifc(l — 0) = /ifc(0) because of the assumption / (x) = f (x + - — 0] . Hence 
hk is continuous at 0. Moreover, the continuity of / on {x,x + 6) U (62, x + -) implies that hk is 
continuous in (— e, q5) for some e > 0. Again using Theorem A, one knows that 

lim S N (h k ,-) = MO 

N~ +00 

uniformly on each closed subinterval of (— e, qS). Then it follows from Lemma 1 and the definition 
of hk that limjv— >oc Gw(f, ■) = limjv— >oc <SW(/ifc, q ■ —k) = /(■) uniformly on each closed subinterval 
of (x— |,a; + <5). 

To finish case 2, it is sufficient to show lim^y— >oo Gw(f, ■) = /(•) uniformly on each closed 
subinterval of (x — S, x + -), for which one considers similarly 1-periodic function 

'■ + k 



ik-i\ 



f — (9) 



on [0, 1). Note that the continuity of hk-i on (1— qS, 1+e) (for some e > 0) comes from that of / on 
(x-±,5i)U(x-5,x) and/ ( x - M = / f x - | + CM = /(x). Then lim^r-co Sjv(fyfe-i, ■) = hfc-i(-) 
uniformly on each closed subinterval of (1 — qS, 1 + e). Moreover, by Lemma 1 and the definition 
for hk-i, one concludes that limjv^oo Gn(/, i) = liniTv^oo Sjv(^fc-i) qt — k + 1) = /(t) uniformly 
on each closed subinterval of (x — <5, x + |). Finally, the desired result follows. □ 



<7 y 



Remark 1 TTie condition f(x) = f [x -\ 0) in Theorem 1 is necessary: In fact, the con- 
tinuity of f at x implies f(x) = fix + 0). Combining this with Proposition 1, one receives the 
desired. 
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Theorem 1 shows that the uniform convergence for generalized Fourier series keeps the same as 
the classical Fourier series, when a neighborhood N(x) doesn't intersect with — ; If N(x) n — 7^ 0, 
the situation changes. However, it provides a chance to avoid Gibbs phenomenon, as seen in 
Theorem 2. This is an advantage over the classical Fourier series. Now, we give a simple lemma 
to introduce the next theorem. 



Lemma 2 Let q G 2N and cp be a 1-periodic function defined by 



{1, x g i 2 j, 
(10) 
-1, x g hj+i 

for j G Ng/2- Then lmi/v^oo Gn(^P, ■) = <£>(■) uniformly on [0, 1]. 

Proof Note that (p(-) is continuous on (0, 1)\— - and tp{x) = (p(x + 0) = (p(x -\ 0) for 

x G —. Then limjv->oc Gn(<P, ■) = ¥>(■) pointwise by Proposition 1. Now, it is sufficient to show 
the uniform convergence: 

For j G Ng and p G qL, let m := (H n 6Z: a« = p > stand for the cardinality of the set. 

Because the generalized Fourier system < e 127r 9n,i • n G Z, / G Ng f forms an orthonormal basis for 
L 2 ([0, 1]), for /(•)=: e 2 ** X 7,(-) G L 2 ([0, 1]), 

e 12 n p - a ">dx . 



-= / |/(x)| 2 dx = J^ / f(x)e- h ^,i(-) dx = g£ / 

q J ° n& 1=0 J ° neZ jL 



9 " u neZ 1=0 

This with p—o? n G gZ leads to - = qm(-) 2 and m = 1. In particular, m =: (j < n G Z : a« = > = 1. 

It follows that there exists uniquely rij G Z such that a^ = for each j £ N ? . Since <p is a constant 
on I], and a J n £ qZ, 

Cn,l= I <p(x)e-' 12n9 "' l ^dx = 
Jo 

for n ^ nj, j £N q . Define Nq = max{ \rij\ : j G N g }. Then, for TV > iV"o, 

g-i 9-1 
GW( V , •) = G^fo •) = ^^s/- 12 *^ 

i=o ;=o 

Therefore Gtv(^, •) converges uniformly on [0, 1] as N — > 00. This completes the proof. □ 

Using Theorem 1 and Lemma 2, we prove the following result: It tells us that the Gibbs 
phenomenon doesn't happen, when a family of functions are represented by generalized Fourier 
series; While it does by the classical Fourier series. 

Theorem 2 Suppose that x = - G [0, 1) be a rational number. Let f be 1-periodic, of bounded 
variation on [0, 1] and have a jump discontinuity atx. If f is continuous on (x— ^,<5i)U(x— <5, x)U 

(x, x + 5)U (<5 2 , x + \) for some 5, S u 5 2 > and f (x - j) = / (x - \ + 0) = f(x - 0), / (x) = 

f{x + 0) = f Ix + - — 0), then lirrijv— >oo Gjv(/ 5 ■) = /(■) uniformly in each closed subinterval of 
(x — 5, x + <5). 
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Proof Let / := \[f(x + 0) — f(x — 0)] and 92 be the function in (10). Since x = - £ [0, 1) is a 
rational number, one can assume q £ 2N and k £ N q . Moreover, define 

M-):=/(-)±M0 

on R, where one takes "— " if k £ 2N,j/2 and "+" otherwise. Then h is 1-periodic and of bounded 
variation on [0, 1]. Since <p(x + 0) = 1, when k £ 2N q /2 and (p(x + 0) = — 1 otherwise, 

h(x + 0) = f(x + 0) ± lip(x + 0)=f(x + 0)-l = -[f(x + 0) + f(x - 0)]. 

Similarly, h(x - 0) = f(x - 0) ± lip(x - 0) = f(x - 0) + I = \ [f(x + 0) + f(x - 0)] . This shows that 
h(x + 0) = h(x — 0). Moreover, one can conclude h(x + 0) = h(x), because ip is right continuous 
at x and the assumption f (x) = f(x + 0). Consequently, h is continuous at x. Moreover, the 
continuity of / and ip on (x — \,o~i) U (x — 5q, x) U (x, x + 5q) U (62, x + M implies that h is 
continuous on (x — |, <5i) U (x — Sq, x + Sq) U (^2, x + |). 

Note that <^(a; + 0) = 93 ( x + ^ — I and the given condition f(x + 0) = f \ x + h — ) . 



Then /i(x + 0) = /i(x+-— 01. Similar arguments shows /i(x — 0) = /i(x— - + 0] =/ilx— - 

Combining this with the continuity of /i at x, one has /i(x) = ^ ( ^ + ^ — ) =/i(x — -+0 

h (x — -) . By Theorem 1, limjv^oo Gjsr(h, •) = /i(-) uniformly in each closed subinterval of (x — 
5, x + 5). Using Gjy(h, •) = Gjy(f, ■) ± IGn{p, ■) and Lemma 2, one receives the desired. □ 

Remark 2 An example for f is the function <p given in (10). There are many others, as seen 
in the next section. For arbitrary rational number x G [0, 1), there always exist q £ 2N and 
k £ N q such that x = -. By Theorem 2, we can choose adaptively the generalized Fourier system 
according to q such that the Gibbs phenomenon is removed at the discontinuity x. 

Remark 3 It should be pointed out that the condition f{x) = f(x + 0) = f (x + - — J in 
Theorem 2 is necessary: In fact, the uniform convergence o/linijv^oo GW(/, •) = /(•) implies that 
o/lirn/v-xx) <SW(^fcj Q'—k) = hk(q--k) on [x, x + e], thanks to Lemma 1 and the definition of hk in 
(7). Using the continuity of S]sf(hk, q-—k), one knows that hk(q--k) is continuous on [x, x+e] and 
furthermore f{x) = /(x + 0). This together with Proposition 1 leads to /(x + 0) = / I x -\ 

A disadvantage of Theorem 2 is the assumption of x being rational. However, the following 
proposition shows that the Gibbs phenomenon always happens at the irrational jump discontinuity 
using a generalized Fourier system given in [8] and [10]. It is a good idea to study generalized 
Fourier bases with irrational knots. However, it seems to us not so easy. 

Proposition 2 Let f be 1-periodic and of bounded variation on [0, 1]. /// has a irrational jump 
discontinuity at x £ (0, 1) and is continuous on (x — 5, x) U (x, x + 5) for some 5 > 0. Then 
G(f, ■) shows Gibbs phenomenon at x. 

Proof Since x £ (0, 1) is irrational, there exist 2 < q £ N and k £ N g such that x £ (-, ^-^). 
Let hk be defined as in (7). Then qx — k is a discontinuity of hk and hk is continuous on 
(qx — k — qS, qx — k) U (qx — k, qx — k + qS). By Theorem B, Sjv(%, q • —k) does not converge 
uniformly to hk(q ■ —k) in iV(x) as N — ► 00. This together with Lemma 1 yields that G]\f(f, •) 
does not converge uniformly to /(•) in N(x). Finally, the desired follows. □ 
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3 Numerical Results 

In this section, some numerical results are given to illustrate our theory established in Section 2. 
In all examples, we take iV = 50, q = 2 and 

2nx, x G [0, |), 

2nx + \, x e [\, 1), 

5n ' UXj -\ 2nx + l, xG[l, 1). 

Figure 1 and Figure 2 shows that the Gibbs phenomenon can be completely removed at 0, ^, 1 by 
using generalized Fourier system and can't be by the classical Fourier basis; Gibbs phenomenon 
still exists at 0, ^, 1 in Figure 3, because the conditions in Theorem 2 are not satisfied; From 
Figure 4 and Figure 5, we see that a generalized Fourier system is not necessarily better than the 
Fourier system. Figure 4 shows that the Gibbs phenomenon exists even at the continuity -^, if 
/(j — 0) 7^ /(0 + 0). When that condition holds, the Gibbs phenomenon does't happen at the 
continuity g, see Figure 5. 

Acknowledgements We would like to thank Prof. Yuesheng Xu very much for his valuable 
discussion. 
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Figure 1: (1): original signal /; (2): S N (f, x); (3): G N (f, x) 
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Figure 2: (1): original signal /; (2): S N (f, x); (3): G N (f, x) 
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Figure 3: (1): original signal /; (2): S N (f, x); (3): G N (f, x) 
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Figure 4: (1): original signal /; (2): S N (f, x); (3): G N {f, x) 
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Figure 5: (1): original signal /; (2): S N (f, x); (3): G N (f, x) 
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Abstract 

A one parameter semi-group of operators is a function F : [0, oo] — ► L(X,X), 
such that: (i) F(s + t) = F(s)F(t)&nd (ii) F(0) = I, where X is a Banach space 
and L(X, X) is the space of all bounded linear operators on X. 

In this paper we define a novel order on general Banach spaces that induces a 
continuous half-norm different from the well known canonical half-norm considered 
by Arendt. Such half-norm defines a positive cone X + which enables one to define 
positive semi-groups and get results similar to those in the case of C[a,b], the Banach 
space of continuos functions on the compact interval [a,b] . We try to characterize 
semigroups which leave such X + invariant. 
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0. Introduction . 

Let X be a Banach space and L(X) be the space of bounded linear operators on 
X. A semigroup on X is a map T : [0, oo) — ► L(X) that satisfies (i) T(0) = /, the 
identity operator on X, (ii) T(s + 1) = T(s)T(t). We write (T(t)) to denote such a 
semigroup. The semigroup (T(t)) is called a c semigroup if T is a continuous map 
when L(X) has the strong operator topology. The infinitesimal generator of (T(t)) 
is the linear operator A defined by 

D(A) = [x e X : lim T(t) . x ~ x exists \ and Ax = lim T(t) . x ~ a: for all x e £>(A). 

If X is an ordered Banach space and X + is the cone of positive elements in X, 
[5] , then the semigroup (T(t)) is called positive HT(t)X+ C X+ for all £ > 0, [12] . 
Positive semigroups on general ordered Banach spaces have been investigated by 
many authors, [1] , [2] , [3] and [4]. The Banach space C(K), the continuous functions 
on a compact metric space K, is an ordered Banach space with the natural order, 
/ > 9 if f(i) > g(t) for all t € K. Such order gives C(K) a rich structure that 
enabled researchers to prove deep and more results on positive semigroups on C(K) 
than on general ordered Banach spaces, [1] , [8] . 

It is the object of this paper to define a new order on general Banach spaces, 
X, using the extreme points of the unit ball of X* that produces rich structure on 
X, similar in some way to that on C(K). This enabled us to introduce new 
concepts on Banach spaces with our new order, that is known to hold 
only for Banach lattices, such as the positive minimum principle, and we 
prove similar results on semigroups on X as some of those on C(K) that 
does not hold for general ordered Banach spaces. 

1. The New Order on Banach Spaces. 

Let X* be the dual of the Banach space X, and B\(X*) be the unit ball of X* . 
It is Known [6] , that B\(X*) is the w* — closed convex hull of its extreme points. 
Let K be the collection of all sets of linearly independent extreme points of 
B^X*). K is ordered by inclusion : A < B if A C B for A,B e K. 

A 

Now let C be a chain in K, and C — (J A. Since C is a chain, the elements of 

AdC 

A A 

C are linearly independent extreme points, and A C C for all A e C. Thus C has 
an upper bound. By Zorn's Lemma, K has a maximal element say 21. Thus 21 is a 
maximal subset of linearly independent extreme points of B\{X*). 

Two subsets A and B of the set 21 is said to form a cut of 21 if and only if 

21 = A U B and A n B = and X* = [A\ © \B] . 



Example 1.1. The natural basis (<5„) of l l — Cq is a maximal subset of linearly 
independent extreme points of B^l 1 ). The same holds for V = (l p *)*, 1 < p < oo, 

i + i = l. 

p v 

Example 1.2. Let (e„) , (/„) be two orthonormal basis of I 2 , and X = K(l 2 ), 
the space of compact operators on I 2 . It is known, [10] , that X* = Ci(l 2 ), trace 
class operators. The set 21 = {e^ fj : i,j € N} is a maximal subset of linearly 
independent extreme points of Bi(X*), [16] . 
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Example 1.3. Let X = C(K), space of continuous functions on the compact 
set K. For t £ K, let St be the point mass measure on K. The set 21 = {St : t € K} 
is a maximal subset of linearly independent extreme points of B\(X*). 

It should be remarked that the above sets 21 give the natural ordering on the 
corresponding space. 

Now we use the set 21 to define a new order on any Banach space X. 

Definition 1.4 . Let 21 be a fixed maximal subset of linearly independent ex- 
treme points of Bi(X*). An element x € X will be called positive (strictly positive) 
if (x , x*) > ((x,x*) > 0) for all x* e 21. We write x > (x > 0) for positive 
(strictly positive) i£l 

Definition 1.5 . Let X be a Banach space and 21 be a fixed maximal subset 
of linearly independent extreme points of Bi(X*). For x,y € X, we say x < y if 
y — x > 0. 

We should remark that it could happen that for certain maximal subsets A , 
X may has no strictly positive elements. But, since if x* G extBi(X*), then 
—x* G extB\(X*), we can choose A such that X has strictly positive elements. 

Proposition 1.6. For any Banach space X, the relation " < " is a partial order 
onX 

Proof . The reflexivity and transitivity of "< " is clear. We only prove the 
antisymmetric. 

For x, y € X, let x < y and y < x. Then (x — y, x*) > and (y — x, x*) > for 
all x* e 21. This implies that (y - x, x*) = for all x* £ 21. But 21 is a maximal 
linearly independent subset of extreme points of (B 1 (X*)). Hence (y — x,x*) = 
for all x* £ Ext{Bi(X*)) and so (y-x,x*) = for x* £ Conv^Ext^B^X*))). 
Consequently (y — x,x*) — for x* £ w*~ closure of Conv(Ext(Bi(X*))). By 
Krein-Milman Theorem, [6], (y — x,x*) — for all x* G B\(X*). Thus y — x = 
and y = .t. 

Definition 1.7 . For a Banach space X, X* is called 21 decomposable if there 
exists A > such that for any cut A and B of 21 the subspaces [A] and [B] are 
complemented in X* , and the projection P : X* = [A] + [B] — > [A] has norm 
||p|| < A, where [A] and [B] are the w*-closure of the subspaces of X* generated by 
A and B respectively. 

Proposition 1.8. The spaces P, 1 < p < oo and M(K) are 21 decomposable 
with A = 1 and 21 = {S n } , {S t : t € if} respectively. 

Proof . Wc will prove that M(K) is decomposable with A = 1. 

Let A and I? be two disjoint subsets of 21. Then there exist two disjoint subsets 

E 1 ,E 2 in K such that K = E 1 UE 2 and A = {8 t : t e E^ , B = {6 t : t € E 2 } . 
Consequently [A] and [B] are subspaces of M(K) such that M(K) = M(#i) ® 
M(E 2 ), with M(£i) = w* - d(A), and M(E 2 ) = w* - d(£).Further for any 
x G M(K) : x ~ y+z, where, y — w*~ lim J^ xtSt and z = w*— lim J^ a; 4 (5t, 

tG-DC-Ei t£QcE 2 

where Z? and Q are finite sets in E\ and i?2, respectively. Further ||y|| < ||x|| . Thus 
the projection P onto w* — cl(A) has norm < 1. 

Now : let X be a Banach space with 21 a fixed maximal subset of linearly 
independent extreme points of Bi(X*) such that X* is 21 decomposable. For x,y 
in X let : 2l 2 = {x* e 21 : (y - x , x*) > 0} and 2l 2 = {.x* e 21 : (y - x , x*) < 0} . 
Then 2li , 2l 2 form a cut of 21. Further : x < y on 21 1 and y < x on 2l 2 . Define : 
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«, = {' " gJ) and „ != (- » gJ 

L x on |2l 2 J J i. 2/ or7 - l-^J 

Let P : X* — ► [Qli] be the projection on [2ti] . Since A* is decomposable, then 

P(x*) = x* for x* G [2li] and P(x*) = for x* G [2l 2 ]. Thus xVy can be extended to 

a continuous linear functional on A* by setting iVj/(i*) = iV y(P(x*)). Similarly 

A 

for x Ay. Let x + — x V 0, x~ = x A 0, X = span AU {x + , x~ : x € X} in X** , 
and |x| = x + + x _ . 

Definition 1.9 . A Banach space X will be called absolute if for every x G X 

A 

both x + and x~ are in X. In other words X = X. 

Proposition 1.10. The spaces, Co , l p , 1 < p < 00, and C(K) are absolute 
Banach spaces. 

Proof . We prove the lemma for l p , 1 < p < 00. 

Let x = (x„) G ^ p . Let 21 = {S n : n G A} be the fixed maximal subset of linearly 
independent extreme points of Bi(l p *). So 

2li = {5„ e 2t : x n > 0} and Ql 2 = {<J n G 21 : x n < 0} . 

Now : let 7 = {n G JV : 5 n G 21J and J = {n G N : S n G 2l 2 } . Clearly 7n J = 0, 
so 2li and 2l 2 form a cut of 21. For k G N 



1 Xfe k G i I , , _ j- , I x/j fc G J 

■^7 = «| fceJ and (x ,4)= Q fce/ 



EW ? < EW1 <oo, 
fce/ / \fc=i 



Thus : 



EW P < EW <^- 

vfcGJ / \fe=l / 

So both x + and x~ are in ^ p . Hence |x| = x + +x _ G V and ^ p is an absolute Banach 
space. 

Proposition 1.11. Let X be an absolute Banach space and 21 be a fixed 
maximal subset of linearly independent extreme points of B\{X*) such that X* is 
21 decomposable. Then : 

(i) \x\ > for all x G X. 

(ii) — \x\ < x < \x\ for all x G X. 

Proof . Since X is an absolute Banach space, then |x| G X for all x G 
X. Now for x* G 21 either x* G 2ti = {x* G 21 : (x , x*) > 0} or x* G 2l 2 = 
{x* G 21 : (x , x*) < 0} . If x* G 2li, then (|x| , x*) = (x, x*) > 0. If x* G 2t 2 , 
then (|x| , x*) — (— x,x*) = — (x,x*) > 0. So |x| > and x < |x| for all x G X. 
Similarly — |x| < x for all x G X. Hence — |x| < x < |x| for all x G X. 

Remark 1.12 . For x,y G X, let sup{x,y}, inf{x,y} denote the least upper 
bound and the greatest lower bound of the set {x, y} respectively. 

Definition 1.13 . The ordered Banach space ( X, < ) is called a Banach lattice 
if for each pair (x,y) G X x X, the elements sup{x,y} = xVy and inf {x,y\ — xAy 
exist in X. 

Proposition 1.14. An absolute Banach space is a Banach lattice and reflexivity 
guarantees the absoluteness. 

Proof . Let A be a reflexive Banach space and 21 be a fixed maximal subset of 
independent extreme points of Bi(X*) with A* be 21 decomposable. Then x V y 
and x Ay are in A. For x* G 2li, one has : (xVy,x*) = (y,x*) > (x,x*). For 
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x* G 2I2 : (xVy,x*) — (x, x*) . Hence (x,x*) < (xVy,x*) for all x* G 21 which 
implies that x < x V y. Similarly y < iV y. So x V y is an upper bound for {x, y} . 

To prove that x V y is the least upper bound for {x,y} , suppose there exists 
w G X such that x < w , y < w and w < xV y. Let a;* G 21. Then : 

(x, x*) < (w, x*) < (x V y, x*) and (y, x*) < («;, x*) < (x V y, x*) . 
But either x* G 2li or x* € 2l 2 . If x* G Sli, then (y,x*) = (xVy, x*) < (w, x*}, 
and so (x V y,x*) = {w,x*) . If x* G 2l 2 , then (x,x*) = (x V y,x*) < {w,x*) , and 
so (x V y, x*) = (w, x*) . Consequently x V y = sup {x, y} . 

Similarly x A y = inf {x, y} . 

Corollary 1.15. l p , 1 < p < 00 is a lattice. 

One also can prove : 

Proposition 1.16. The Banach space Cq with 21 = {5 n : n <G N} is a lattice, 
and the Banach space C(K) with 21 = {St : £ € if} is a lattice. 

Definition 1.17 . Let X be a Banach space ordered by 21 a fixed maximal 
subset of linearly independent extreme points of B\{X*) and B be a subset of X. 
We say that : 

(i) B is bounded above if there exists a£l such that x < a for all x € S. 

(m) B is bounded below if there exists b £ X such that b < x for all x £ B. 

Proposition 1.18. (a) every set B in Co and V ,1 < p < 00, that is bounded 
above has a suprcmum. 

(b) every set -B in Co and Z p , 1 < p < 00, that is bounded below has an infimum. 

(c) If a Banach space X contains a strictly positive element Xo , then it contains 
infinitely many strictly positive elements. 

(d) int{c+) = 0, int(P + ) = and mt(C(if)+) 7^ 0. 

Proof , (a) Let B C l p and -B be bounded above. Then there exists y = (y„) € 
Z p such that x = (x„) < y for all x € B. So x n < y n for all n € N and for all x E B. 

Now : let i7„ = {(x, S n ) : x € B} . Then for each n E N, H n is a bounded set of 
real numbers. So it has a suprcmum. Let z — (z n ) be defined as z n — sup H n . So 

x n < z n < y n for all n € N. That z G l p follows from 

00 00 

E \z n \ P < E W p + |y„| p <oo. 

n— 1 n— 1 

That 2: = sup _B follows from z„ = sup {(x, 5 n ) : x G B} . The proof for cq is similar 
and it will be omitted. 

(b) The proof is similar to(a). 

(c) In fact for all positive integers n, uxq G X and (nxo,x*) = n (xo,x*) > 0. 

(d) We will prove int(c^) = 0. Let x = (x„) G int(c^). Then there exists e > 
such that the ball B(x , e) C ci". Since Xo = (x„) G Co , then lim x n — 0. So there 

n — >oo 

exists no G N such that |x n | < | for all n > uq. Let y = (y n ) be such that : 

x n n < i%o 

Vn = { ~ I "o < n < 2n 

ri > 2no 



Then 



\\y- x o\\ ca = sup|y„-x„| < sup \x n §|<§ + §<e. 



This implies that y G B(xo , e) and (y,S n ) — y n — — | for all no < n < 2no . So 
y ^ Cq and so xq ^ mt(co"). Thus ini(c^) = 0. 
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Proposition 1.19. Let X be a Banach space and 21 be a fixed maximal subset 
of linearly independent extreme points of B\{X*). Then set X + = {x G X : x > 0} 
is a normed closed cone in X. 

Proposition 1.20. Let X be a Banach space and 21 be a fixed maximal subset 
of linearly independent extreme points of Bi(X*). Then the function a : X — > R 
such that a(x) = sup (x, X*) satisfies the following : 

(1) a(x + y) < a(x) + Oi{y) for all i,i/el. 

(2) a(\x) = Xa(x) for all x G X, for all A G R, A > 0. 

(3) a(—x) or a(x) > for all x G X, x ^ 

Proof . We only prove (3) : Let x E X, x ^ 0. Then a(x), a(— x) can't be both 

negative. For if so, then a(x) — sup (x,x*) < and a(— x) = sup (— x, x*) < 0. 

i*6a i*ga 

Hence (x,x*) < and (—a;, a;*) < for all x* G 21. This implies that (x,x*) = for 
all x* € 21, and so x = 0. It follows that either a(x) or a(— x) is strictly positive 
otherwise x would be zero. 

Proposition 1.21. Let X be a Banach space and 21 be a fixed maximal subset of 

linearly independent extreme points of B\(X*). For x G X, let a(x) = sup (x, x*}. 

x*ea 
Then |.| is a norm on X, where ||x|| = max(a(x), a(— x)). 
Proof . Let x, y G X . Then 
(i) ||0|| q =max(a(0),a(-0)). 

If ||x|| = 0, then max(a(x), a(— x)) = 0, so both a(x) and a(— x) = 0, and 
hence x = 0. 

(m) ||Ax|| = max(a(Ax), a(— Ax)). Now : if A > 0, then a(Xx) — Aa(x) and 
a(— Ax) = \a(— x). Consequently 

||Ax|| a = A||x|| a = |A|||x|| o . 
If A < 0, then A = -/j,, \x > 0. So 

a(Ax) = a(— fix) = fia(-x) = |A| a(— x), 
and 

a(— Ax) = a(px) — fia(x) — |A| a(x). 
Thus 

||Ax|| = max(a(/txx),/Lta(— x)) = /imax(a(x), a(— x)) = |A| ||x| . 
(Hi) Since ||x + y|| = niax(a(i + )/), a(-(s + ?/)), then either 
||x + y\\ a = a(x + y) < a(x) + a(y) < ||x|| a + ||j/|| q , 
or 

||x + y\\ a = a(-(x + y)) < a(-x) + a(-y) < ||x|| q + \\y\\ a . 
Thus in cither case ||x + y\\ < \\x\\ + \\y\\ . 

Remark 1.22 . Let X be an absolute Banach space and 21 be a fixed maximal 
subset of linearly independent extreme points of Bi(X*). Then |a(x)| < ||x|| for 
all x G X and |.| is monotone ( ||x|| < \\y\\ if < x < y ). 

Proof . Let x G X. Since ||x|| = max (ct(x), a(— x)) , then a(x) < ||x|| and 
a(—x) < \\x\\ . By Lemma 1.20, either a(x) > or a(— x) > 0. If a(x) > 0, then 
|a(x)| = a(x) < ||x|| . If a(x) < 0, then a(— x) > 0. This implies (x,x*) < for 
all x* G 21. But : 

a(— x) = sup (— x,x*) = sup — (x,x*) = — inf (x,x*) > — sup (x,x*) = — a(x) 

i*ea x*ea ^'e 21 a;*ea 

So — a(x) < a{— x) < \\x\\ . Hence |o;(x)| < ||xj| . 
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To prove that ||.|| is monotone, let x,y G X such that < x < y. Then 
< (x, x*) < (y,x*) for all x* e 21. Hence sup (x,x*) < sup (y,x*) . Thus 

a(x) < a(y). This implies that ||x|| < ||y|| . 

Proposition 1.23. Let X be a Banach space and 21 be a fixed maximal subset 
of linearly independent extreme points of Bi(X*). Then ||x|| < ||x|| for all x € X. 
The two norms |.| and ||.|| are not equivalent norms in general. 

Proof . Let x £ X. Then 

a(x) — sup (x,x*) < sup | (a;, a;*) | < sup |(x,x*)| = ||x| . 
i*ea i*ea x*eB l (x*) 

a(— x) = sup (— x,x*) < sup |(x,x*)| < sup |(x,x*)| = ||x|| . 
i*ea i*ga ' x*eB 1 (x*) 

But: ||x|| = max(a(x),a(— x)) < ||x|| . 

Now : let X — I 2 and suppose there exists c > such that c||x|| < ||x|| . For 

n 

n e N, let x = J2 c $k € I 2 . Then 
fe=i 

||x|| = max(a(x),a(- x)) = c. 
But : 

/ n 

Choose n large enough such that c < ^/nc 2 . But this contradicts c ||x|| < ||x|| .So 
|.| and |.| are not equivalent in general. 

Proposition 1.24. Let X be a Banach space and 21 be a fixed maximal subset of 
linearly independent extreme points of B\(X*). Define X = {x <G X : a(—x) < 0} . 
Then 1° =X+. 

Proof . Let x e 1° . Then : 

a{— x) = sup (— x,x*) = sup — (x,X*) = — inf (x,x*) < 0. 

i*ea a;*G2l I *e a 

So inf (x,x*) > 0, which implies (x,x*) > for all x* € 21. Hence X C X + . 

x*<E% 

Now let x e X + . Then (x,x*) > for all x* e 21, which implies (— x,x*) < 

for all x* e 21. Hence a(—x) = sup (— x,x*) < 0. This implies X + = X . 

i*ea 
II Positive Semigroups. 

In this section we will study positive semigroups on Banach spaces ordered by 
maximal linearly independent subset of extreme points of Bi(X*). Through out of 
this section X will be a Banach space and 21 be a fixed maximal subset of linearly 
independent extreme points of B\(X*) and X is ordered by 21, and by what we 
remarked, following definition 1.5, we can choose 21 such that ext,Bi(X*) =/= ip. 

An operator T € L(X) is called positive if Tx > if x > 0. The following theorem 
holds true for general ordered Banach spaces, and the proof will be omitted. The 
same holds true for Theorem2.2. 

Theorem 2.1 . Let (T(t)) t >o be a Co semigroup on X with infinitesimal gen- 
erator A. Then the following are equivalent : 

(i) T(t) is positive for all t > 0. 

(m) R(X, A) is positive for sufficiently large A. 
We remark that if A is a densely defined linear operator on X and int(X + ) ^ 0, 
then int(X+) n D(A) ^ 0. Further : int(X+) n Range{R{0, A)) ^ if e p(A). 

Theorem 2.2 . Suppose X + is normal and int(X + ) ^ 0. Let A be a densely 
defined linear operator on X and [u>, oo) C p(A) for some to e R. If R(X, A) satisfies 
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R(X, A)x > if and only if x > for all A > ui, then A is the infinitesimal generator 
of a strongly continuous positive semigroup. 

Definition 2.3 . An unbounded operator A on X is said to satisfy the positive 
minimum principle if for every x G D(A) n X + and x* G 21 : (x , x*) =0 implies 
that (Ax, x*) > 0. 

Definition 2.4 . Let B be a positive bounded linear operator on X. An element 
xq G X is called semi-maximal for B if for every x G X there exists A > such 
that |(x,a;*)| < X(Bxo ,x*) for every x* G 21. 

Example 2.5 . Let X = C ([0, 1]) . Let 21 = {<5 t : t e [0, 1]} be the fixed maximal 
subset of extreme points of B\{X*). Define : 
B:C([0,1})— >C([0,1]) 
Bx(t) = (t + l)x(t). 

Clearly B is a positive bounded linear operator on X. The constant function 
xo(t) — 1 is a semi-maximal element for B. To see that : Let x G C ([0, 1]) . Then 
\(x, 6 t )\ = \x(t)\ and (Bx ,S t )=t + l. 

Now : since [0, 1] is compact, then there exists M > such that \x(t)\ < M for 
all t G [0, 1] . Hence 

\x(t)\ <M(t + l) = M(Bx , S t ). 

Theorem 2.6 . Let X be an absolute real Banach space such that X + is normal 
and int(X + ) ^ 0. Let A be a densely defined linear operator on X that satisfies : 

(i) The positive minimum principle. 

(m) There exists i e X and A G (w, oo) C p(A) such that #0 is strictly 
positive and semi-maximal for R(Xq,A). 

{Hi) R(X, A)>0 for all A > w. 
Then ^4 is the infinitesimal generator of a strongly continuous positive semigroup. 

Proof . The main idea of the proof is how one can define a norm on X under 
which XR(X, A) is a contraction. 

First suppose that u> < and Ao = 0. Let y = R(0, A)xq . Then y > 0. Indeed if 
y is not strictly positive, then there exists x* G 21 such that (R(0, A)xo , x*) = 0. 
Since A satisfies the positive minimum principle, then (AR{0, A)xo , x*) > 0. But 
xq = — AR{0, A)xq ■ This implies that 

< {x , x*) = - (Ai?(0, A)x , a;*) < 0. 
This cannot be true. Hence y > 0. Since x$ is semi-maximal for i?(0, A), then for 
all x <E X there exists A > such that |(a;,x*)| < X(y, x*) for all x* G 21. That 
means |x| < Xy. 

Now we for x G X, we define ||x|| = inf {A > : |x| < Xy} .We claim that ||.|| 
is a norm on X. Indeed : 

(1) If ||x|| = 0, then 

inf {A > : -A (y, x*) < (x, x*) < X (y, x*) , x* G 21} = 0. 
Hence (x, x*) — for all x* G 21. Thus x = 0. 

(2) For x E X and /3 G R we have : 

||/3a;|| = inf{A > : -Ay < /3x < Ay}. 

= inf {A > : -A (y, x*) < (/3x, x*) < X (y, x*) , x* G 21} 

= mi{x>0:-±(y,x*) <^(x,x*) <±(y,x*), x* G St} 

= 101 mf {^ > : -^| (y,x*) < ^ (x, x*) < ^ (y,x*) , x* G 2l} 
= 1^1 Ho- 
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(3) For x\ , X 2 £ X we have : 

\\ x i + x 2\\ = inf {A > : -Xy < X\ + x 2 < Xy} 

= inf {A > : —A (y, x*) < (xi + x 2 ,x*) < X (y, x*) , x* <G 21} 

A > : there exists no x* G 21 with 

\{x Xl x*) + (x 2 ,x*)\ > X(y,x*) 

Since |(xi,x*)| + \{x 2 ,x*)\ > \{xi,x*) + {x 2 ,x*)\ > X (y,x*) we get 

A > : there exists no x* € 21 with 

\( Xl ,x*)\ + \(x 2 ,x*)\>X(y,x*) 



sup 



Fi + X 2\\ Q =sup 



< sup 



-sup 



A > : there exists no x* € 21 with 
\( Xl ,x*)\>X(y,x*) 

X > : there exists no x* G 21 wit/i 
|<a:2,a;*>| > A<y,ar*) 



Further 



= Flllo + 11^2110 • 

is equivalent to |.| on X. Indeed : Let x € X, y € ini(X + ) and 



e > such that B(y,e) C X+. Then 



y 



ex 

2II.HI 



y 



2IMI 



= I < e. 



implies that y 



211. r 



€ X + , and so y 



2||;r|| 



>0. Hence -*^ <x< ^^ 



This 
It 



follows that from (*) that ||x|| < -U^ll. 

Now : since X + is normal, then by Proposition A. 2. 2 in [5], [— y,y] is norm 
bounded, . So there exists M > such that ||x|| < M for all x <G [— y, y] . For 



x €_ X and v 



So 



we have 



1. But ||w|| = inf {A > : -Xy < v < Xy} . 



) y < v < \\v\\ y. Consequently — y <v<y and v G [— y,y] . By normality 

of X+ we get: \\v\\ = |j4p < M. This implies that ||x|| < M ||x|| . Thus ||.|| 

and |.| are equivalent norms on X. 

Now : for x € [— y, y] , one has y — x and y+x are positive. Further, if A > 0, then 
R(X, A) is a positive operator. Hence R(X, A)(y — x) > 0, R(X, A){y + x) > 0, and 
this implies — XR(X,A)y < XR(X,A)x < XR(X,A)y. The resolvent identity gives : 
Ai?(A, A)y = XR{X, A)R(0, A)x 

= R(0, A)x - R(X, A)x 
< R(0, A)x - y. 
It follows that : 

-V < -XR{X,A)y < XR(X 1 A)x < XR{X,A)y < y 
and -y < XR(X, A)x < y. Hence \\XR(X, A)x\\ < 1 and \\XR(X,A)\\ < 1. Thus 
XR(X,A) is a contraction with respect to ||.|| norm. By Hille-Yosida Theorem A 
is the infinitesimal generator of a Cq semigroup of contractions on X with respect 
to ||.|| . Since ||.|| and ||.|| arc equivalent, then there exists a , b > such that : 
a ll^llo 2i ll^ll < b ||x|| for every x € X. Hence : 

_ l|r(*)*ll<6||r(t)x|| <6W <|||x||. 

This implies that T(t) is uniformly bounded with respect to |.| norm. But 
R(X, A) > for all A > w. Theorem 2.1 implies (T(t)) t >o is a positive semigroup. 

Finally : for a > uj > consider the linear operator A — a. We claim 
[uj — a, oo) C p(A — a). Indeed : If /j, S [u> — a, oo) , then \x + a € p(^4)- Since 
< i?(^ + a, A) = i?(ju, A - a), 
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then n G p(A — a) and R(p : A — a) > for all /x € [to — a, oo) . By the first 
part of the proof, A — a is the generator of a strongly continuous positive bounded 
semigroup (T(t))t>o ■ Thus A = A — a + a is the infinitesimal generator of the 
positive semigroup S(t) — T(t)e at . 

Now : for the case Ao > u> > 0. Since R(Xo, A) = R(0, A — Ao ), then using (ii) 
we get : for all x G X there exists A > such that 
\(x,x*)\ <X(R(X ,A)x , x*) 

= X(R(0,A-X o )x ,x*) 
for all x* G 21. So xo is a semi-maximal for R(0, A — Ao ). Now : 

y = R(X ,A)x =R(0,A-X o )x o > 0. 
For if not true, there exists x* G 21 such that {R(Xo, A)xo, x*) = 0. By the positive 
minimum principle (AR(Xq, A)xo, x*) > 0. But x — (Ao — A)R(Xo, A)x . Thus 

< (x , x*) = A (R(X , A)x , x*) - (AR(\o, A)x , x*) < 0, 
which cannot be true. Hence y > and xq is a semi-maximal element for 
R(0,A-X ). 

Theorem 2.7 . Let (T(t))t>o be a Co semigroup on X with infinitesimal 
generator A. Suppose that the set G — {x e X : x > 0} n int(X + ) ^ 0. Then the 
following are equivalent : 

(i) T(t) is positive for all t > 0. 

(ii) The infinitesimal generator A satisfies the positive minimum principle. 

Proof , (i) — ► (ii) Let x e D(A), x>0 and x* e 21 such that (a; , x*) = 0. 
Then : 



(ii, x*) = ( lim 
\t->o+ 



T(t)a;- 



1 (a; , x* 



= lim i (T(t)x , x ! , 

= lim i (T(t)x, x*) > 0. 

Conversely (ii) — ► (i) Let s = inf {A e i? : [A, oo) C p(A)} . Let x € int(X + ) 
and x > 0. Then 

Ao = inf {A > s : -R(/x, A)x > 0, for all /i £ (A, oo)} 
is finite since lim fJ,R(fJ,, A)x — x. We claim that Ao = s. In fact if this is not true, 

ii — >oo 

then [Ao,oo) C p(A), R(Xq,A)x is not strictly positive. But since 

A = inf {A > s : R(/j,, A)x > 0, for all it G (A, oo)} , 
then for all positive integers n, R(Xo + -, A)x > 0. This implies that R(Xq, A)x > 0. 
Consequently there exists x* e 21 such that {R(Xo,A)x , x*) — 0. But A satisfies 
the positive minimum principle. So (AR(Xq, A)x , x*) > 0. However 

x = (A - A) J R(A , A)x = A i?(A , A)x - Ai?(A , A)x. 
Hence 

(x, x*) = (X a R(X ,A)x, x*) - (AR(X ,A)x, x*) 
= X .0- (AR(X ,A)x, x*) < 0. 
Hence (x , x*) < 0. But (x , x*) > by assumption. This is a contradiction. Thus 
s = X Q . Thus (R(X, A)x , x*) > if x e int(X+) and (x , x*) > for every x* e 2t 
for every A > s. 

Now : if x > and x ^ int(A(" + ), then x is in the boundary of X + and 
so there exists a sequence (x n ) in int(X + ) such that x„ converges to x. Thus 
(i?(A, A)x , x*) > for every x* € 21 for every A > s. if x G X such that x > and 
for some x* € 21, (x , x*) = 0. Choose a strictly positive element xo G int(X + ). Put 
x„ =x+ ?i. Then : 
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(x n ,x*) = (^,x*) + (x, x*) = i(x , x*) + (x , x*) > 
for all n £ N for all x* £ 21. Hence the set of strictly positive elements in X is 
dense in X + . It follows that R(X,A) > for all X > s. Theorem 2.1 implies that 
Tit) > for all t > 0. 

Definition 2.8 . An operator T £ L(X) is called inner norm map if 
\(Tx , x*)\ < \\T\\ (x , x*) 
for all x £ X + and all x* £ 21. 
Examples 2.9. 

(1) Let T:l 2 — > I 2 be such that T ( f] x^ ) = Xi<5i. Then 

||T|| = sup ||Tx| = sup ||xii5i|| < 1. 

I|xj|<i IM|<i 

oo 

Since T8\ — Si, then ||T|| = 1. For x — ^2 x i&i € I 2 , we have : 

(Tx,6 k ) = { Q Ml 

So \(Tx, S k )\ < \x k \ = |(a;, 4)| for all fc £ N. Hence |(Tx, x*)| < ||T|| \(x, x*)\ 
for all x* <= 21. 

(2) Let 21 = {<5 n : n € TV} C ^ 2 , and T be any projection operator on any 
subspaces generated by any subset of 21. Then T is an inner norm operator. 

(3) Let g be any positive function in C[0, 1], and T : C[0, 1] — > C[0, 1] , with 
Tf = 5/. Then T is an inner product map. 

Example (3) holds true for all positive multipliers on all classical sequences 
spaces. 

We should remark that one can give many other examples. 

Theorem 2.10 . Let A be a bounded Schwarz map. Then the following are 
equivalent : 

(i) e tA > for all t > 0. 

(ii) For < x £ X ; if (a;, x*) = 0, then (Ax , x*) > for all x* £ 21. 

(Hi) A+ \\A\\ > 0. 

Proof , (i) — > (ii) Let x* £ 21 and (a;, a;*) = with x £ X + . Then : 

(Ax, x*) = I lim etA f- x , x*\ 
\t->o+ I 

= lim (^ iX *)-i^fl 
= lim Ue tA x, x*) > 0. 

(ii) — > (Hi) Let x £ X+ and x* £ 21. Then : 

((A + \\A\\)x , x*) = (Ax , x*) + \\A\\ (x , x*) . 
If (x , x*) = 0, then by (ii) (Ax , x*) > 0. If (x , x*) > then, since 

|(Ae,x*)|<||A||(x,x*), 
for all x* £ 21 and a; e X+, (Ax , x*) + \\A\\ (x , x*) > 0. Thus A + \\A\\ > 0. 
(Hi) — > (i) For x* £ 21 and x G X + we have : 

(e tA x , x*) = (e-^e^+W^x , x*) 

= e -t||A|| / e t(A+\\A\\) x ^ x *\ 



•x. 



e-^HEh^ + WMY 






n=0 



e- tm E ^((A+||A||)"x,x*) 

n=0 
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Since e _ * M > and (A + \\A\\) n > for all n e N, then e tA > 0. 

Definition 2.11 . Let (T(t))t>o be a positive semigroup on an absolute Banach 
space X ordered by the set 21 with infinitesimal generator A and (S(t)) t >o be a 
semigroup in L(X) with infinitesimal generator B. We say that (T(t))t>o dominates 
(S(t)) t >o if \S(t)x\ < T(t) |x| , for all x e X and for all t > 0. 

Example 2.12 . Let X = C([0, 1]) . Let (T(t)) t > and (S(t)) t > be defined on 
C([0, 1]) as follows : 

(T(t)f)(s) = e s '/(s) and (S(t)/)(«) = e ist /(s). 

Clearly (T(t)) 4 > and (S(t))t>o are semigroups on C([0, 1]) and (T(t)) t >o is a 
positive semigroup. Now : 

|S(t)/(*)| = \e^f( S )\ = |e-*| |/( S )| = |/( S )| < e st |/(*)| = T(t) \f(s)\ . 

Hence T(t) dominates S(t). 

The following theorem is known for Banach lattices. However, we don't assume 
in this theorem that our Banach space is absolute. 

Theorem 2.13 . Let (T(t))t>o , (S(t))t>o be two positive semigroups in L(X) 
with infinitesimal generators A and B respectively. Suppose that D(B) C D(A). 
Then the following are equivalent : 

(i) S{t) < T(t) for all t > 0, 

(ii) Bx < Ax for < x e D(B). 

Proof , (i) — ► (ii) Let x e D(B), x e X+ and x* e 21. Then : 

(Bx , x*) = ( lim + , a;" 
x \t— o+ ' 

= lim /^MH,a;*\- <^1> 
= lim | ((S(t)x, x*) — (x , x*)) 

^lim^T^x*)-^,^)) 
= lim £ (T(f)a: - a; , a;*) 



( lim *■ ^ , x* > = (Ax . x*) 
\t— o+ * / 



Hence Ba; < Ax for all x e D(B) = D(A) n £>(B). 

Conversely (ii) — ► (i) Since (T(t))t>o , (S , (i)) t >o are positive semigroups, 
then by Theorem 2.1 both R(X, A) and R(X,B) are positive for large A. 

Now : Choose A > max(uj(A),oj(B)) and < x € D(B). Using Theorem 5.3 
in [13] , we have : R(X : B)x e D(B). Using (ii), D(B) C D(A) and i?(A, B) is 
positive we get : (A — B)R(X,B)x > 0. But R(X,A) is positive. So 

R(X, A) (A - B)R(X, B)x > 0. 
The identity : 

R(X, A)x - R(X, B)x = R(X, A) (A - B)R(X, B)x 
gives 

R(X,A)x-R(X,B)x > 0, 
and therefore R(X, A)x > R(X, B)x for all < x e D(B). Since D(B) = X, then 
-R(A, A) > R(X, B) for large A. Consequently for x e X + we have : 
J R(A, J 4)( J R(A,A)x-i?(A, J B)x) > 0. 

Hence 

R 2 (X, A)x > R(X, A)R(X, B)x > R(X, B)R(X, B)x = R 2 (X, B)x . 
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By mathematical induction we get : R n (X, A)x > R n (X,B)x. Theorem 8.3 in [13] , 
now gives : 

S(t)x= lim(^R{^,B)) n x 

< lim ( = i?(f,A)) n x 

= T(t)x. 
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1 Introduction 

In the 21st century, the computing environment would make more and more rapid progress 
and there has been increasing interest in solving mathematical problems with the aid of 
computers. By using software, mathematicians can explore concepts much more easily than 
in the past. The ability to create and manipulate figures on the computer screen enables 
mathematicians to quickly visualize and produce many problems, examine properties of 
the figures, look for patterns, and make conjectures. This capability is especially exciting 
because these steps are essential for most mathematicians to truly understand even basic 
concept. Many mathematicians have studied Bernoulli polynomials, Bernoulli numbers, 
Euler polynomials, and Euler numbers. Bernoulli polynomials, Bernoulli numbers, Euler 
polynomials, and Euler numbers posses many interesting properties and arising in many 
areas of mathematics and physics. In this paper, we give a formula on relationship between 
the Bernoulli numbers and Euler numbers. We observe the structure of the real roots of 
our Euler polynomials, E n (x), using numerical investigation. By computer experiments, we 
demonstrate a remarkably regular structure of the complex roots of E n {x). Finally, we give 
a table for the solutions of our Euler polynomials E n (x). This numerical investigation is 
especially exciting because these steps are essential for most students to truly understand 
even basic concept of Euler numbers E n and Euler polynomials E n (x). 

2 Relationship between the Bernoulli and Euler numbers 

Throughout this paper Z, Q, M and C will be denoted by the ring of rational integers, the field 
of rational numbers, the field of real numbers and the complex number field, respectively. 
First, we introduce the ordinary Bernoulli numbers and Bernoulli polynomials. The usual 
Bernoulli numbers B n are defined by 

t n t 



<- = E B 



Bt _ _ _ 

n! e* — 1 ' 



n=0 
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where the symbol B k is interpreted to mean that B k must be replaced by B k when we 
expand the one on the left. This relation can be written as 

e (B+l)t _ e Bt = f 

Hence we obtain 

Bo = l, (B + l) k -B k = l h iffc = 1 ' 

\ 0, if k>l, 

with the usual convention about replacing B k by B k ,(i > 0). The Bernoulli polynomials 
B n {x) are defined by the generating function: 

t n t 



e W = y 5n (^ = A e x \ 



^-^ n! e l — 1 

n=0 



It is easily see that 



Bk(x) = J2 ( k )B t x k - l ,B k (0) = B k . 

„•— n \ / 



i=0 

Bernoulli polynomials and Bernoulli numbers posses many interesting properties and arise 
in many areas of mathematics. Bernoulli numbers play an important role in mathematics. 
They first appeared in Ars Conjectandi, a famous and posthumous treaties published in 
1713, by Jakob Bernoulli when he studied the sums of powers of consecutive integers s p {n) = 
J2k=i ^ P ' where p and n are two positive integers(cf. [1], [2], [3]). The sums s p (n) can be 
written in the form 



s p( u ) = Yl 



" B k p\ 



, k\ (p+l-fc)! 



ir 



p+l-k 



Thanks to Bernoulli's polynomials, it's possible to rewrite the expression of the sums s p {n) 
as 



s p( n ) = Y kP = -—r( B P+i( n ) ~ B p+i) 



k=0 r 

Bernoulli numbers also appear in the computation of the numbers 



oo ^ 



We also have 



k 2p- 
fc=l 



C(l-2fe) = -||, k>0. 



Next, we introduce the ordinary Euler numbers and Euler polynomials. The usual Euler 
numbers E n and the usual Euler polynomials E n (x) are defined by means of the following 
generating functions: 

o °° j.n 

e l + 1 ^-^ n\ 

n=0 

O x 4.TL 



-e xt = Y J E n {x)- v (|t|<27r), 



e* + l ^ " v 'n\ 

n=0 
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respectively. Let u be algebraic in complex number field. Then Frobenius-Euler numbers 
are denned by 

e H{u)t = ^ = Y J H n {u) t -, (\t\ < 27T), (2) 

n=0 

This relation can be written as 

H (u) = l, (H(u) + l) k -uH k (u) = (1 < k). 
Therefore we have 

uH k {u) = J2 ( k )H, t (u),H k (u) = -J— J2 (*W«)> for u ± 1. 

By (1) and (2), note that H n (— 1) = E n . Let n, /c be positive integers (k > 1), and let 

S n (k) = l n + 2 n + 3 n + 4 n • • • + fc n . 
It was well known that 

S n {k) = ^—J2( n + l )B l {k + ir +l -\ cf. [1], [2], [3], (3) 

where (^) is binomial coefhcients. Since 

S n (2A;) = T + 2 n + • • • + (2fc) n = (l n + 3 n + + ••• + (2k - l) n ) + (2 n + 4 n + + • • • + (2fe) n ), 
we obtain 

k 

Y / (2m-l) n = S n (2k)-2 n S n (k). (4) 

m=l 

Now, we consider the alternating sums of powers of consecutive integers 

2fc 
Tn(k) = ^(-1)^, (5) 

fe=l 

where /c and n are two given positive integers. The sums T n (k) can be written in the form 

T n (k) = -1" + 2 n - T + 4 n - 5™ + • • • + (-l) 2fc - 1 (2fc - l) n + (-l) 2k (2k) n 
= (2 n + 4™ + + • • • + (2k) n ) - (l n + 3 n + 5 n + • • • + (2k - l) n ) 



= 2 n (l n + 2 n + • • • + k n ) - Y, (2m - l) n . 

m=l 

By (4), we have the following theorem. 

Theorem 1. Let k,n(n > 1) be positive integers. Then we have 

J-n(k) = 2 o n \k) — b n {2k). 

By simple calculations and (3), we have the following corollary. 
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Corollary 2. Let k,n(n > 1) be positive integers. Then we have 

T n (k) = ^ E (" | X ) Bi {2 n+ \k + l)^ 1 "* - (2k + l)"+i-*} . 
Since 

00 j.71 o °° j.n 

E ^(*4 = -^ = eV = e (^)« = J> + x)^, 

n=0 n=0 

we have 

n / \ 



£„(*) = E (™W r ' 



n=0 

In order to obtain the relationship between the Bernoulli and Euler numbers, we introduce 
some interesting properties. We derive each of the following results: 

n-l 

2 ^(-1)V* = 2(1 - e* + e 2t - e 3t + • • • + (-l)"-^" 1 )*) 



z=o 



2 (-l) n - 1 e n * 



e* + 1 e* + 1 

2 2<= nt 

e* + l v 7 e* + l 



(6) 



" v .fc 



and 



-E^4- ( - l)n i> (n 4 

fc=0 fc=o 

n— 1 oo n—1 j. 

2E(- 1 ) yt = E 2 E(- 1 )^|y ( 7 ) 

/=0 fe=0 /=0 

Next, by combining (6) and (7), we have the following theorem. 

Theorem 3. Let k,nbe given positive integers. Then we obtain 

n— 1 

E k + (-l) n+l E k (n) = 2 ^(-l)'/ fe = 2(0 - l k + 2 fc - 3 fc + • • • + {-l) n ~ l {n - l) fe ). (8) 

1=0 

Setting n = 2n + 1 in Theorem 3, we obtain 

E k + {-l) 2n+2 E k {2n + 1) = 2(-l fc + 2 k - 3 fc + • • • + {-l) 2n {2n) k ) . 

We now derive an interesting formula: 

E k + E k (2n + 1) = 2(-l fc + 2 k - 3 k + • • • + (2n) k ). 

By (5), (9) and Theorem 1, we obtain 

E k + E k (2n + 1) = 2T n (fc) = 2 n+2 S n {k) - 2S n {2k). (9) 

Finally, by combining Corollary 2 and (9), we have the relationship between the Bernoulli 
and Euler numbers. 

Theorem 4. Let k, n be given positive integers. Then we obtain 
E k + E k (2n + 1) = -?- V f n + ^ 5i {2 n+1 (A; + l)"^ - (2fe + l) n+l -*} . 
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Distribution and Structure of the zeros 



Because 



OF 

Ox 



°° dF t r 

( X ,t) = tF( x ,t) = Yj^r 1(x) 



n=0 



dx n\ 



it follows the important relation 



dE k 

dx 



(x) = kE k _i(x). 



Then, it is easy to deduce that E k (x) are polynomials of degree k. Here is the list of the 
first Euler's polynomials. 



E (x 
E 2 (x 
E 3 (x 

E 4 (x 
E 5 (x 
E 6 (x 
E 7 {x 
E 8 (x 
E 9 (x 



1, E x {x) 



x — X, 



X 



:X + 



1 



2~ ' 4' 
x — 2x + x 



■ X'' 

t 

■ X 

■■ x' 
g 

: X 



5 4 5 2 1 

-x H — x 

2 2 2 

3x + 5x — 3x, 



' 6 1 ^5 4 

-x° + —x 

J 



21 



-x 2 + 



17 



4x 7 + 14x 5 - 28x 3 + 17x, 



31 



x 9 _ 9 8 6 _ 4 153 x 2 _ _ 

2 2 2 



Since 



E^ 1 



n=0 



-l) n t r ' 



n\ 



+ 1 



we obtain 



E n (x) 



,(l-x)(-t) 



-l) n E„ 1 



„a:t 



e' + l 



E^ 



n=0 



m 



(10) 



The question is: what happens with the reflexive symmetry (10), when one considers Euler 
polynomials? Prove that E n (x),x £ C, has Re(x) = ^ reflection symmetry in addition 
to the usual Im{x) = reflection symmetry analytic complex functions (Figure 1). Prove 
that E n {x) = has n distinct solutions. Find the numbers of complex zeros Ce< x \ of 
E n (x),Im(x) 7^ 0. Since n is the degree of the polynomial E n (x), the number of real zeros 
RE n (x) lying on the real plane Im(x) = is then Re„(x) = n ~CE n ( x )i where Ce u ( x ) denotes 
complex zeros. See Table 1 for tabulated values of RE n ( x ) an d C^t x y Next, we investigate 
the zeros of the Euler polynomials by using computer. Figure 1 displays the zeros of Euler 
polynomials E n (x),n = 40, 60, 80, 100, x G C. 
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Im(x) - 



• • 



Im{x) 



H 



-15 -10 -5 5 10 15 20 

Re(x) 



-15 -10 -5 5 10 15 20 

Re(x) 



Im(x) 



H 



Im(x) 






-15 -10 -5 5 10 15 20 

Re(x) 



-15 -10 -5 5 10 15 20 

Re{x) 



Figure 1 : Zeros of E n {x) 



Figure 2 displays the stacks of zeros of E n (x), 1 < n < 100 from a 3-D structure. 



Our numerical results for approximate solutions of real zeros of E n {x) are displayed. 
The results are obtained by Mathematica software. We observe a remarkably regular struc- 
ture of the complex roots of Euler polynomials. We hope to verify a remarkably regular 
structure of the complex roots of Euler polynomials ( See Table 1). 
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100 



75 




50 



Figure 2 : Stacks of zeros of E n (x), 1 < n < 100 



Table 1. Numbers of real and complex zeros of E n {x) 



degree n 


real zeros 


complex zeros 


26 


10 


16 


27 


7 


20 


28 


8 


20 


29 


9 


20 


30 


10 


20 


31 


11 


20 


32 


8 


24 


33 


9 


24 


34 


10 


24 


35 


11 


24 


36 


12 


24 


37 


9 


28 


38 


10 


28 


39 


11 


28 


40 


12 


28 



Next, we calculated an approximate solution satisfying E n (x),x G R. The results are 
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given in Table 2. 



Table 2. Approximate solutions of E n {x) = 0,x £ 



degree n 


X 


1 


0.5000 


2 


0.0000, 1.000000 


3 


-0.366025404, 0.500000000, 1.366025404 


4 


-0.6180339, 0.0000, 1.0000, 1.61803 


5 


-0.61803, -0.61803, 0.5000, 1.6180, 1.6180 


6 


0.00000, 1.00000 


7 


-0.497731435, 0.500000000, 1.49773143 


8 


-0.932327751, 0.00000, 1.0000, 1.93232775 


9 


-1.21973, -0.50008, 0.5000, 1.50008, 2.2197 


10 


-1.3652, -1.01497, 0.000, 1.0000, 2.0149, 2.3652 
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Abstract 

In this paper we observe the structure of the roots of g-Euler polynomials E n {x,h\q), 
using numerical investigation. We study that the g-Eulcr polynomial arc analytic continued 
to E q (s). A new formula for the g-Euler Zcta function <^E,q(s\h), in terms of nested series of 
Ce.cjW 1 ) i s derived. 

2000 Mathematics Subject Classification - 11B68, 11S40 

Key words- Eulcr number, Euler polynomials, (jr-Euler numbers, q-Euler polynomial, 
g-Euler Zeta function 

1 Introduction 

Throughout this paper, Z, R and C will denote the ring of integers, the field of 
real numbers and the complex numbers, respectively. 

When one talks of g-extension, q is variously considered as an indeterminate, 
a complex numbers or p-adic numbers. In complex number field, we will assume 
that \q\ < 1 or \q\ > 1. The g-symbol [x] q denotes [x] q = -j^—. 

In this paper we observe an interesting phenomenon of 'scattering' of the 
zeros of E n (x, h\q). Also, we study that the g-Euler polynomials due to T.Kim 
(see [1,8]) are analytic continued to E q (s). By those results, we give a new 
formula for the g-Euler zeta function due to T.Kim, cf. [1,5,7]. 

2 Generating g-Euler polynomials and numbers 

For h € Z, the g-Euler polynomials were defined as 

J2 En( > X \ h \ q) t n = [2] q |](-1) V"e["+^', (2.1) 

n=0 ' n=0 



350 KIM, RYOO : q-EULER NUMBERS AND POLYNOMIALS 



for x, q € C, cf. [1,7]. In the special case x = 0, E n (0,h\q) = E n (h\q) are called 
g-Eulcr numbers, cf. [1,2,3,4]. By (2.1), we easily see that 



where ( ra ) is binomial coefficient. From (2.1), we derive 
E n , q (x,h\q) = (q x E(h\q) + [x] q ) n 

with the usual convention of replacing E n (h\q) by E n (h\q). In the case h = 0, 
£>i(x, 0|g) will be symbolically written as E nq (x). Let G q (x,t) be generating 
function of g-Eulcr polynomials as follows: 

G,(j,t) = X;V*)^f ( 2 - 3 ) 

Then we easily see that 

oo 

G q (x,t) = [2] q J2(- 1 ) k e [k+x]qt - ( 2 - 4 ) 

fc=0 

For x = 0, S„ jq = _E„ i<? (0) will be called q-Eulcr numbers. 

From (2.3), (2.4), we easily derive the following: For k(= even) and n G Z+, 

we have 

fe-i 

Sn,,(fc)-Sn, g = [2],X)(- 1 )'W?- (2.5) 



For k{— odd) and n G Z+, we have 



1=0 



fc-1 



E n , q (k)+E n , q = [2} q J2(-l) l [l} n g - (2-6) 



/=o 



By (2.4), we easily see that 



E m , q (x) = J2 ( , j^^Wr'- (2-7) 

(=0 ^ 



From (2.5), (2.6), and (2.7), we derive 

fe-i fc-i 

Z 



p], E(- 1 ) i_1 w« = (<z fen - i)k, 9 + e ( ?K'*u*]r'. (2- 8 ) 



where fc(= even) G N. For fc(= odd) and n G Z+, we have 
fc-i fc-i 



Z=0 Z=0 ^ ' 



mt- (2-9) 
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3 Zeros of g-Euler polynomials 

In this section, we plot the zeros of g-Euler polynomials are solutions of E m (x, h\q), m 
40, q= 1/2, x e C (Figure 2). 



lm(x) 




Im(x) 



Im(x) - 




I* • 



-• •- 



'• • 



Im(x) 



-2-1012345 

Re(x) 




Figure 1: Zeros of g-Euler polynomials £40 (x, h\k), h — 1,3,5,7 
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The behavior of the zero of g-Euler polynomials E m (x,h\q),m — 40, q 
1/2, x € C for h is presented (Figure 3). 



1.5 

i 

0.5 
Im(x) 

-0.5 







• • 



1.5 

1 

0.5 

Im(x) o 



-1,5 -1 -0.5 0.5 1 1.5 2 



^•"••« 

e 



Re(.v) 



-1.5-1-0.5 0.5 1 1.5 2 

Re(x) 





1.5 






1 






0.5 











*■) 


1 




-0.5 






-1 






-1.5 





€ 



/m(.v) - 



-1 

-1.5 



V* 



-1.5 -1 -0.5 0.5 1 1.5 2 

Re(x) 



-1.5-1-0.5 0.5 1 1.5 2 

Re(x) 



Figure 2: Zeros of q-Euler polynomials Ei (x, h\\), h = 10,20,30,40 



We plot the zeros of g-Euler polynomials are solutions of E m (x,h\q),m 
40, q= -1/2, x G C(Figure 4). 
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Im{x) 



t/ 



-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



lm(x) 



v- 



-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



I mix) 



kJ 



lm(x) 




-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



Figure 3: Zeros of g-Euler polynomials E 4 q(x, h\ — 4), h = 1, 3, 5, 7 

The behavior of the zero of g-Euler polynomials E m (i, h\q),m = 40, q 
-1/2, x G C for h is presented (Figure 5). 



4 g-Euler zeta function 

It was known that the Eulcr polynomials are defined as 



xt V^ £L/ n\-t').n |,i . _ 



n=0 



For s € C, x 6 K with < x < 1, define 

(-1)" 



C £ (s,x) = 2^ 



-i (n+ a;) 6 



andC B (s) = 2^ 



(-l) r 



(4.1) 



(4.2) 
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lm{x) 






lm(x) 



o 



-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



I mix) 



Q 



lm(x) 




-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



-0.75-0.5-0.25 0.25 0.5 0.75 1 

Re(x) 



Figure 4: Zeros of g-Euler polynomials £40(2;, h\ — §), h = 10, 20, 30, 40 



Eulcr numbers are related to the Euler zeta function as 

C,E{-n)=E n , ( E (-n,x) = E n (x). 
For s,q,h £ C with \q\ < 1, we define q-Euler zeta function as follows: 



00 / 1 \n ~nh 



(-i)'V 



— (-l) n q nh 

S 



( E , q (s,x\h) = [2] q J2 V^F- ^d { E , q (s\h) = [2],E Si 

For fc G N, /i G Z, we have 

Cfi,g(-n|/0 = £»(%)■ 



(4.3) 
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In the special case h = 0, CE,g( s |0) w iU be written as Ce,<j( s )- For s e C, we 
note that 

" ("I)" 



CE, q (a) = [2] q J2 



n=l L '1 

We now consider the function E q (s) as the analytic continuation of Eulcr 
numbers. All the g-Eulcr numbers E n , q agree with E q (n), the analytic contin- 
uation of Eulcr numbers evaluated at n, 

E q (n) — E n>q for n > 0. 

Ordinary Euler numbers are defined by 

o °° 4-n 

n— 

From the definition of Euler numbers, it is easy to show that 

1 ?~* / \ 
E = l, and_B„ = - 2 ^ £i, n = 0,l,2,--- . 

From (4.1), we can consider the g-extension of Euler numbers E n as follows: 

E ., q = ^, andf; r ,,, = -p|-5^f"Vf;,,„n=l,2,3,"-, (4.5) 

In fact, we can express E'Js) in terms of (^ „(s), the derivative of Ce,<j( s )- 
£,(*) = CE, g (s),E' q (s) = CE, g (s),E' g (2n + l) = Ck,(-2n- 1), (4.6) 

for n <G N U {0}. This is just the differential of the functional equation and so 
verifies the consistency of E q (s) and E' q (s) with E n _ q and C,(s). 

From the above analytic continuation of q-Eulcr numbers, we derive 

E q (s) = CE, q (s),E q (-s) = ( E , q (s) 

^£-„,, = £,(-n) = ( £! ,(n),n(EZ + . 

The curve E q (s) runs through the points E- n _ q and grows ~ n asymptoti- 
cally as (— n) — > — oo. The curve E q (s) runs through the point E q (—n) and 
linin^oo E q (— n) = linin^oo (^ , g (n) = —2 (Figure 7). From these results, we 
note that 

C,E, q {-n) = E q (n) h^ Cs,g(-s) = £<?( s )- 
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Figure 5: The curve of E q (s) runs through the point£„. g , q = 11/10 

5 Analytic continuation of g-Euler polynomials 

For consistency with the redefinition of E n ^ q = E q (n) in (4.5) and (4.6), we have 



The analytic continuation can be then obtained as 



n *— ► s G R, x i— ► w € C, 

£ M ^ S g (fc + « - [s]) = Cb,,(-(* + (« - [*]))), 

n\ r(i + s) 



■* 



V r(i + a + (« - [«]))r(i + [«] - *) 

w r(i + s )£; g (fc + a - M) g ( fc + S -M)-Mi s] ' fc 

>E n>q (s) ^E q {s,w) = > it.,/ r ivvrvi , r l n 

fct^i r(i + fc + (s - [s]))r(i + [s] - fc) 

_ y^ 1 r(l + s )^((fc - 1) + a - [s])q« k -V+ s -W w [w} q s]+1 - k 

k=0 



r(* + («-[*]))r(2 + [*]-*) 



where [s] gives the integer part of s, and so s — [s] gives the fractional part. 
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1. Introduction 



Let fi C R N be a bounded domain and g <E L 2 (0). We consider the 
boundary value problem 

-Au{x) + Xu(x) + f(u(x)) = g(x); x e O; (1) 

M = 0on dfi, (2) 

where / : R — ► R satisfies the Lipschitz condition \f(u) — f(v)\ ^ a \u — v\ for 
all u,v € R (a > 0), /(0) = and A is the Laplacian operator. We assume 
that the positive parameter A satisfies the condition X > a. 

The problems of the type (1), (2) are motivated by the stationary diffusion 
phenomenon and have been investigated by many authors. 

In a great number of papers the problem (1), (2) is studied when the 
nonlinearity / satisfies an inequality of the type |/(u)| < a \u\ p + b, or in the 
case f(u) — \u\ p for some p € R— {!}. 
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In this paper we investigate the existence and the uniqueness of the 
solution of the problem (1), (2), when the nonlinearity / satisfies only a Lipschitz 
condition. 

We will prove using the Minty-Browder theorem, that the problem (1), (2), 
in the said conditions for /, g and the positive parameters A and a, has a unique 
weak solution. The proof of the principal result of this paper uses essentially 
the monotonicity properties of the linear differential operator generated by the 
term — Au of the equation (1). 

Theorem 1.1. Let f : R — ► R, g : Ct — ► R and X, a positive 
parameters so that: 

(i) 1/0*0 - f(v)\ < ot\x-y\ for all x,y E R; 
(ii) /(0)=0; 
(Hi) gEL 2 (Cl); 
(iv) A > a. 
Then the problem (1), (2) has a unique weak solution. 



2. Proof of Theorem 1.1. 



We denote by E the real Hilbert space L 2 (Ct). The inner product and the 
corespondent norm in E will be denoted by (•, -) 2 and ||-|| 2 . 

Let A : D(A) C E — > E defined by Au(x) = -Au(x) for x E CI, where 
D(A) — H 2 (Ci) n Hq(CI). It is known that the linear operator A is a maximal 
monotone operator. 

Let L : D(L) = D(A) — > E defined by Lu(x) = -Au(x) + Xu(x) for 
x E CI, i.e. L = A + XI where / is the identity of E. 

Rg(I + 9 A) = {u + 9Au/u E D(A)} = E for all 9 > 0, because A is a 
maximal monotone operator. It results that Rg(A + XI) = Rg(L) = E, because 
A is linear. 

Also we have 

(Lu, u) 2 = (Au, u) 2 + A (u, u) 2 ^ A (u, u) 2 = X \\u\\ 2 (3) 

for all u E D(L), i.e. L is a strongly positive linear operator. 

Let F : E — ► E defined by Fu(x) — f(u(x)); x E CI ( the definition 
is correct, because from the properties of /, it results that Fu E L 2 (Ct) for all 
ueL 2 {CI)). We have 

\\Fu - Fv\\ 2 2 = J \f(u(x)) - f(v(x))\ 2 dfi^a 2 J \u(x) - v(x)\ 2 dpi = a 2 \\u - vf 2 

for all u, v E E( \x is the Lebesgue measure in R w ). It results that the nonlinear 
operator F is a Lipschitz operator with the constant a. 
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Now we can writte the problem (1),(2) in the cquivalently opcratorial 
form 

Lu + Fu = g. (4) 

From (3) we obtain 

\\Lu\\ 2 > \\\u\\ 2 for all u € D(L). 

Consequently there exists L^ 1 : E — > D(L) C E which is linear and 
bounded, L^ 1 G C(E), the Banach space of all linear and bounded operators 
from E to E. Moreover we have 

\\ L \\c { E)^y 

The equation (4) can be written now as 

u + L- 1 Fu = L- 1 g. (5) 

We consider the operator T : E — ► E defined by 

Tu = u + LT x Fu = (I + i _1 F) u. 

Therefore the equation (5) becomes 

Tu = L- X g, (6) 

and our problem is reduced to the study of the properties of the operator T. 
We will prove now that the operator T satisfies an inequality of the type 

(Tu-Tv,u-v) 2 >P\\u-v\\l for all u,v e E (/3 > 0) 

i.e. T is a strongly monotone operator. With the Cauchy-Schwartz inequality 
we obtain 



2 



< 



-(L- l Fu- L- l Fv lU - v) 2 = -(L- 1 (Fu-Fv),u-v) 

< \(L- 1 (Fu-Fv),u-v) 2 \ < 

M i ii OL o 

KWL-^Fu-Fv^-Wu-v^K-Wu-vWl 
and then 

(Tu — Tv, u — v) 2 — (u + L~ l Fu — v — L~ 1 Fv, u — v) = 

= \\u - v\\\ + (iT 1 Fu - L^ 1 Fv,u - v) 2 

n2 Oi ,|2 / a \ i|2 

> \\ u - V\\ 2 - J \\U - V\\ 2 = [1 - -J \\U - V\\ 2 , 

for all u,v € E. From the assumption A > a it results that 1 — j > and our 
assertion is proved. 
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It is known that every strongly monotone operator is coercive (i.e. 
lim I, |i 2 = oo). It's easy to observe that T is continuous and strictly 

||«|| 2 ->00 l|U|| 2 

monotone in the sense that (Tu — Tv, u — v) 2 > for all u,v € E with u ^ v. 
According to the Minty-Browdcr theorem, the equation (6) has a unique solu- 
tion. Therefore the proof of the Theorem 1.1. is complete. 



3. Remarks 



1. The conclusion of the Theorem 1.1. can be established also using the 
Banach fixed point theorem. The operatorial form (5) of the studied problem 
can be written as Vu = u, where the operator V : E — > E is defined by 
Vu = -L _1 Fw + L~ x q. We have 



u 


-Vv\\ 2 


= \\L~ 


^Fu- 


-L- 1 


Fv\ 


\2 




\L 


-\Fu 


-Fv)\ 


I2 


< 


V 


-in 

\\C(E) 


\\Fu- 


-Fv\\ 2 


a 
< - 
~ A 


\\u- 


-v\ 


\2 




for all 


u, v e 


E 





It results that V is a strict contraction from E to E because X > a. Accord- 
ing to the Banach fixed point theorem, V has a unique fixed point, and this fact 
justifies the existence of the unique solution of the problem (1), (2). 
2. The Theorem 1.1. implies the fact that the problem 

-Au(x) + Xu(x) + f(u(x)) =0; x £ ft; 

u = on d£l 

has only the trivial solution u = 0, for all A > a. 

It results that there are no eigenvalues of the nonlinear eigenvalues 
problem 

Au(x) — f(u(x)) — Xu(x); x € Ct; 

u = on d£l 

in the interval (a, +00). 

3. For fixed g <G L 2 (51), let u(X) be the unique weak solution of the 
problem (1), (2) for all X > a. From (5) we obtain 

||«(A)|| 2 = W-L^FuiX) + L- l g\\ 2 < 

\\ L ^\\c(E) WMVL + \\ L ^\\c(E) \\9h < X H U ( A )ll2 + \ H.9II2 • 

So we have obtained the following estimation: 

1 
A^. 



\u(X)\\ 2 <- \\g\\ 2 . 



It results that ||u(A)|| 2 — > when A — ► 00 and this fact signifies that for large 
values of A, the solution u(X) has only very small values. 
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Abstract 

In this paper we obtained common fixed point theorems in fuzzy metric space under the 
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Introduction 

The study of fixed points for non-compatible mappings can be extended to the class 
of non-expansive or Lipschitz mapping pairs even without continuity of the 
mappings involved or completeness of the space. 

The notion of weak commutativity generalized by Junjck [3] and another 
generalization is given by Pant [6] as R-weak commutative of type (A g ). Two self 
maps S and T of a metric space X are called compatible if lim n d(STx n ,TSx n ) = 0, 
whenever {x n } is a sequence in X such that lim n Tx n = lim n Sx n = p for some p in X. 
It follows that the maps S and T are called non-compatible if they are not 
compatible. Thus S and T are non-compatible if there exists at least one sequence 
{x n } such that lim n Tx n = lim n Sx n = p for some p in X but lim n d(STx n ,TSx n )^0 or 
lim n d(STx n ,TSx n ) does not exists. 

In 1965, Zaded introduce the notation of fuzzy set. George and Veermani [1] 
modified the concept of fuzzy metric space introduced by Kramosil and Michalek 
[4]. They also showed that every metric space induces a fuzzy metric. 
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Definition 1.1 [7]. A binary operation: [0,1] x [0,1] — > [0,1] is called a continuous t- 

norm if ([0,1],) is an abelian topological monoid with unit 1 such that a*b < c*d 

whenever a<c and b < d for all a, b, c, d e [0,1]. 

Definition 1.2 [4]. The 3-tuple (X,M,*) is called a fuzzy metric space (FM space) if 

X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X x [0,°o) 

satisfying the following conditions; for all x, y, z in X and s, t >0, 

(FM-1) M(x,y,0) = 0, 

(FM-2) M(x,y,t) = 1 V t > iff x = y, 

(FM-3) M(x,y,t) = M(y,x,t), 

(FM-4) M(x,y,t)*M(x,z,s) < M(x,z,t+s), 

(FM-5) M(x,y,.):[0,l) -> [0,1] is left continuous. 

Note that M(x,y,t) can be thought of as the degree of nearness between x and y with 
respect to t. We identify x = y with M(x,y,t) = 1 for all t > and M(x,y,t) = with °o 
and we can fined some topological properties and example of fuzzy metric space . 
Lemma 1.1 ([2]) For all x, y in X M(x,y,t) be non-decreasing. 
Definition 1.3 ([2]) Let (X,M,*) be a fuzzy metric space: 

(1) A sequence {x n } in X is said to be a convergent to a point x in X if 
lim n M(x n , x, t) = 1 for all t > 

(2) A sequence {x n } in X is said to be a Cauchy sequence if 
lim n M(x n+p , x n , t) = 1 for all t > and p > 0. 

If in a fuzzy metric space every cauchy sequence is convergent then the FM space is 
complete. 

Remark: Since * is continuous, it follows from FM-4 that the limit of the sequence 
in FM space is uniquely determined. 

FM 6: Let (X,M,*) be a fuzzy metric space then lim t M(x n , x, t) = 1 V x, y in X. 
Lemma 1.2([5]) If all x, y e X, t > and for a number ke (0,1), 
M(x, y, kt) > M(x, y, t) then x = y. 
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Definition 1.4 Let {x n } be a sequence in FM space (X,M,*). The self maps S and T 

are called non-compatible if there exists at least one sequence {x n } in X such that 

lim n Tx n = lim n Sx n = p for some p in X but lim n M(STx n ,TSx n ,t)^l or lim n 

d(STx n ,TSx n ,t) does not exists. 

Main Result 

Theorem 1. Let S and T be non-compatible self mappings of a fuzzy metric space 

(M,X,*) such that 



(I) T(X) c S(X) where T(X) is closure of the range of T 

(II) M(Tx,Ty,kt) 

>> • Ja^e e *v,(* t * M(Tx,Sy,t)*M(Ty,Sy,t) M(Tx,Sx,t)*M(Ty,Sx,t) 1 

> mim M (Sx, Sy, t), M (Sx, Ty, t), , > 

{ M(Tx,Sx,t)*M(Ty,Sx,t) M{Tx,Sy,t)*M(Ty,Sy,t) J 

If T and be weak compatible of type A, then S and T have a unique common fixed 

point. 

Proof : Since S and T are non-compatible mappings the there exists a sequence 

{x n } inX such that 

lim Sx n = lim Tx n = p for some pe X (1) 



but either lim M(TSx n , STx n ,t) * 1 or limit does not exist. Again T(X) c S(X) and 



pe T(X) therefore there exists u in X such that Su = p , (where lim Sx n = p). If 

n— >oo 

Tu^Suthenby(II) 

M(Tx„,Tu,kt) 

M(Tx n ,Su,t)*M(Tu,Su,t) M(Tx n ,Sx n ,t)*M(Tu,Sx n ,t) 



> 



mm<M(Sx n ,Su,t),M(Sx n ,Tu,t),- 



M (Tx n ,Sx n ,t)*M (Tu, Sx n ,t) M(Tx n ,Su,t)*M(Tu,Su,t) 
On taking limit n— »oo 

M(Su,Tu,kt) 

^ • lum c rtJ Lf/c t * M(Su,Su,t)*M(Tu,Su,t) M(Su,Su,t)*M(Tu,Su,t) \ 

> mm< M (Su,Su,t),M (Su,Tu,t), , 

[ M(Su,Su,t)*M(Tu,Su,t) M(Su,Su,t)*M(Tu,Su,t) J 

^M(Su,Tu,kt)>M(Su,Tu,t) ^Su = Tu. 
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Now, S and T are weak compatible of type (A), therefore TTu = STu. 

If Tu 7^ TTu the by (II) 

M(Tu,TTu,kt) 

M(Tu,STu,t)*M(TTu,STu,t) M(Tu,Su,t)*M(Su,TTu,t) 



> mir^ M(Su, STu, t),M(Su, TTu, t), 

> mirJ M{Tu,TTu,t),M{Tu,TTu,t), 



i M(Tu,Su,t)*M(TTu,Su,t) M(Tu,STu,t)*M(TTu,STu,t) 

M(Tu, TTu, t) *M(TTu, TTu, t) M(Tu, Tu, t) *M(Tu, TTu, t) 



M(Tu,Tu,t)*M(TTu,Tu,t) M(Tu,TTu,t) *M(TTu,TTu,t) 
M(Tu,TTu,kt) > M(Tu,TTu,t). 

=> Tu = TTu = STu. 

Hence, Tu is common fixed point of S and T. 

Uniqueness: Let for u^ v, Tu and Tv are two common fixed points of S and T. 

Assume that Tu ^ Tv, then by (II) 

M(Tu,Tv,kt) 

M(Tu,Sv,t)*M(Tv,Sv,t) M(Tu,Su,t)*M(Su,Tv,t) 



> rmn< M(Su,Sv,t),M(Su,Tv,t), 



- min\ M(Tu,Tv,t),M(Tu,Tv,t), 



M(Tu,Su,t)*M(Tv,Su,t) M(Tu,Sv,t)*M(Tv,Sv,t) 
M(Tu,Tv,t)*M(Tv,Tv,t) M(Tu,Tu,t)*M(Tu,Tv,t) 



M(Tu,Tu,t)*M(Tv,Tu,t) M(Tu,Tv,t)*M(Tv,Tv,t) 

M(Tu,Tv,kt) > M(Tu,Tv,t) => Tu = Tv. 

In the theorem, we make modification in the condition of theorem 1 with R- 
weak commutative of type (A g ),we get discontinuity at common fixed point. Let S 
and T satisfying following condition: 

rimTTx n = Tp and limSTx n = Sp (2), 

whenever {x n } is a sequence such that lim Tx n = lim Sx n = p for some p in X 

Theorem 2. Let S and T be non-compatible self mappings of a fuzzy metric space 
(M,X,*) satisfying (II) of theorem 1 and the above condition (2). If T and S were R- 
weak commutative of type (A g ), then S and T have a unique common fixed point 
and fixed point is a fixed point of discontinuity. 
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Proof: Since S and T are non-compatible mappings the there exists a sequence {x n } 
in X such that by (1) lim Sx n = lim Tx n = p for some pe X 

but either lim Sx n M(TSx n , STx n ,t) ^ 1 or limit does not exist. Again by (2) we have 

lim TTx n = Tp and lim STx n = Sp. 

Further, R-weak commutative of type (A g ) yields 
M(TTx n , STx n , kt) > R M(Tx n , Sx n ,t) 
On taking limit, we get Tp = Sp and TTp = STp. 
Now, we claim that TTp=Tp. Let TTp^Tp, then by (II) 
M(Tp,TTp,kt) 

M{Tp,STpt)*M(TTpSTpt) M(Tp,Sp,t)*M(Sp,TTp,t) } 



> mid M(Sp, STp, t),M(Sp, TTp t),- 

[ M(Tp,Sp,t)*M(TTpSp,t) M(Tp,STpt)*M(TTpSTpt) J 

= M(Tp,TTp,t) 

Which is contradiction, therefore TTp=Tp. 

=^> Tp = TTp = STp. Hence, Tp is common fixed point of T and S. 

Now, we show that S and T are discontinuous at the common fixed point Tp=Sp=p. 

If possible, suppose T is continuous. Then considering sequence {x n } of (1) we get 

lim TTx n = Tp = p. R-weak commutativity of type (A„) implies that 

M(TTx n , STx n , kt) > R M(Tx n , Sx n ,t). 

On taking limit n— »oo this yields lim STx n = Tp = p. 

Therefore, lim M(TSx n , STx n ,t) =1. This contradiction the fact that either 

n— >oo 

lim M(TSx n , STx n ,t) ^ 1 or nonexistent for the sequence {x n } of (1). Hence T is 

n— >oo 

discontinuous at the fixed point. Next, suppose that S is continuous. Then for the 
sequence {x n } of (1), we get lim STx n = Sp = p and lim SSx n = Sp = p. In view of 

these limits, the inequality M(Tp,TSx n ,kt) 
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^ Jwc e a^c t a M(Tp,SSx n ,t)*M(Tx n ,SSx n ,t) M(Tp,Sp,t)*M(TS^,Sp,t) 

>mm{M(Sp,Sx B ,t),M(Sp,Tx n ,t), — , 

I M(Tp,Sp,t)*M(TSx n ,Sp,t) M(Tp,SSx n ,t)*M(TSx n ,SSx n ,t) 

yields a contradiction unless limTSx n = Tp =Sp. But lim TSx n = Sp and 

n— >oo n— >oo 

lim STx n = Sp contradicts the fact that either lim M(TSx n , STx n ,t) * 1 or 

n— >oo ' n— >oo 

nonexistent for the sequence {x n } of (1). Hence both T and S are discontinuous at 
their common fixed point. 

t 



Examplel: Let X = [1,10] and M(x, y,t) = 



Define S,T:X^X by Tx = 



1 



t + d(x,y) 
if \<x<2> 



and d is usual metric on X. 



2 + x ., ^ and Sx = 
if x> 3 



4 



x 2 +l 



2 
2x + l 



i/ 1 < x < 2 
if x>2 



Also consider the sequence x n = 2+(l/n). limSx n =limTx n = 1. 
limTSx n = 3/4 and lim STx n = 3/5. 

n— >oo n— jcxd 

Clearly, T & S are noncompatible but T & S are weak compatible of type (A). 
^TT2=ST2 and T2 = S2 = 1 (also TT1=ST1 & T1=S1=1). We observe that S and 
T satisfying the conditions of theorem 1 and hence 1 is the fixed point. 

t 



Example2: Let X = [1,10] and M(x, y,t) = 



t + d(x, y) 



[by 1] and d is usual metric on 



X. Define S,T:X^X by Tx = J 1 tf X _1 ° r% > 3 and 

U if l<x<3 



Sx = 



1 if x = 1 

5 if 1 < x < 3 Also consider the sequence {x n = 3+(l/n): n>l }. 

if x> 3 



lim Sx n = lim Tx n = 1 . lim TSx n = 4 and lim STx n = 1 . Clearly, T & S are 

n— >co n—¥oo n n 

noncompatible but it can be verify T & S are R-weak commutative of type (A g ) . We 
observe that S and T satisfying the conditions of theorem 2 and hence 1 is the fixed 
point. 
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Conclusion: Firstly, we ensure the unique fixed point without compatible mappings 
but weak compatible of type A with Lipschiz type analogue of a plane contractive. 
Secondly, we provide a pair of mappings (R-weak commutative of type (A g )) which 
ensures the existence of a common fixed point, however, both the mappings are 
discontinuous at the common fixed point. 
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through project M-19/2006. 
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Solving second order ordinary differential equations with 
constant coefficients by Adomian decomposition method * 

Yahya Qaid Hasan ', Liu Ming Zhu 

Department of Mathematics, Harbin Institute of Technology 
Harbin, 150001, P.R.China 



Abstract 

In this paper, an efficient modification of Adomian decomposition method 
is introduced for solving second-order ordinary differential equations with con- 
stant coefficients. The proposed method can be applied to linear and nonlinear 
problems. Some examples were presented to show the ability of the method 
for linear and nonlinear ordinary differential equations. 

Keywords: Adomian decomposition method; second-order ordinary differ- 
ential equations . 

1 Introduction 

In this paper, we consider the second order ordinary differential equation with con- 
stant coefficients of the form 

y" + ay' + by = g(x) + f(x,y), (1) 

y(0) = A,y'(0) = B. 
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HASAN, ZHU : SECOND ORDER DIFFERENTIAL EQUATIONS 371 



Where f(x,y) is nonlinear function , g(x) is given function and A,B,a,b are con- 
stants. The purpose of this paper to introduce a new differential operator to study 
the problem(l). 

In recent years a large amount of literature developed concerning Adomian de- 
composition method [1-5,7], and the related modification [6,8,9,1 l]to investigate 
various scientific models. The method is tested for some examples. 



2 Analysis of the method 



Under the transformation a = 2n+k and b = n(n+k) the equation (1) is transformed 
to 

y" + (2n + k)y + n(n + k)y = g(x) + f(x, y), (2) 

where n,k are constants. 

We propose the new differential operator, as below 

so, the problem (2) can be written as, 

Ly = g(x) + f(x,y). (4) 

The inverse operator L" 1 is therefore considered a two- fold integral operator, as 
below, 

px px 

L- 1 (.) = e- { - n+k)x I e kx e nx (.)dxdx. (5) 

Jo Jo 

Applying L~ l of (5) to the third terms y + (2n + k)y + n(n + k)y of Eq.(2) we 
find 

L _1 (y + (2n + k)y + n(n + k)y 

PX PX 

= e - {n+k)x / e kx / e nx (y" + (2n + k)y + n(n + k)y)dxdx 
Jo Jo 

px 

= e ~ (n+k)x / e kx {e nx y + (n + k)e nx y - y (0) - (n + k)y{o))dx 
Jo 
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Operating with L _1 on (4), it follows 

y ( x ) = Ty'(0)e~ nx + ^t y(0)e~ na - r2/'(0)e- (n+fe):c - ^(0) e - (n+fe)x 
fc k k k 

+L~ 1 g(x) + L- 1 f(x,y). (6) 

The Adomian decomposition method introduce the solution y(x) and the nonlinear 
function f(x,y) by infinite series 



oo 



y( x ) = ^2vn(x), (7) 

n=0 

and 

oo 

f(x,y) = Y,A n , (8) 

n=0 

where the components y n (x) of the solution y(x) will be determined recurrently. 
Specific algorithms were seen in [7,10] to formulate Adomian polynomials. The 
following algorithm: 

A = F(u), 

Ai = F'(u )ui, 

A 2 = F' (uo)u 2 + -F" (u Q )ul, 

A 3 = F' (u )u 3 + F" (u )u lU2 + -F'" (uo)u\, (9) 



can be used to construct Adomian polynomials, when F(u) is a nonlinear function. 
By substituting(7)and(8) into (6), 

f>» = \y\Q)e- nx + ^±^y(0)e- nx - ±y'(0) e -<"+*>* - \(0)e^ n+k ^ 

n=0 
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+L- 1 g(x) + L- 1 J2^n- (10) 

ra=0 

Through using Adomian decomposition method, the components y n (x) can be de- 
termined as 

yo = ly'(0)e- nx + ( U + k \ (0)e- nx - \y (Q)e^ n+k)x - yy(0)e^ n+k > 
k k k k 

+L- 1 g(x), (11) 

y n+1 = L~ x A n ,n > 0, 
which gives 

yo = ly'(0)e- nx + ^ n + k) y{$)e- nx - V(0) e - (n+fc)a: - ^y{0)e- {n+k)x 

r£ K r£ K 

+L- 1 g(x), 
yi = L-%, 
y 2 = L~ 1 A 1 , 
ys = L~ l A z , (12) 



From (9) and (12), we can determine the components y n (x), and hence the series 
solution of y(x) in (7) can be immediately obtained. For numerical purposes, the 
n-term approximant 

n— 1 

*« = £>*' (13) 

n=0 

can be used to approximate the exact solution. The approach presented above can 
be validated by testing it on a variety of several linear and nonlinear initial value 
problems. 
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3 Numerical illustrations 

Example 1. We consider the linear homogenous initial value problem : 

y"-2y' + 2y = 0, (14) 

y(0) = 0,y'(0) = 5. 

We put 2n + k = — 2 and n{n + k) — 2, 

it follows that k = =)=2i, n — — 1 ± i, where % = \J — 1, 

substitution oik = 1i and n = — 1 — i in Eq.(3) yields the operator 

so 

L-\.)=e^~ i)x [ X e 2lx I" e^ l ~^ x (.)dxdx. 
Jo Jo 

In an operator form, Eq.(14) becomes 

Ly = 0. (15) 

Applying L~ x on both sides of(15) we find 

L~ x Ly = 0, 

and it implies, 

y =I y '(0) e ( 1 +^ + ^i^y(0)e( 1+ ^+|/(0)e( 1 -^--y'(0)e( 1 - J ) :E -^^y(0)e( 1 -^ 
% % 2i 2i 

= — e x (cosa; — isinx) e :E (cosa; + isinx) = 5e x sina; 

So, the exact solution is easily obtained by this method. 

Example 2. We consider the linear non- homogenous initial value problem: 

y" - 3y' + 2y = x, (16) 

y(0) = l,y'(0) = 0. 
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We put 2n + k = — 3 and n(n + k) — 2 

it follows that k = — 1, fc = 1 and n = — 1, n = —2, 

substitution of fc = — 1 and n = — 1 in Eq.(3) yields the operator 

so 

rx l>X 

L-\.) = e 2x / e~ x / e~ x (.)dxdx. 
Jo Jo 

In an operator form, Eq.(16) becomes 

Ly = x. (17) 

Applying L^ 1 to both sides of (17) we find 

px fX 

L~ 1 Ly = e 2x / e~ x / e~ x (x)dxdx, 
Jo Jo 

and it implies, 
y(x) = -y'(0)e x + 2y(0)e x + y(0)e 2x + </(0)e 2 * - 2y(0)e 2x + \ - e x + \e 2x + | 

So, the exact solution is easily obtained by this method. 
Example 3. We consider the nonlinear initial value problem: 

y " - Ay = 8y In y, (18) 

y(0) = l,y'(0)=0. 

put 2n + k = and n(n + fc) = —4 

it follows that k = =|=4, n = ±2, 

substitution of fc = — 4,n = 2 in Eq.(3) yields the operator 



so 



L- 1 (.)=e 2 " fV 4 * [ X e 2x (.)dxdx. 
Jo Jo 
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According to (18) we have, 

Ly = 8y In y, 

proceeding as before we obtain 

2/o = -\y'(0)e- 2x + ly(0)e- 2x + y(0)e 2x + \y (0)e 2x - \y{0)e 2x 

1 1 

2 + 2 ' 

y n+ i = L~ l A n ,n > 
when A n y s are Adomian polynomials of nonlinear term ylny as below[6] 

A = y \ny , 

A 1 = y 1 (l + \ny , 

A 2 = y 2 ((l + lny ) + ^(l + -), 

1 Do 



It must be noted that, to compute y we use the Taylor series of e T2x with order 8. In 
this case we obtain 

,0 = 1 + 2^ + ^+^ + ^ + ... 

4 4 8 6 8 8 16 8 

Vl = -x* + -x b H x* H x s + ... 

yi 3 9 105 405 



16 « 8 B 16 



,10 



y2 45 15 525 

16 „ 256 in 608 19 
y3 315 945 7425 
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This means that the solution in a series form is given by 

4 2 

y(x) = 2/o + V\ + 2/2 + 2/3 + ••• = 1 + 2a; 2 + 2a: 4 + -x 6 + -x s + ... 



3 3 



and in the closed form 



y(x) = e 



2.v- 



4 Conclusion 

Adomian decomposition method has been known to be a powerful device for solving 
many functional equation as algebraic equations, ordinary and partial differential 
equations, integral equations and so on . Here we used this method for solving 
second-order ordinary differential equation with constant coefficients. It is demon- 
strated that this method has the ability of solving equations of both linear and 
non-linear differential equations. For linear equations we derived the exact solutions 
and for nonlinear equations, we usually derive a very good approximations to the 
solutions, and some times the exact solution can be found. 
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